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Preface

The study of geometric properties of partial differential equations has always at-
tracted the interest of researchers and is now a broad and well-established research
area, with contributions that often come from experts from disparate areas of math-
ematics, such as differential and convex geometry, functional analysis, calculus of
variations, mathematical physics, to name a few.

The interplay between partial differential equations and geometry has two main
aspects: on the one hand, the former is classically a powerful tool for the investi-
gation of important problems coming from differential geometry and, on the other
hand, the latter gives useful and often decisive insights in the study of PDE’s. Now
that basic questions about PDE’s, such as existence, uniqueness, stability and regu-
larity of solutions for initial/boundary value problems, have been fairly understood,
research on topological and/or geometric properties of their solutions have become
more vigorous.

Research on geometric aspects for parabolic and elliptic PDE’s provides a vast
variety of possibilities. Issues currently and actively studied comprehend among
others: positivity of solutions; critical points: their structure, possible occurrence
and evolution; spike-shaped solutions; symmetry and non-symmetry for ground
states and overdetermined boundary value problems; stability of symmetric con-
figurations; convexity, quasi-convexity or starshape of level sets; estimates on ge-
ometrically or physically relevant quantities such as surface area and curvature of
level surfaces or torsional creep, eigenvalues and eigenfunctions; impact of curva-
ture of the domain on the relevant solutions and their possible behavior for large
or short times, and so on. Similarly wide is the assortment of mathematical tools
and techniques, analytic and geometric, employed to analyze such issues: func-
tional inequalities such as isoperimetric, Hardy or Brunn-Minkowski inequalities;
Pohozaev-type identities; maximum principles; Harnack inequalities; asymptotics
for solutions; moving-planes or sliding methods; Bernstein and Liouville-type the-
orems, viscosity-solutions techniques, et cetera.

This volume aims to promote scientific collaboration in this very active area of
research, by presenting recent results and informative surveys and by exploring new
trends and techniques. It contains original papers and a few survey articles.

v



vi Preface

As it appears from the table of contents, apart for one or two exceptions, all au-
thors are either Italian or Japanese. The Italian and Japanese mathematical schools
have a long tradition of research in PDE’s and count various research groups active
and steadily collaborating in the study of geometric properties of their solutions. For
this reason, the successful idea of E. Yanagida and K. Ishige, at the time (2008) in
Sendai at Tohoku University, to have a (regularly meeting) joint conference on these
topics was enthusiastically welcome by the first Editor of this book. Consequently,
a first workshop met in Sendai in 2009. Contributors to this volume are some of the
participants to the Second Italian-Japanese Workshop on Geometric Properties for
Parabolic and Elliptic PDE’s that met in Cortona (Italy) on June 20–24, 2011, that
was kindly sponsored by the Istituto Nazionale di Alta Matematica “F. Severi” (IN-
dAM) and, besides the Editors of this book, was organized by A. Cianchi (Università
di Firenze), F. Gazzola (Politecnico di Milano), K. Ishige (Tohoku University) and
E. Yanagida (Tokyo Institute of Technology). This meeting was a great occasion to
blend common and different experiences in the field both at senior and junior level.

The Editors wish to thank INdAM and its President Vincenzo Ancona who made
possible both the Cortona workshop and the publication of this book of articles.

The meeting took place only a few months after the catastrophic earthquake
and tsunami that hit Japan at the beginning of 2011, particularly in the Sendai and
Fukushima area. The option of a cancellation was seriously taken into account by
the organizers. Thanks to the serene courage of the Japanese part, the conference
finally took place and was hailed as a promising sign in the way to normality.

This book is certainly the best confirmation of that sign.

Rolando Magnanini
Shigeru Sakaguchi

Angelo Alvino

Firenze, Italy
Sendai, Japan
Napoli, Italy
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Stability and Instability of Group Invariant
Asymptotic Profiles for Fast Diffusion Equations

Goro Akagi

Abstract This paper is concerned with group invariant solutions for fast diffusion
equations in symmetric domains. First, it is proved that the group invariance of weak
solutions is inherited from initial data. After briefly reviewing previous results on
asymptotic profiles of vanishing solutions and their stability, the notions of stability
and instability of group invariant profiles are introduced under a similarly invari-
ant class of perturbations, and moreover, some stability criteria are exhibited and
applied to symmetric domain (e.g., annulus) cases.

Keywords Fast diffusion equation · Asymptotic profile · Group invariance ·
Stability

1 Introduction

In this paper, we are concerned with the Cauchy-Dirichlet problem for the fast dif-
fusion equation,

∂t

(|u|m−2u
) = Δu in Ω × (0,∞), (1)

u = 0 on ∂Ω × (0,∞), (2)

u(·,0) = u0 in Ω, (3)

where Ω is a bounded domain of R
N with smooth boundary ∂Ω , m > 2, ∂t =

∂/∂t , u0 ∈ H 1
0 (Ω) and Δ stands for the N -dimensional Laplacian. By putting w =

|u|m−2u, Eq. (1) can be rewritten in a usual form of fast diffusion equation,

∂tw = Δ
(|w|r−2w

)
in Ω × (0,∞) (4)

with the exponent r = m/(m − 1) < 2. Fast diffusion equations arise in the studies
of plasma physics (see [6]), kinetic theory of gases, solid state physics and so on.

G. Akagi (B)
Graduate School of System Informatics, Kobe University, 1-1 Rokkodai-cho, Nada-ku, Kobe
657-8501, Japan
e-mail: akagi@port.kobe-u.ac.jp

R. Magnanini et al. (eds.), Geometric Properties for Parabolic and Elliptic PDE’s,
Springer INdAM Series 2, DOI 10.1007/978-88-470-2841-8_1,
© Springer-Verlag Italia 2013
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2 G. Akagi

It is well known that every solution u = u(x, t) of (1)–(3) vanishes at a finite time
t∗ = t∗(u0) ≥ 0 such that

c(t∗ − t)
1/(m−2)
+ ≤ ∥

∥u(·, t)∥∥
H 1

0 (Ω)
≤ c−1(t∗ − t)

1/(m−2)
+ for all t ≥ 0

with some constant c > 0, provided that 2 < m ≤ 2∗ := 2N/(N − 2)+ (see [5, 7,
18]). Moreover, for the case that 2 < m < 2∗, Berryman and Holland [7] studied
asymptotic profiles

φ(x) := lim
t↗t∗

(t∗ − t)−1/(m−2)u(x, t)

of solutions u = u(x, t) for (1)–(3).
Now, let us address ourselves to the stability and instability of asymptotic pro-

files. Namely, our question is the following: For any initial data u0 ∈ H 1
0 (Ω) suffi-

ciently close to an asymptotic profile φ, does the asymptotic profile of the unique
solution u = u(x, t) for (1)–(3) also coincide with φ or not? In [7] and [15], the sta-
bility of the unique positive asymptotic profile is discussed for nonnegative initial
data in some special cases (e.g., N = 1). Recently, in [8], further detailed behaviors
of nonnegative solutions near the extinction time are investigated. Moreover, in [3],
the notions of stability and instability of asymptotic profiles are precisely defined
for (possibly) sign-changing initial data, and furthermore, some criteria for the sta-
bility and instability are presented under 2 < m < 2∗. Furthermore, they are applied
to several concrete cases of the domain Ω (e.g., ball domains) and the exponent m.
However, there are still cases (e.g., annular domain case) which do not fall within
the scope of the criteria.

In this paper, we treat symmetric domain cases and discuss the stability and in-
stability of group invariant asymptotic profiles. More precisely, for a subgroup G of
O(N) and a G-invariant domain Ω , we only deal with G-invariant (e.g., radial) ini-
tial data and solutions of (1)–(3). Furthermore, the stability and instability of profiles
are also discussed only under G-invariant perturbations.

In the next section, we prove the G-invariance of weak solutions for parabolic
problems such as (1)–(3) with G-invariant initial data and domains. This issue
would be obvious in classical formulations, where one can directly calculate the
change of variables. However, one should pay careful attention in weak formula-
tions of parabolic problems such as nonlinear diffusion equations because of the
lack of pointwise representation of the time-derivative of solution in a dual space
H−1(Ω) = (H 1

0 (Ω))∗. In Sect. 3, we first briefly review previous studies, partic-
ularly [3], on asymptotic profiles of vanishing solutions for fast diffusion equa-
tions and their stability. We next define the notions of stability and instability of
G-invariant asymptotic profiles under G-invariant perturbations, and then, stability
criteria will be presented for them under 2 < m < 2∗. Finally, we discuss applica-
tions of the stability criteria to some cases (e.g., the annular domain case) which do
not fall within the scope of the criteria presented in [3].

Notation Let H 1
0 (Ω) be the closure of C∞

0 (Ω) in the usual Sobolev space
H 1(Ω) = W 1,2(Ω). Let us denote by ‖ · ‖m the usual norm of Lm(Ω)-space,
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and moreover, ‖ · ‖1,2 := ‖∇ · ‖2 stands for the norm of H 1
0 (Ω). For a function

u = u(x, t) : Ω × (0,∞) → R, we often write u(t) := u(·, t), which is a function
from Ω into R, for a fixed time t > 0.

2 Group Invariance of Weak Solutions for Parabolic Problems

In this section, we shall prove that the group invariance of weak solutions for
parabolic problems such as (1)–(3) is inherited from initial data and domains. More
precisely, let G be a subgroup of O(N) and let Ω be a G-invariant domain of RN ,
i.e., g(Ω) = Ω for any g ∈ G, with smooth boundary ∂Ω . Here let us treat

∂t

(|u|m−2u
) = Δu + λ|u|m−2u in Ω × (0,∞), (5)

u = 0 on ∂Ω × (0,∞), (6)

u(·,0) = u0 in Ω (7)

with

λ ∈R, 1 < m < ∞ and u0 ∈ H 1
0 (Ω) ∩ Lm(Ω)

(as an independent interest, we also treat 1 < m < 2 and λ ∈ R). We shall prove
that u is G-invariant, i.e., u(g−1x, t) = u(x, t) for all g ∈ G, provided that u0 is
G-invariant. This fact can be easily checked for classical solutions by directly cal-
culating the change of variables. As for weak formulations of differential equations,
one should more carefully treat this issue. There are many papers on this topic for
elliptic problems. However, there seems to be very few works on weak formulations
for parabolic problems (see [4]).

We start with the definition of weak solutions for (5)–(7) by setting

X := H 1
0 (Ω) ∩ Lm(Ω)

with the norm ‖ · ‖X := ‖ · ‖1,2 + ‖ · ‖m. Then the dual space X∗ of X is equivalent
to H−1(Ω)+Lm′

(Ω). In particular, X and X∗ coincide with H 1
0 (Ω) and H−1(Ω),

respectively, provided that 1 < m ≤ 2∗.

Definition 1 (Weak solution of (5)–(7)) A function u : Ω × (0,∞) → R is said to
be a (weak) solution of (5)–(7), if the following conditions are all satisfied:

• u ∈ C([0,∞);X) and |u|m−2u ∈ C1([0,∞);X∗), where X∗ is the dual space
of X.

• For all t ∈ (0,∞) and ψ ∈ C∞
0 (Ω),

〈
d

dt

(|u|m−2u
)
(t),ψ

〉

X

+
∫

Ω

∇u(x, t) · ∇ψ(x)dx

= λ

∫

Ω

(|u|m−2u
)
(x, t)ψ(x)dx,

where 〈·,·〉X denotes a duality pairing between X and its dual space X∗.
• u(·, t) → u0 strongly in X as t → +0.
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Hence the weak formulation of (5)–(7) stated above can be written as an evolu-
tion equation for u(t) := u(·, t) in X∗,

d

dt

(|u|m−2u
)
(t) − Δu(t) = λ

(|u|m−2u
)
(t) in X∗, t > 0, u(0) = u0.

Then for any u0 ∈ X, the problem (5)–(7) admits a unique solution (see, e.g., [9, 20,
21] and also [2]).

Remark 1 In case m > 2, where (5) is the fast diffusion equation, every sign-definite
solution becomes a classical solution (see [12]). However, sign-changing solutions
should be treated in the weak formulation, because the transformed equation from
(5) in a similar way to (4) has a singularity when u(x, t) = 0. In case m < 2, where
(5) is the porous medium equation, the weak formulation is essentially required for
sign-definite solutions as well as for sign-changing solutions because of the lack of
regularity of solution.

Let G be a subgroup of O(N) whose elements leave Ω invariant. For g ∈ G and
a function u : Ω →R, we define a function gu : Ω → R by

(gu)(x) := u
(
g−1x

)
for x ∈ Ω.

Then X and X∗ become Banach G-spaces. More precisely, we have a representation
πX of G over X given by

πX(g)u := gu for u ∈ X and g ∈ G,

where πX(g) is a bounded linear operator in X. Moreover, define a representation
πX∗ of G over X∗ by

〈
πX∗(g)f,u

〉
X

:= 〈
f,πX

(
g−1)u

〉
X

for u ∈ X, f ∈ X∗ and g ∈ G.

The following facts are well known in the variational analysis of elliptic prob-
lems. For the convenience of the reader, we briefly give a proof.

Proposition 1 (G-equivariance of −Δu and |u|m−2u) Define operators A,B :
X → X∗ by

A(u) := −Δu, B(u) := |u|m−2u for u ∈ X.

Then A and B are G-equivariant, i.e.,

πX∗(g)
(
A(u)

) = A
(
πX(g)u

)
, πX∗(g)

(
B(u)

) = B
(
πX(g)u

)

for all u ∈ X and g ∈ G.

Proof It is well known that A = φ′
A and B = φ′

B with φA,φB : X → [0,∞) given
by

φA(u) := 1

2

∫

Ω

∣∣∇u(x)
∣∣2

dx, φB(u) := 1

m

∫

Ω

∣∣u(x)
∣∣m dx for u ∈ X.
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Moreover, φA and φB are G-invariant, i.e., φA(gu) = φA(u) for all u ∈ X and
g ∈ G. Hence φ′

A and φ′
B are G-equivariant from the general fact that the deriva-

tive of G-invariant functional is G-equivariant. Indeed, for an G-invariant Gâteaux
differentiable functional φ : X →R, the Gâteaux differential φ′ of φ satisfies

〈
φ′(πX(g)u

)
, e

〉
X

= lim
h→0

φ(πX(g)u + he) − φ(πX(g)u)

h

= lim
h→0

φ(u + hπX(g−1)e) − φ(u)

h

= 〈
φ′(u),πX

(
g−1)e

〉
X

= 〈
πX∗(g)φ′(u), e

〉
X

for any e,u ∈ X and g ∈ G,

which implies φ′(πX(g)u) = πX∗(g)φ′(u) for all u ∈ X and g ∈ G. One can obtain
a similar conclusion for Fréchet differentials as well. �

A tiny novelty of this section is the following proposition, where the G-
equivariance of the time-differential operator is shown in a space of vector func-
tions with values in X∗. A similar attempt has been done for a Gel’fand triplet
setting in [4], where a parabolic version of the so-called “principle of symmetric
criticality” is established.

To this end, we work on a large space,

H := L2(0, T ;X∗).

Then the representation πH of G over H is given by
(
πH (g)u

)
(t) = πX∗(g)u(t) for t ∈ (0, T ), u ∈ H and g ∈ G.

Moreover, we define the time-differential operator,

d

dt
: H → H

with the domain

D(d/dt) := {u ∈ H : du/dt ∈ H } = W 1,2(0, T ;X∗).

Proposition 2 (G-equivariance of d/dt) The differential operator d/dt is G-
equivariant, i.e.,

πH (g)
du

dt
= d

dt

(
πH (g)u

)
for all u ∈ D(d/dt) and g ∈ G,

which is equivalently rewritten as

πX∗(g)
du

dt
(t) = d

dt

(
πX∗(g)u(t)

)
for all u ∈ D(d/dt) and g ∈ G

for a.e. t ∈ (0, T ).
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Proof For u ∈ D(d/dt), g ∈ G, η ∈ C∞
0 (0, T ) and e ∈ X, it follows that

〈∫ T

0

(
πH (g)

du

dt

)
(t)η(t)dt, e

〉

X

=
∫ T

0

〈
πX∗(g)

du

dt
(t), e

〉

X

η(t)dt

=
∫ T

0

〈
du

dt
(t),πX

(
g−1)e

〉

X

η(t)dt

=
〈∫ T

0

du

dt
(t)η(t)dt, πX

(
g−1)e

〉

X

=
〈
−

∫ T

0
u(t)

dη

dt
(t)dt, πX

(
g−1)e

〉

X

= −
∫ T

0

〈
u(t),πX

(
g−1)e

〉
X

dη

dt
(t)dt

= −
∫ T

0

〈
πX∗(g)u(t), e

〉
X

dη

dt
(t)dt

=
〈
−

∫ T

0

(
πH (g)u

)
(t)

dη

dt
(t)dt, e

〉

X

.

Thus we have
∫ T

0

(
πH (g)

du

dt

)
(t)η(t)dt = −

∫ T

0

(
πH (g)u

)
(t)

dη

dt
(t)dt in X∗,

which implies

πH (g)
du

dt
= d

dt

(
πH (g)u

)

in the sense of distribution. Hence d/dt is G-equivariant in H . �

Remark 2 In [4], the G-equivariance of the time-differential operator is also proved
in a different setting. More precisely, let V and V ∗ be a reflexive Banach space
and its dual space, respectively, and suppose that there exists a Hilbert space H

satisfying the following Gel’fand triplet:

V ↪→ H ≡ H ∗ ↪→ V ∗,
where H ∗ stands for the dual space of H , with densely defined continuous canonical
injections. Then the G-equivariance of the time-differential operator d/dt defined
from V := L2(0, T ;V ) to V ∗ := L2(0, T ;V ∗) is proved.

Combining all these facts, we are now in position to prove the following theorem.

Theorem 1 (G-invariance of weak solutions) Let G be a subgroup of O(N) and let
Ω be a G-invariant bounded domain of RN with smooth boundary. Let u = u(x, t)

be a weak solution of (5), (6). Then so is gu := u(g−1x, t) for any g ∈ G.
In addition, if the initial data u0 is G-invariant, then so is the unique weak solu-

tion of (5)–(7).
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Proof Let u = u(x, t) be a weak solution of (5), (6) and put w(x, t) = u(g−1x, t).
Then, w(t) = πX(g)u(t). Then for each φ ∈ X, it follows that

〈
d

dt
B

(
u(t)

) + A
(
u(t)

) − λB
(
u(t)

)
,πX

(
g−1)φ

〉

X

= 0.

Then by Propositions 1 and 2, we have
〈

d

dt
B

(
u(t)

) + A
(
u(t)

) − λB
(
u(t)

)
,πX

(
g−1)φ

〉

X

=
〈
πX∗(g)

(
d

dt
B

(
u(t)

)) + πX∗(g)A
(
u(t)

) − λπX∗(g)B
(
u(t)

)
, φ

〉

X

=
〈

d

dt

(
πX∗(g)B

(
u(t)

)) + A
(
w(t)

) − λB
(
w(t)

)
, φ

〉

X

=
〈

d

dt
B

(
w(t)

) + A
(
w(t)

) − λB
(
w(t)

)
, φ

〉

X

.

Therefore w also solves (5), (6).
In addition, if the initial data u0 is G-invariant, all the solutions w(x, t) =

u(g−1x, t) for any g ∈ G solve (5)–(7) with the same data u0. Therefore from the
uniqueness of weak solution, w coincides with u for all g ∈ G. Consequently, the
unique solution u is G-invariant. �

3 Stability Analysis of Group Invariant Asymptotic Profiles

This section is devoted to a stability analysis of asymptotic profiles invariant under
a symmetry group for vanishing solutions of (1)–(3). Throughout this section, we
assume that

2 < m < 2∗ :=
{

2N/(N − 2) if N ≥ 3,

∞ if N = 1,2
and u0 ∈ H 1

0 (Ω) (8)

(then H 1
0 (Ω) is compactly embedded in Lm(Ω)). In Sect. 3.1, we overview prelimi-

nary facts on the stability analysis of asymptotic profiles for fast diffusion equations.
In Sect. 3.2, we define the notions of stability and instability of asymptotic profiles
under group invariant perturbations and present some stability criteria. Moreover,
these stability criteria will be proved in the following two subsections. The contents
in these subsections would be similar to those in [3], even though the setting under
consideration here is not covered by [3]. However, results in Sect. 3.5 to be obtained
by applying these criteria would be noteworthy, because they enable us to discuss
the asymptotic stability of radial profiles under radial perturbations as well as to
investigate further information on the instability of some symmetric sign-changing
profiles.
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3.1 Asymptotic Profiles for Fast Diffusion Equations

In this subsection, we briefly review previous results on asymptotic profiles for fast
diffusion equations. The finite-time extinction of solutions for fast diffusion equa-
tions is first proved by Sabinina [18] (for N = 1), and then, generalized by Bénilan
and Crandall [5]. We denote by t∗(u0) the extinction time of the unique solution u

of (1)–(3) for the initial data u0. Berryman and Holland [7] obtained an optimal rate
of the finite-time extinction for each solution u of (1)–(3),

c(t∗ − t)
1/(m−2)
+ ≤ ∥∥u(t)

∥∥
1,2 ≤ c−1(t∗ − t)

1/(m−2)
+

with the extinction time t∗ of u and a positive constant c > 0. Moreover, they showed
the existence of asymptotic profiles

φ(x) := lim
tn↗t∗

(t∗ − tn)
−1/(m−2)
+ u(x, tn) in H 1

0 (Ω)

with some sequence tn ↗ t∗ for positive classical solutions.
In order to characterize φ, let us apply the following transformation:

v(x, s) := (t∗ − t)−1/(m−2)u(x, t) and s := log
(
t∗/(t∗ − t)

) ≥ 0. (9)

Then s tends to infinity as t ↗ t∗. Moreover, the asymptotic profile φ = φ(x) of
u = u(x, t) is reformulated as

φ(x) := lim
sn↗∞v(x, sn) in H 1

0 (Ω) with sn := log
(
t∗/(t∗ − tn)

) → ∞.

Furthermore, the Cauchy-Dirichlet problem (1)–(3) for u = u(x, t) is rewritten as
the following rescaled problem:

∂s

(|v|m−2v
) = Δv + λm|v|m−2v in Ω × (0,∞), (10)

v = 0 on ∂Ω × (0,∞), (11)

v(·,0) = v0 in Ω, (12)

where the initial data v0 and the constant λm are given by

v0 = t∗(u0)
−1/(m−2)u0 and λm = (m − 1)/(m − 2) > 0. (13)

Then (10)–(12) can be regarded as a generalized gradient system,

d

ds
|v|m−2v(s) = −J ′(v(s)

)
for s > 0, (14)

where J : H 1
0 (Ω) → R is given by

J (w) := 1

2

∫

Ω

∣∣∇w(x)
∣∣2 dx − λm

m

∫

Ω

∣∣w(x)
∣∣m dx for w ∈ H 1

0 (Ω),

and moreover, the function s �→ J (v(s)) is nonincreasing. One can prove the fol-
lowing theorem (see [3, 7, 8, 15, 19]):
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Theorem 2 (Existence of asymptotic profiles and their characterization) For any
sequence sn → ∞, there exist a subsequence (n′) of (n) and φ ∈ H 1

0 (Ω) \ {0} such
that v(sn′) → φ strongly in H 1

0 (Ω). Moreover, φ is a nontrivial stationary solution
of (10)–(12), that is, φ solves the Dirichlet problem,

−Δφ = λm|φ|m−2φ in Ω, φ = 0 on ∂Ω. (15)

The Dirichlet problem (15) is an Euler-Lagrange equation for J .

Remark 3

(i) If φ is a nontrivial solution of (15), then the function U(x, t) = (1− t)
1/(m−2)
+ ×

φ(x) solves (1)–(3) with U(x,0) = φ(x). Hence t∗(φ) = 1 and the profile of
U(x, t) coincides with φ(x).

(ii) Hence, by Theorem 2, the set of all asymptotic profiles of solutions for (1)–(3)
coincides with the set of all nontrivial solutions of (15). Obviously, they also
coincide with the set of all nontrivial critical points of J . We shall denote these
sets by S .

(iii) Due to [13], the asymptotic profile is uniquely determined for each nonnegative
data u0 ≥ 0.

In [7, 8, 15, 19], the stability of positive profiles is discussed for nonnegative so-
lutions. However, until the work in [3], sign-changing profiles had not been treated,
and moreover, the stability of positive profiles had not been discussed under a wider
class of perturbations which allow sign-changing initial data.

In [3], the notions of stability and instability of asymptotic profiles of solutions
for (1)–(3) were first precisely defined for possibly sign-changing solutions by in-
troducing a set,

X := {
t∗(u0)

−1/(m−2)u0: u0 ∈ H 1
0 (Ω) \ {0}},

which coincides with the level set {v0 ∈ H 1
0 (Ω): t∗(v0) = 1} of the functional t∗ :

H 1
0 (Ω) → [0,∞). Here we note

Lemma 1 (Property of X , [3]) Let v be a solution of (10)–(12) for an initial
data v0.

(i) If v0 ∈ X , then v(s) ∈ X for all s ≥ 0.
(ii) If v0 ∈ X , then for any sn → ∞, up to a subsequence, v(sn) → φ for some

φ ∈ S (by Theorem 2).
(iii) It follows that S ⊂ X .

Moreover, the following criteria for the stability and instability of profiles were
presented:

• Each least energy solution φ of (15) is (resp., asymptotically) stable in the sense
of asymptotic profiles, if φ is isolated from the other least energy (resp., sign-
definite) solutions.
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• All the sign-changing solutions ψ are not asymptotically stable profiles. More-
over, ψ is unstable, if it is isolated from all the other profiles with lower energies.

As a by-product of [3], the whole of the energy space H 1
0 (Ω) of initial data is

completely classified in terms of large-time behaviors of solutions for (10)–(12). In
particular, the set X turns out to be a separatrix between stable and unstable sets
(cf. see [14] for a semilinear heat equation).

The criteria stated above do not cover all the situations. Indeed, in case Ω is a
thin annulus, there exists a positive radial profile φ1 which may not take the least
energy among S .

In the following subsections, we introduce the notions of stability and instabil-
ity of G-invariant profiles under similarly invariant perturbations for a subgroup
G of O(N) and slightly modify the argument of [3] to obtain stability criteria for
G-invariant profiles. As a typical application of the criteria, we shall discuss the sta-
bility of the unique positive radial profile in the annulus case under O(N)-invariant
perturbations.

3.2 Stability and Instability of G-Invariant Profiles

Let G be a subgroup of O(N) and let Ω be a G-invariant domain of RN with smooth
boundary. Assume (8) and denote the space of G-invariant functions of class H 1

0 (Ω)

by

H 1
0,G(Ω) := {

u ∈ H 1
0 (Ω): gu = u for all g ∈ G

}
.

Each asymptotic profile lying on H 1
0,G(Ω) is called a G-invariant asymptotic pro-

file. Let us introduce the notions of stability and instability of G-invariant asymp-
totic profiles of solutions for (1)–(3) under G-invariant perturbations. To this end,
we first introduce the set,

XG := {
t∗(u0)

−1/(m−2)u0: u0 ∈ H 1
0,G(Ω) \ {0}} = X ∩ H 1

0,G(Ω).

Then we define:

Definition 2 (Stability and instability of profiles under G-invariant perturbations)
Let φ ∈ H 1

0,G(Ω) be an asymptotic profile of vanishing solutions for (1)–(3).

(i) φ is said to be stable under G-invariant perturbations, if for any ε > 0 there
exists δ = δ(ε) > 0 such that any solution v of (10), (11) satisfies

v(0) ∈ XG ∩ BH 1
0
(φ; δ) ⇒ sup

s∈[0,∞)

∥∥v(s) − φ
∥∥

1,2 < ε,

where BH 1
0
(φ; δ) := {w ∈ H 1

0 (Ω): ‖φ − w‖1,2 < δ}.
(ii) φ is said to be unstable under G-invariant perturbations, if φ is not stable

under G-invariant perturbations.
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(iii) φ is said to be asymptotically stable under G-invariant perturbations, if φ is
stable under G-invariant perturbations, and moreover, there exists δ0 > 0 such
that any solution v of (10), (11) satisfies

v(0) ∈ XG ∩ BH 1
0
(φ; δ0) ⇒ lim

s↗∞
∥∥v(s) − φ

∥∥
1,2 = 0.

Remark 4 Apparently, XG is a subset of X . Hence if an asymptotic profile φ is
(asymptotically) stable in the sense of [3], then so is it under G-invariant pertur-
bations. On the other hand, if φ is unstable or not asymptotically stable under G-
invariant perturbations, then so is φ without restriction of perturbation.

To state our stability criteria under G-invariant perturbations, we set up notation.
Let SG = S ∩ H 1

0,G(Ω), which is the set of all G-invariant nontrivial solutions.
A function φ ∈ SG is called a least energy G-invariant solution if φ attains the
infimum of J over SG. Then our criteria read as follows.

Theorem 3 (Stability of G-invariant profiles) Assume (8). Let φ ∈ H 1
0,G(Ω) be a

least energy G-invariant solution of (15). Then it follows that

(i) φ is a stable profile under G-invariant perturbations, if φ is isolated in H 1
0 (Ω)

from the other least energy G-invariant solutions.
(ii) φ is an asymptotically stable profile under G-invariant perturbations, if φ is

isolated in H 1
0 (Ω) from the other sign-definite G-invariant solutions.

Theorem 4 (Instability of G-invariant profiles) Assume (8). Let φ ∈ H 1
0,G(Ω) be a

sign-changing G-invariant solution of (15). Then it follows that

(i) φ is not an asymptotically stable profile under G-invariant perturbations.
(ii) φ is an unstable profile under G-invariant perturbations, if φ is isolated in

H 1
0 (Ω) from any ψ ∈ SG satisfying J (ψ) < J(φ).

3.3 Proof of Theorem 3

We first prepare a couple of lemmas.

Lemma 2 (Properties of XG) Let v be a solution of (10)–(12) for an initial
data v0.

(i) If v0 ∈ XG, then v(s) ∈ XG for all s ≥ 0.
(ii) If v0 ∈ XG, then for any sn → ∞, up to a subsequence, v(sn) → φ for some

φ ∈ SG.
(iii) It holds that SG ⊂ XG.

Proof Combining Theorem 1 with (i) of Lemma 1, we have (i). Let v0 ∈ XG. By
Theorem 2, there exist sn → ∞ and φ ∈ S such that v(sn) → φ strongly in H 1

0 (Ω).
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Since v(sn) ∈ H 1
0,G(Ω) by (i) and H 1

0,G(Ω) is closed, φ is G-invariant. Thus (ii)

holds. Recall XG = X ∩ H 1
0,G(Ω), SG = S ∩ H 1

0,G(Ω) and (iii) of Lemma 1 to
obtain (iii). �

Lemma 3 (Weak closedness of XG) If un ∈ XG and un → u weakly in H 1
0 (Ω),

then u ∈ XG.

Proof The (sequentially) weak closedness of X is proved in [3]. Moreover,
H 1

0,G(Ω) is also weakly closed, and hence, so is XG = X ∩ H 1
0,G(Ω). �

Lemma 4 (Variational feature of XG) Let d1 = infSG
J . Then

XG ⊂ [d1 ≤ J ] := {
v0 ∈ H 1

0 (Ω): d1 ≤ J (v0)
}
.

Moreover, if v0 ∈ XG and J (v0) = d1, then J ′(v0) = 0.

Proof Let v0 ∈ XG and let v(s) be a solution of (10)–(12) with v(0) = v0. Then by
(ii) of Lemma 2 there exist sn → ∞ and φ ∈ SG such that v(sn) → φ strongly in
H 1

0 (Ω). From the nonincrease of J (v(·)), we deduce that

J (v0) ≥ J
(
v(s)

) ≥ J (φ) ≥ d1 = inf
XG

J.

Hence d1 ≤ J (v0).
If v0 ∈ XG and J (v0) = d1, then J (v0) = minXG

J . Hence v(s) ≡ v0 by (14). �

Denote by L E S G the set of all least energy G-invariant solutions of (15). Let
us assume that

BH 1
0
(φ; r) ∩ L E S G = {φ} (16)

with some r > 0. Here we write BH 1
0
(φ; r) := {w ∈ H 1

0 (Ω): ‖w − φ‖1,2 < r}.

Claim For any ε ∈ (0, r), it holds that

c := inf
{
J (v): v ∈ XG, ‖v − φ‖1,2 = ε

}
> d1.

Proof Assume on the contrary that c = d1, i.e., there exists vn ∈ XG such that

‖vn − φ‖1,2 = ε and J (vn) → d1.

Since m < 2∗, it entails that, up to a subsequence,

vn → v∞ weakly in H 1
0 (Ω) and strongly in Lm(Ω).

By Lemmas 3 and 4, we obtain

v∞ ∈ XG, and hence, d1 ≤ J (v∞).

Therefore it follows that
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1

2
‖vn‖2

1,2 = J (vn) + λm

m
‖vn‖m

m

→ d1 + λm

m
‖v∞‖m

m ≤ J (v∞) + λm

m
‖v∞‖m

m = 1

2
‖v∞‖2

1,2.

By using the weak lower semicontinuity,

lim inf
n→∞ ‖vn‖1,2 ≥ ‖v∞‖1,2,

and the uniform convexity of ‖ · ‖1,2, we deduce that vn → v∞ strongly in H 1
0 (Ω).

Hence ‖v∞ − φ‖1,2 = ε and J (v∞) = d1. Thus v∞ ∈ L E S G by Lemma 4. How-
ever, the fact that ‖v∞ − φ‖1,2 = ε < r contradicts (16). �

Let ε ∈ (0, r) be arbitrarily given. Choose δ ∈ (0, ε) so small that

J (v) < c for all v ∈ BH 1
0
(φ; δ).

Here it is possible, because c > d1 = J (φ) by the last claim, and J is continuous
in H 1

0 (Ω). For any v0 ∈ XG ∩ BH 1
0
(φ; δ), let v(s) be a solution of (10)–(12). Then

v(s) ∈ XG for s ≥ 0 by (i) of Lemma 2.

Claim For any s ≥ 0, v(s) ∈ BH 1
0
(φ; ε), and hence φ is stable.

Proof Assume on the contrary that v(s0) ∈ ∂BH 1
0
(φ; ε) at some s0 > 0. By the

definition of c, it holds that c ≤ J (v(s0)). However, it contradicts the fact that
J (v(s0)) ≤ J (v0) < c. Thus v(s) ∈ BH 1

0
(φ; ε) for all s ≥ 0. �

Moreover, if φ is isolated in H 1
0 (Ω) from all the other sign-definite G-invariant

solutions of (15), then so is it from all sign-changing solutions by the Hopf maxi-
mum principle for (15). One can prove that v(sn) converges strongly in H 1

0 (Ω) to
φ along any sequence sn → ∞ whenever v(0) ∈ XG ∩ BH 1

0 (Ω)(φ; δ0) with some
δ0 > 0 (see [3] for more details).

3.4 Proof of Theorem 4

Let φ be a sign-changing G-invariant solution of (15) (hence φ admits more than
two nodal domains).

We first prove (i). Let D be a nodal domain of φ and define

φμ(x) :=
{

μφ(x) if x ∈ D,

φ(x) if x ∈ Ω \ D
for μ ≥ 0.

(Note: φμ might not belong to XG.) Then one can observe that

• φμ is G-invariant;
• φμ → φ strongly in H 1

0 (Ω) as μ → 1;
• if μ �= 1, then J (cφμ) < J(φ) for any c ≥ 0.
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Moreover, we set

u0,μ := φμ, τμ := t∗(u0,μ), v0,μ := τ−1/(m−2)
μ u0,μ ∈ XG.

As in [3], it then follows that

• τμ → t∗(φ) = 1 and v0,μ → φ strongly in H 1
0 (Ω) as μ → 1;

• if μ �= 1, then J (v0,μ) < J (φ).

Hence the solution vμ(s) of (10)–(12) with vμ(0) = v0,μ never converges to φ as
s → ∞. Therefore φ is not an asymptotically stable profile under G-invariant per-
turbations.

Let us move on to (ii). Here we further assume that

BH 1
0
(φ;R) ∩ {

ψ ∈ SG: J (ψ) < J(φ)
} = ∅ (17)

with some R > 0.

Claim If μ �= 1, then vμ(s) /∈ BH 1
0
(φ;R) for any s � 1.

Proof Assume on the contrary that vμ(sn) ∈ BH 1
0
(φ;R) with some sequence

sn → ∞. Then by (ii) of Lemma 2, we deduce that, up to a subsequence,

vμ(sn) → ψ strongly in H 1
0 (Ω)

with some ψ ∈ BH 1
0
(φ;R) ∩ SG. Moreover, we have

J (ψ) ≤ J (v0,μ) < J (φ),

which contradicts (17). Thus φ is an unstable profile. �

3.5 Applications of Stability Criteria

We first apply the preceding stability criteria to the case that Ω is an annular domain
given by

Ω := {
x ∈R

N : a < |x| < b
}

with constants 0 < a < b. Then it is known that (15) admits a unique positive radial
solution φ1 (see [17]) and an arbitrary number of positive nonradial solutions by
properly choosing a, b. Particularly, least energy solutions of (15) are nonradial,
provided that (b − a)/a � 1 (see [10, 11, 16]). Hence the unique positive radial
solution φ1 is out of the scope of the stability criteria proposed in [3]. It is also
known that (15) admits infinitely many radial sign-changing solutions under (8)
(see also [17]) and all the sign-changing solutions turn out to be not asymptotically
stable under a wider class of perturbations by [3].
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Corollary 1 Let Ω be an annular domain in R
N and assume (8). Then the sign-

definite radial solutions ±φ1 of (15) are asymptotically stable profiles under O(N)-
invariant perturbations. Furthermore, the other radial solutions of (15) are not
asymptotically stable profiles under O(N)-invariant perturbations.

Proof Let G = O(N). Since φ1 is the unique positive G-invariant solution, we con-
clude by Theorem 3 that ±φ1 are asymptotically stable profiles under G-invariant
perturbations. The other radial solutions are sign-changing, so by Theorem 4 they
are not asymptotically stable under O(N)-invariant perturbations. �

Remark 5 The frame of stability analysis for positive radial profiles in annular do-
mains without restriction of perturbation will be discussed in a forthcoming joint
paper with Ryuji Kajikiya.

We next give a corollary for general G-invariant domains. Here we call φ a least
energy sign-changing G-invariant solution if φ is a sign-changing G-invariant solu-
tion of (15) and takes the least energy among sign-changing G-invariant solutions.
Such a least energy sign-changing G-invariant solution always exists for any sub-
group G ⊂ O(N) under (8).

Corollary 2 Let Ω be a G-invariant domain of RN with smooth boundary and
assume (8). Then least energy sign-changing G-invariant solutions of (15) are un-
stable asymptotic profiles under G-invariant perturbations.

Proof As in [3], one can prove that every least energy sign-changing G-invariant
solution φ is distinct from all the G-invariant nontrivial solutions taking lower ener-
gies (i.e., sign-definite G-invariant solutions) by the Hopf maximum principle. Thus
φ is unstable under G-invariant perturbations by Theorem 4. �

This fact is new also in view of the stability analysis as in [3]. When Ω is an
annulus, least energy sign-changing solutions are nonradial by [1] and unstable in
the sense of asymptotic profiles for (1)–(3) by [3]. By Remark 4, this corollary
further assures that least energy sign-changing G-invariant solutions of (15) are also
unstable profiles for any subgroup G of O(N).
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A Family of Hardy-Rellich Type Inequalities
Involving the L2-Norm of the Hessian Matrices

Elvise Berchio

Abstract We derive a family of Hardy-Rellich type inequalities in H 2(Ω)∩H 1
0 (Ω)

involving the scalar product between Hessian matrices. The constants found are
optimal and the existence of a boundary remainder term is discussed.

Keywords Hardy-Rellich inequality · Optimal constants · Biharmonic equation

1 Introduction

Let Ω ⊂ RN(N ≥ 2) be a bounded domain (open and connected) with Lipschitz
boundary. By combining interpolation inequalities (see [1, Corollary 4.16]) with the
classical Poincaré inequality, the Sobolev space H 2(Ω)∩H 1

0 (Ω) becomes a Hilbert
space when endowed with the scalar product

(u, v) :=
∫

Ω

D2u · D2v dx

=
N∑

i,j=1

∫
Ω

∂2
ij u ∂2

ij v dx for all u,v ∈ H 2(Ω) ∩ H 1
0 (Ω), (1)

which induces the norm ‖D2u‖2 := (
∫
Ω

D2u · D2udx)1/2 = (
∫
Ω

|D2u|2 dx)1/2.
If, furthermore, Ω satisfies a uniform outer ball condition, see [3, Definition 1.2],

some of the derivatives in (1) may be dropped. Then, the bilinear form

〈u,v〉 :=
∫

Ω

ΔuΔv dx for all u,v ∈ H 2(Ω) ∩ H 1
0 (Ω) (2)

defines a scalar product on H 2(Ω) ∩ H 1
0 (Ω) with corresponding norm ‖Δu‖2 :=

(
∫
Ω

|Δu|2 dx)1/2. Easily, ‖D2u‖2
2 ≥ 1/N‖Δu‖2

2, for every u ∈ H 2(Ω) ∩ H 1
0 (Ω).

The converse inequality follows from [3, Theorem 2.2].
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A well-known generalization of the first order Hardy inequality [15, 16] to the
second order is the so-called Hardy-Rellich inequality [19] which reads

∫
Ω

|Δu|2 dx ≥ N2(N − 4)2

16

∫
Ω

u2

|x|4 dx for all u ∈ H 2
0 (Ω). (3)

Here Ω ⊂ RN (N ≥ 5) is a bounded domain such that 0 ∈ Ω and the constant
N2(N−4)2

16 is optimal, in the sense that it is the largest possible. Further generaliza-
tions to (3) have appeared in [9] and in [17]. In [11] the validity of (3) was extended
to the space H 2 ∩ H 1

0 (Ω), see also [12]. One may wonder what happens in (3), if
we replace the L2-norm of the Laplacian with ‖D2u‖2

2. In H 2
0 (Ω), a density argu-

ment and two integrations by parts yield that N2(N−4)2

16 is still the “best” constant.
In H 2 ∩ H 1

0 (Ω) the answer is less obvious and, to our knowledge, the correspond-
ing inequality is not known, not even when Ω is smooth. This regard motivates the
present paper.

Let ν be the exterior unit normal at ∂Ω , we set

c0 = c0(Ω) := inf
H 2∩H 1

0 (Ω)\H 2
0 (Ω)

∫
Ω

|D2u|2 dx∫
∂Ω

u2
ν dσ

. (4)

The above definition makes sense as soon as Ω has Lipschitz boundary. Indeed, the
normal derivative to a Lipschitz domain is defined almost everywhere on ∂Ω so
that uν ∈ L2(∂Ω) for any u ∈ H 2 ∩ H 1

0 (Ω). By the compactness of the embedding
H 2(Ω) ⊂ H 1(∂Ω) (see [18, Chap. 2, Theorem 6.2]), the infimum in (4) is attained
and c0 > 0.

For c > −c0, we aim to determine the largest h(c) > 0 such that

∫
Ω

∣∣D2u
∣∣2

dx + c

∫
∂Ω

u2
ν dσ ≥ h(c)

∫
Ω

u2

|x|4 dx for all u ∈ H 2 ∩ H 1
0 (Ω). (5)

In Sect. 3, for ∂Ω ∈ C2, we prove that there exists CN = CN(Ω) ∈ (−c0,+∞) such
that:

• h(c) <
N2(N−4)2

16 , for c ∈ (−c0,CN) and the equality is achieved in (5);

• h(c) = N2(N−4)2

16 , for c ∈ [CN,+∞) and, if c > CN (u 
≡ 0), the inequality is
strict in (5).

When Ω satisfies a suitable geometrical condition (see (25) in the following) and
C = CN , we show that the equality cannot be achieved in (5). At last, we derive
lower and upper bounds for CN and we discuss its sign, see Theorem 1 and Re-
mark 3.

If Ω = B , the unit ball in RN(N ≥ 5), several computations can be done explic-

itly. In Sect. 5, we show that c0(B) = 1, CN(B) = N − 3 −
√

2(N2−4N+8)

2 and we
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Fig. 1 The plot of the map (−c0,+∞) ∈ c 
→ h(c) when Ω = B , N = 5 or N = 8 (right). H5 and
H8 denote the Hardy-Rellich constants, c0(B) = 1

determine the (radial) functions for which the equality holds in (5) (when c < CN ).
In particular, for all u ∈ H 2 ∩ H 1

0 (B) \ {0}, we show that

∫
B

∣∣D2u
∣∣2

dx +
(

N − 3 −
√

2(N2 − 4N + 8)

2

)∫
∂B

u2
ν dσ

>
N2(N − 4)2

16

∫
B

u2

|x|4 dx (6)

and the constants are optimal.
It’s worth noting that CN(B) is positive when N ≥ 7, negative when N = 5,6,

see Fig. 1. Hence, in lower dimensions, the following Hardy-Rellich inequality (with
a boundary remainder term) holds

∫
B

∣∣D2u
∣∣2

dx >
N2(N − 4)2

16

∫
B

u2

|x|4 dx

(
+|CN |

∫
∂B

u2
ν dσ

)
,

for all u ∈ H 2 ∩H 1
0 (B) \ {0}, where |C5| = √

13/2 − 2 and |C6| =
√

10 − 3. While,
if N ≥ 7, the “best” constant h(0) is no longer the classical Hardy-Rellich one and
we prove
∫

B

∣∣D2u
∣∣2

dx ≥ (N − 1)(N − 5)(2N − 5)

4

∫
B

u2

|x|4 dx for all u ∈ H 2 ∩ H 1
0 (B).

(7)

Here, (N−1)(N−5)(2N−5)
4 <

N2(N−4)2

16 and the equality in (7) is achieved by a unique
positive radial function, see Theorem 2 in Sect. 5.

The plan of the paper is the following: in Sect. 2 we prove existence and posi-
tivity of solutions to a suitable biharmonic linear problem. The boundary conditions
considered arise from (5). In Sect. 3 we state our statement about the family of in-
equalities (5) while, in Sect. 4, we put its proof. At last, in Sect. 5, we focus on the
case Ω = B and we prove (6) and (7). The Appendix contains the proof of some
estimates we need in Sect. 3.
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2 Preliminaries

Let Ω ⊂ RN(N ≥ 2) be a Lipschitz bounded domain which satisfies a uniform outer
ball condition. We recall the definition of the first Steklov eigenvalue

d0 = d0(Ω) := inf
H 2∩H 1

0 (Ω)\H 2
0 (Ω)

∫
Ω

|Δu|2 dx∫
∂Ω

u2
ν dσ

. (8)

From the compactness of the embedding H 2(Ω) ⊂ H 1(∂Ω), the infimum in (8)
is attained. Furthermore, due to [6], we know that the corresponding minimizer is
unique, positive in Ω and solves the equation Δ2u = 0 in Ω , subject the conditions
u = 0 = Δu − d0uν on ∂Ω .

Next, we assume that ∂Ω ∈ C2 and we denote with |Ω| and |∂Ω| the Lebesgue
measures of Ω and ∂Ω . There holds

d0(Ω) ≤ |∂Ω|
|Ω| ,

see, for instance, [10, Theorem 1.8]. Let K(x) denote the mean curvature of ∂Ω

at x,

K := min
∂Ω

K(x) and K := max
∂Ω

K(x). (9)

If Ω is convex, it was proved in [10, Theorem 1.7] that

d0(Ω) ≥ NK. (10)

Notice that we adopt the convention that K is positive where the domain is convex.
Finally, from [14, Theorem 3.1.1.1] we recall∫

Ω

|Δu|2 dx

=
∫

Ω

∣∣D2u
∣∣2

dx + (N − 1)

∫
∂Ω

K(x)u2
ν dσ for all u ∈ H 2 ∩ H 1

0 (Ω). (11)

Identity (11) is the basic ingredient to prove

Proposition 1 Let Ω be a bounded domain with C2 boundary, let c0 and d0 be as
in (4) and (8), K and K as in (9). There holds

max

{
d0(Ω) − (N − 1)K; d0(Ω)

N

}
≤ c0(Ω) ≤ d0(Ω) − (N − 1)K. (12)

Furthermore, if Ω is convex, then

(i) c0 ≥ K and the equality holds if and only if Ω is a ball;
(ii) the minimizer u0 of (4) is unique (up to a multiplicative constant) and, if

u0(x0) > 0 for some x0 ∈ Ω , then u0 > 0, −Δu0 ≥ 0 in Ω and (u0)ν < 0 on
∂Ω .

If Ω = B , the unit ball in RN , since K(x) ≡ 1, Proposition 1-(i) yields
c0(B) = 1.
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Proof The estimates in (12) follow by combining (11) with (4) and (8). For the
lower bound d0(Ω)/N , we exploit the fact that ‖D2u‖2

2 ≥ 1/N‖Δu‖2
2, for every

u ∈ H 2(Ω) ∩ H 1
0 (Ω).

Let Ω be convex, by (10) and (12), c0 ≥ K . If c0 = K , by (10) and (12), we
deduce that d0 = NK and, by [10, Theorem 1.7], Ω must be a ball. On the other
hand, if Ω is a ball, then K = K and, by (12), we get c0 = d0 − (N − 1)K . Since,
from [10], d0 = NK , statement (i) follows at once.

To prove statement (ii), by (11), we write (12) as

c0 = inf
H 2∩H 1

0 (Ω)\H 2
0 (Ω)

∫
Ω

|Δu|2 dx − (N − 1)
∫
∂Ω

K(x)u2
ν dσ∫

∂Ω
u2

ν dσ
. (13)

Let u0 be a minimizer to c0. As in [6], we define ū0 ∈ H 2 ∩ H 1
0 (Ω) as the unique

(weak) solution to {−Δū0 = |Δu0| in Ω

ū0 = 0 on ∂Ω.

By the maximum principle for superharmonic functions,

|u0| ≤ ū0 in Ω and
∣∣(u0)ν

∣∣ ≤ ∣∣(ū0)ν
∣∣ on ∂Ω.

If Δu0 changes sign, then the above inequalities are strict and, since K is positive,
by (13), we infer

c0 =
∫
Ω

|Δu0|2 dx − (N − 1)
∫
∂Ω

K(x)(u0)
2
ν dσ∫

∂Ω
(u0)2

ν dσ

>

∫
Ω

|Δū0|2 dx − (N − 1)
∫
∂Ω

K(x)(ū0)
2
ν dσ∫

∂Ω
(ū0)2

ν dσ
,

a contradiction. This noticed, a further application of the maximum principle yields
the positivity issue. Uniqueness follows by standard arguments. That is, by exploit-
ing the fact that a (positive) minimizer to (4) solves the linear problem (15), here
below, for f ≡ 0 and c = −c0. �

Remark 1 The problem of dealing with domains having a nonsmooth boundary goes
beyond the purposes of the present paper. We limit ourselves to make a couple of
remarks on the topic.

If we drop the regularity assumption on ∂Ω , identity (11) is, in general, no longer
true. Hence, the previous proof cannot be carried out. Assume that Ω ⊂ RN(N ≥ 2)

is a bounded domain with Lipschitz boundary which satisfies an outer ball condition.
Due to [3], we know that there exist a sequence of smooth domains Ωm ↗ Ω , with
∂Ωm ∈ C∞, and a real constant C such that the mean curvatures satisfy Km(x) ≥ C,
for every x ∈ ∂Ω and m ≥ 1. Next, for u ∈ H 2 ∩ H 1

0 (Ω) fixed, define the sequence
of functions {um}m≥1 such that um ∈ H 2 ∩ H 1

0 (Ω) solves{−Δum = −Δu in Ωm

um = 0 on ∂Ωm.
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When C ≥ 0, from (11), it is readily deduced that∫
Ωm

∣∣D2um

∣∣2
dx ≤

∫
Ω

|Δu|2 dx

while, if C < 0, we get∫
Ωm

∣∣D2um

∣∣2
dx ≤

∫
Ω

|Δu|2 dx − (N − 1)C

∫
∂Ωm

(um)2
ν dσ

≤
(

1 + (N − 1)|C|
d0(Ω)

)∫
Ω

|Δu|2 dx,

where d0 is as in (8). Then, by a standard weak convergence argument, see [14,
Theorem 3.2.1.2], one concludes that∫

Ω

∣∣D2u
∣∣2

dx ≤ (
1 + γ (Ω)

)∫
Ω

|Δu|2 dx for all u ∈ H 2 ∩ H 1
0 (Ω), (14)

where γ (Ω) = 0, if C ≥ 0, and γ (Ω) = ((N − 1)|C|)/d0(Ω), otherwise.
Obviously, (14) does not replace (11). However, it can be exploited to obtain

the first part of Proposition 1 for domains satisfying the above mentioned (weaker)
regularity assumptions.

For every c > −c0 and for f ∈ L2(Ω), we will consider the linear problem⎧⎪⎨
⎪⎩

Δ2u = f (x) in Ω

u = 0 on ∂Ω

uνν + cuν = 0 on ∂Ω.

(15)

This choice of boundary conditions will be convenient in the next section.
By solutions to (15) we mean weak solutions, that is functions u ∈ H 2 ∩ H 1

0 (Ω)

such that∫
Ω

D2u · D2v dx + c

∫
∂Ω

uνvν dσ =
∫

Ω

f v dx for all v ∈ H 2 ∩ H 1
0 (Ω). (16)

Indeed, formally, two integrations by parts give∫
Ω

D2u · D2v dx =
∫

Ω

Δ2uv dx +
∫

∂Ω

uννvν dσ for all v ∈ H 2 ∩ H 1
0 (Ω),

(17)

see [5, formula (36)]. Then, plugging (17) into (16), by standard density arguments,
we infer that u solves (15) pointwise. Since the boundary conditions in (15) have the
same principal part of Navier boundary conditions (u = 0 = Δu on ∂Ω), they must
satisfy the so-called complementing conditions [4]. See also [13, formula (2.22)].
Hence, standard elliptic regularity theory applies. Therefore, if ∂Ω ∈ C4 and f ∈
L2(Ω), then u ∈ H 4(Ω) and (17) makes sense.

Solutions to (16) correspond to critical points of the functional

Ic(u) := 1

2

(∫
Ω

∣∣D2u
∣∣2

dx + c

∫
∂Ω

u2
ν dσ

)
−

∫
Ω

f udx for u ∈ H 2 ∩ H 1
0 (Ω).
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For c > −c0, Ic turns to be coercive. Since it is also strictly convex, there exists a
unique critical point uc which is the global minimum of Ic . When ∂Ω ∈ C2, thanks
to (11), Ic writes

Ic(u) = 1

2

(∫
Ω

|Δu|2 dx −
∫

∂Ω

αc(x)u2
ν dσ

)
−

∫
Ω

f udx for u ∈ H 2 ∩ H 1
0 (Ω),

where αc(x) := (N − 1)K(x) − c, for every x ∈ ∂Ω . Then, the minimizer uc to Ic

also satisfies
∫

Ω

Δuc Δv dx −
∫

∂Ω

αc(x)(uc)νvν dσ =
∫

Ω

f v dx for all v ∈ H 2 ∩ H 1
0 (Ω).

(18)

From [13, Definition 5.21], we know that (18) is the definition of weak solutions to
the equation Δ2u = f in Ω , subject to Steklov boundary conditions (with noncon-
stant parameter αc). Namely, u = 0 = Δu−αc(x)uν on ∂Ω . Arguing as in the proof
of [13, Theorem 5.22], if αc ≥ 0 and 0 
= f ≥ 0, we infer that the minimizer uc to Ic

is positive. Furthermore, −Δuc ≥ 0 in Ω and (uc)ν < 0 on ∂Ω . We conclude that
Δ2, subject to the boundary conditions in (15), satisfies the positivity preserving
property (p.p.p. in the following) if

−c0 < c ≤ (N − 1)K(x) for every x ∈ ∂Ω.

Notice that, if only the positivity of u is concerned, the lower bound for p.p.p.
(αc ≥ 0) can be weakened, see [13, Theorem 5.22].

We collect the conclusions so far drawn in the following

Proposition 2 Let Ω ⊂ RN(N ≥ 2) be a Lipschitz bounded domain and c0 be as
in (4). For every c > −c0, we have

(i) for every f ∈ L2(Ω), problem (15) admits a unique solution u ∈ H 2 ∩ H 1
0 (Ω).

Moreover, if f ∈ Hk(Ω) and ∂Ω ∈ Ck+4 for some k ≥ 0, then u ∈ Hk+4(Ω).
(ii) Assume, furthermore, that Ω is convex, ∂Ω ∈ C2 and K is as in (9). Then,

for every c ∈ (−c0, (N − 1)K ], if f ≥ 0 (f 
≡ 0) in Ω , the solution u of (15)
satisfies u > 0, −Δu ≥ 0 in Ω and uν < 0 on ∂Ω .

Remark 2 The convexity assumption in Proposition 2-(ii) is only needed to assure
the non-emptiness of the interval (−c0, (N − 1)K ] in which p.p.p. holds. If Ω is
not convex, by (12), the same goal can be achieved by assuming that Ω satisfies one
of the following inequalities

N(N − 1)|K | < d0(Ω) or (N − 1)
(
K + |K |) < d0(Ω). (19)

Compare with Proposition 3 in the Appendix.
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3 Hardy-Rellich Type Inequalities with a Boundary Term

Before stating our results, we recall some facts from [7]. Set HN := N2(N−4)2

16 . For
every bounded domain Ω such that 0 ∈ Ω and for every h ∈ [0,HN ], we know that∫

Ω

|Δu|2 dx ≥ h

∫
Ω

u2

|x|4 dx + d1(h)

∫
∂Ω

u2
ν dσ for all u ∈ H 2 ∩ H 1

0 (Ω). (20)

The optimal constant d1(h) is achieved, if and only if h < HN , by a unique positive
function uh ∈ H 2 ∩ H 1

0 (Ω). Furthermore, 0 ≤ d1(h) < d1(0) = d0, with d0 as in
(8). When d1(HN) > 0 (this was established only for strictly starshaped domains,
namely such that min∂Ω(x · ν) > 0), (20) readily gives the Hardy-Rellich inequality
(3) (for u ∈ H 2 ∩ H 1

0 (Ω)) plus a boundary remainder term. See also the Appendix.
Let c0 be as in (4). To obtain (5), for c > −c0, we consider the minimization

problem

h(c) := inf
H 2∩H 1

0 (Ω)\{0}

∫
Ω

|D2u|2 dx + c
∫
∂Ω

(uν)
2 dσ∫

Ω
u2

|x|4 dx
. (21)

Clearly, h(c) ≥ 0 and h(−c0) = 0. On the other hand, since
∫
Ω

|D2u|2 dx =∫
Ω

|Δu|2 dx, for all u ∈ H 2
0 (Ω), (3) yields h(c) ≤ HN .

Formally, for every c > −c0 fixed, the Euler equation corresponding to (21) is
the eigenvalue problem ⎧⎪⎨

⎪⎩
Δ2u = h u

|x|4 in Ω

u = 0 on ∂Ω

uνν + cuν = 0 on ∂Ω.

(22)

Indeed, by solutions to (22) we mean functions u ∈ H 2 ∩ H 1
0 (Ω) such that∫

Ω

D2uD2v dx + c

∫
∂Ω

uνvν dσ = h

∫
Ω

uv

|x|4 dx for all v ∈ H 2 ∩ H 1
0 (Ω),

(23)

see Sect. 2. By elliptic regularity, any solution to (22) belongs to C∞(Ω \ {0}),
whereas, up to the boundary, the solution is smooth as the boundary, see again
Sect. 2. We prove

Theorem 1 Let Ω ⊂ RN (N ≥ 5) be a bounded domain such that 0 ∈ Ω and
∂Ω ∈ C2. Let c0 be as in (4) and h(c) be as in (21). If c > −c0, then h(c) > 0
and∫

Ω

∣∣D2u
∣∣2

dx + c

∫
∂Ω

u2
ν dS ≥ h(c)

∫
Ω

u2

|x|4 dx for all u ∈ H 2 ∩ H 1
0 (Ω). (24)

Furthermore, there exists CN = CN(Ω) ∈ (−c0, (N − 1)K − d1(HN)], where K is
as in (9) and d1(h) is as in (20), such that

(i) h(c) is increasing, concave and continuous with respect to c ∈ (−c0,CN ];
(ii) h(c) = HN for every c ≥ CN .
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Moreover, the infimum in (21) is not achieved if c > CN , achieved if −c0 < c < CN

and the minimizer uc ∈ H 2 ∩ H 1
0 (Ω) solves (22) with h = h(c).

Let now Ω be such that the following inequality is satisfied

(N − 1)(K − K ) ≤ d1(HN) for every N ≥ 5, (25)

where K is as in (9). Then, h(CN)(= HN) is not achieved. Furthermore, for every
−c0 < c < CN , the minimizer uc of h(c) is unique, strictly positive, superharmonic
in Ω and (uc)ν < 0 on ∂Ω .

Condition (25) excludes domains for which the curvature of the boundary has
wide oscillations. This requirement is trivially satisfied if Ω is a ball (K = K). On
the other hand, if Ω is not a ball, (25) yields d1(HN) > 0. To our knowledge, this
issue has only been proved for strictly starshaped domains, see [7]. In the Appendix,
by slightly modifying the proof of [7, Theorem 1], we provide an explicit con-
stant DN = DN(Ω) > 0 such that d1(HN) ≥ mDN , where m := min∂Ω(x · ν) > 0.
Hence, when Ω is strictly starshaped, in stead of (25), one may check that

(N − 1)(K − K ) ≤ mDN for every N ≥ 5,

where DN comes from (42) with h = HN .
Theorem 1 as the following

Corollary 1 Let Ω ⊂ RN (N ≥ 5) be a bounded domain such that 0 ∈ Ω and
∂Ω ∈ C2. There exists an optimal constant CN ∈ (−c0, (N − 1)K − d1(HN)] such
that∫

Ω

∣∣D2u
∣∣2

dx + CN

∫
∂Ω

u2
ν dS ≥ N2(N − 4)2

16

∫
Ω

u2

|x|4 dx ∀u ∈ H 2 ∩ H 1
0 (Ω).

(26)

Furthermore, if Ω satisfies (25), the inequality in (26) is strict (for u 
≡ 0).

Remark 3 When Ω = B , the unit ball in RN(N ≥ 5), CN can be computed explic-
itly and we get

CN(B) = N − 1 − d1(HN) = N − 3 −
√

2(N2 − 4N + 8)

2
,

see Sect. 5 for the details. Hence, in this case, the upper bound for CN (given in
Corollary 1) is sharp. As already remarked in the Introduction, CN(B) > 0 if and
only if N ≥ 7. In the next section (see, Lemma 2) we show that, if Ω is such that
the following inequality is satisfied

(N − 1)(K − K ) < d0 − d1(HN − δ) for every N ≥ 5 and for some δ > 0,

(27)

then CN ≥ (N − 1)K − d1(HN). When Ω is convex, this estimate supports the
conjecture

there exists N = N(Ω) ≥ 5: CN(Ω) > 0, for N ≥ N.
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This issue could be proved by providing a suitable upper bound for d1(HN). Notice
that, in view of (10), the estimate d1(HN) < d0(Ω) does not suffices to deduce the
sign of CN .

On the other hand, if (25) holds and K < 0 (Ω is not convex), the upper bound
for CN in Corollary 1 yields CN < 0, for every N ≥ 5.

4 Proof of Theorem 1 and Corollary 1

We use the same notations of the previous section. First we prove

Lemma 1 Let Ω ⊂ RN (N ≥ 5) be a Lipschitz bounded domain which satisfies a
uniform outer ball condition and such that 0 ∈ Ω . If h(c) < HN for some c > −c0,
then the infimum in (21) is attained. Moreover, a minimizer weakly solves problem
(22) for h = h(c).

Proof Let {um} ⊂ H 2 ∩ H 1
0 (Ω) be a minimizing sequence for h(c) such that

∫
Ω

u2
m

|x|4 dx = 1. (28)

Then, ∫
Ω

∣∣D2um

∣∣2
dx + c

∫
∂Ω

(um)2
ν dσ = h(c) + o(1) as m → +∞. (29)

For c > −c0, this shows that {um} is bounded in H 2 ∩ H 1
0 (Ω). Exploiting the

compactness of the trace map H 2(Ω) → H 1(∂Ω), we conclude that there exists
u ∈ H 2 ∩ H 1

0 (Ω) such that

um ⇀ u in H 2 ∩ H 1
0 (Ω), (um)ν → uν in L2(∂Ω),

um

|x|2 → u

|x|2 in L2(Ω)
(30)

up to a subsequence.
Now, from [10] we know that the space H 2 ∩ H 1

0 (Ω), endowed with (2), admits
the following orthogonal decomposition

H 2 ∩ H 1
0 (Ω) = W ⊕ H 2

0 (Ω), (31)

where W is the completion of

V = {
v ∈ C∞(Ω) : Δ2v = 0, v = 0 on ∂Ω

}
with respect to the norm induced by (2). Furthermore, if u ∈ H 2 ∩H 1

0 (Ω) and if u =
w + z is the corresponding orthogonal decomposition with w ∈ W and z ∈ H 2

0 (Ω),
then w and z are weak solutions to⎧⎪⎨

⎪⎩
Δ2w = 0 in Ω

w = 0 on ∂Ω

(w)ν = uν on ∂Ω

and

⎧⎪⎨
⎪⎩

Δ2z = Δ2u in Ω

z = 0 on ∂Ω

(z)ν = 0 on ∂Ω.
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By this, the functions um, as given at the beginning, may be written as um = wm +
zm, where wm ∈ W and zm ∈ H 2

0 (Ω). Assume now that (30) holds with u ≡ 0. By
the first of the above Dirichlet problems, we deduce that wm → 0 in H 2 ∩ H 1

0 (Ω)

and, in particular, that wm

|x|2 → 0 in L2(Ω). This yields
∫

Ω

∣∣D2um

∣∣2
dx =

∫
Ω

∣∣D2zm

∣∣2
dx + o(1) =

∫
Ω

|Δzm|2 dx + o(1) (32)

and ∫
Ω

u2
m

|x|4 dx =
∫

Ω

z2
m

|x|4 dx + o(1).

Then, by (3), (28)–(29)–(30) and the fact that h(c) < HN , we infer that

HN > h(c) + o(1) =
∫

Ω

∣∣D2um

∣∣2
dx + o(1) =

∫
Ω

|Δzm|2 dx + o(1) ≥ HN + o(1),

a contradiction. Hence, u 
= 0. If we set vm := um − u, from (30) we obtain

vm ⇀ 0 in H 2 ∩ H 1
0 (Ω), (vm)ν → 0 in L2(∂Ω),

vm

|x|2 → 0 in L2(Ω).
(33)

In view of (33), we may rewrite (29) as∫
Ω

∣∣D2u
∣∣2

dx +
∫

Ω

∣∣D2vm

∣∣2
dx + c

∫
∂Ω

u2
ν dσ = h(c) + o(1). (34)

Moreover, by (28), (33) and the Brezis-Lieb Lemma [8], we have

1 =
∫

Ω

u2
m

|x|4 dx =
∫

Ω

u2

|x|4 dx +
∫

Ω

v2
m

|x|4 dx + o(1)

≤
∫

Ω

u2

|x|4 dx + 1

HN

∫
Ω

|Δvm|2 dx + o(1)

=
∫

Ω

u2

|x|4 dx + 1

HN

∫
Ω

∣∣D2vm

∣∣2
dx + o(1)

where the last equality is achieved by exploiting the decomposition (31), as ex-
plained above. Since h(c) ≥ 0, the just proved inequality gives

h(c) ≤ h(c)

∫
Ω

u2

|x|4 dx + h(c)

HN

∫
Ω

∣∣D2vm

∣∣2
dx + o(1).

By combining this with (34), we obtain∫
Ω

∣∣D2u
∣∣2

dx + c

∫
∂Ω

u2
ν dσ

≤ h(c)

∫
Ω

u2

|x|4 dx +
(

h(c)

HN

− 1

)∫
Ω

∣∣D2vm

∣∣2
dx + o(1)

≤ h(c)

∫
Ω

u2

|x|4 dx + o(1)

which shows that u 
= 0 is a minimizer. �
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Remark 4 If ∂Ω ∈ C2, to deduce (32), one may exploit (11) instead of the decom-
position (31). We leave here this (longer) proof since it highlights that the regularity
assumption on ∂Ω (in the statement of Theorem 1) is not due to the existence issue.

Next, we show

Lemma 2 Let Ω ⊂ RN (N ≥ 5) be a bounded domain, with ∂Ω ∈ C2 and such
that 0 ∈ Ω . The map (−c0,+∞) � c 
→ h(c) is nondecreasing (increasing when
achieved), concave, hence, continuous and

h(c) = HN for every c ≥ (N − 1)K − d1(HN).

Moreover, if Ω satisfies (27) and HN − δ < h < HN , then

h(c) ≤ h for every −c0 < c ≤ (N − 1)K − d1(h).

Proof The properties of h(c) follow from its definition, we only need to prove the
estimates. By (11), the infimum in (21) may be rewritten as

h(c) = inf
u∈H 2∩H 1

0 (Ω)\{0}

∫
Ω

|Δu|2 dx − ∫
∂Ω

αc(x)(uν)
2 dσ∫

Ω
u2

|x|4 dx
, (35)

where αc(x) = (N − 1)K(x) − c, as defined in Sect. 2. Then, if αc(x) ≤ d1(HN)

for every x ∈ ∂Ω , by (20), h(c) ≡ HN and the first estimate follows. Similarly, if
αc(x) ≥ d1(h) for every x ∈ ∂Ω , by (20), we get the second estimate. Notice that as-
sumption (27), suitably combined with (12), ensures that (N − 1)K − d1(h) > −c0,
for every HN − δ < h < HN . �

By Lemma 2, the number

CN := inf
{
c > −c0 : h(c) = HN

}
(36)

is well-defined. Furthermore, we have

(N − 1)K − d1(HN) ≤ CN ≤ (N − 1)K − d1(HN), (37)

where the lower bound has been proved for Ω satisfying (27). Then, we show

Lemma 3 Let Ω ⊂ RN (N ≥ 5) be a bounded domain such that 0 ∈ Ω and
∂Ω ∈ C2. Let CN be as in (36), then the infimum in (21) is not achieved if c > CN ,
achieved if −c0 < c < CN and the minimizer (weakly) solves problem (22) for
h = h(c).

Assume, furthermore, that Ω satisfies (25). Then, for every −c0 < c < CN , h(c)

is achieved by a unique positive function uc which satisfies −Δuc ≥ 0 in Ω and
(uc)ν < 0 on ∂Ω while, h(CN) is not achieved.

Proof The first part of the statement comes from the definition of CN combined
with the previous lemmata. To prove the second part, we write (21) as in (35).
From (25), combined with (37), we have that CN ≤ (N − 1)K . Then, αc(x) ≥ 0
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for every x ∈ ∂Ω and for every −c0 < c < CN . Hence, we may argue as in the
proof of Proposition 1-(ii), to deduce the positivity of a minimizer uc , together with
the fact that −Δuc ≥ 0 in Ω and (uc)ν < 0 on ∂Ω . Since problem (22) is linear,
once the positivity of a minimizer is known, the proof of its uniqueness is standard.

It remains to show that h(c) is not achieved for c = CN . If a minimizer of h(CN)

exists, it would be a positive and superharmonic solution, vanishing on ∂Ω , to the
equation in (22) with h = HN . Then, the same argument of [2, Theorem 2.2-(ii)]
gives a contradiction. �

The proofs of Theorem 1 and Corollary 1 follow by combining the statements of
the above lemmata.

5 Radial Setting

When Ω = B , the unit ball in RN(N ≥ 5), the mean curvature K ≡ 1. Then, for
what remarked in Sect. 2, problems (20) and (21) become almost equivalent. Indeed,
let uh be the function achieving the equality in (20), for some 0 ≤ h < HN . Then,
by (35), uh is also the minimizer of h(c) for c = ch = N − 1 − d1(h) and h(ch) = h

(or, equivalently, uh achieves the equality in (5)). Furthermore, the map [0,HN) �
h 
→ ch is increasing, c0 = −1 and cHN

= CN , where CN is as in (37).
We briefly sketch the computations to determine (explicitly) the minimizer of

h(c). As in [7, Section 5], we introduce an auxiliary parameter 0 ≤ α ≤ N − 4 and
we set

H(α) := α(α + 4)(α + 4 − 2N)(α + 8 − 2N)

16
. (38)

The map α 
→ H(α) is increasing, H(0) = 0 and H(N − 4) = HN so that
0 ≤ H(α) ≤ HN for all α ∈ [0,N − 4]. For α < N − 4, let γN(α) :=√

N2 − α2 + 2α(N − 4) and

uα(x) := |x|− α
2 − |x| 4−N+γN (α)

2 ∈ H 2 ∩ H 1
0 (B).

The function uα is a positive solution to problem (22) with h = H(α) < HN and
c = c(α), where

c(α) := α2 − α(N − 5) − N2 + 3N − 4 + (N − 3)γN(α)

α + 4 − N + γN(α)
. (39)

The map [0,N − 4] � α 
→ c(α) is increasing, c(0) = −1 and

CN = c(N − 4) = N − 3 −
√

2(N2 − 4N + 8)

2
.

Since the first eigenfunction uh(c) of problem (22) is unique (by Lemma 3), when
Ω = B , it must be a radial function. Furthermore, uh(c) turns to be the only positive
eigenfunction. To see this, let vh̄(c) be another positive eigenfunction, corresponding
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to some h̄(c) > h(c). Write (23), first with uh(c) and test with vh̄(c), then with vh̄(c)

and test with uh(c). Subtracting, we get

h(c)

∫
B

uh(c)vh̄(c)

|x|4 dx = h̄(c)

∫
B

uh(c)vh̄(c)

|x|4 dx,

a contradiction. By this, we conclude that uh(c) = uα , where c = c(α). Namely, uα

is the minimizer of h(c(α)) = H(α) for every α ∈ [0,N − 4). In turn, this shows

Theorem 2 For every 0 ≤ α ≤ N − 4, there holds∫
B

∣∣D2u
∣∣2

dx + c(α)

∫
∂B

u2
ν dσ ≥ H(α)

∫
B

u2

|x|4 dx for all u ∈ H 2 ∩ H 1
0 (B),

where H(α) and c(α) are defined in (38) and (39). Furthermore, the best constant
H(α) is attained if and only if 0 ≤ α < N − 4, by multiples of the function

uα(x) = |x|− α
2 − |x| 4−N+

√
N2−α2+2α(N−4)

2 .

As a corollary of Theorem 2, we readily get (6) and (7). We just remark that, to
get (7), one has to determine the unique solution αN to the equation

c(α) = 0 for α ∈ (0,N − 4) and N ≥ 7.

By (39), we have that

c(α) = 0 ⇔
α4 − 2(N − 5)α3 − 2(5N − 13)α2 + 4

(
N2 − 7N + 8

) + 8
(
N2 − 3N + 2

) = 0

and the above polynomial can be factorized as follows

(α + 1 − √
2N − 1)(α + 1 + √

2N − 1)

× (
α − N + 4 −

√
N2 − 4N + 8

)(
α − N + 4 +

√
N2 − 4N + 8

) = 0.

Then, since α ∈ (0,N − 4) and N ≥ 7, we obtain the unique solution αN =√
2N − 1 − 1. Finally, H(αN), with H(α) as in (38), is the optimal constant in

(7). See also Fig. 1 for the trace of the curve (0,N − 4) � α 
→ (c(α),H(α)) (or,
equivalently, the plot of the map (−c0,+∞) � c 
→ h(c)), when N = 5 and N = 8.

Appendix

Let Ω ⊂ RN(N ≥ 5) be a bounded domain such that 0 ∈ Ω and ∂Ω ∈ C2. Denote
by |Ω| its N -dimensional Lebesgue measure and by ωN = |B|, where B is the unit
ball. Finally, set γ = j2

0 ≈ 2.42, where j0 is the first positive zero of the Bessel
function J0, and

AN = AN(Ω) := N(N − 4)

2
γ

(
ωN

|Ω|
)2/N

. (40)
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Let HN := N2(N−4)2

16 . From [11, Theorem 2], we know that
∫

Ω

|Δu|2 dx ≥ HN

∫
Ω

u2

|x|4 dx + AN

∫
Ω

u2

|x|2 dx for all u ∈ H 2 ∩ H 1
0 (Ω). (41)

Next we prove

Proposition 3 Let 0 < h ≤ HN and d1(h) be the optimal constant in (20). If Ω is
strictly starshaped with respect to the origin, then

d0 > d1(h) ≥ 2ANm

MAN + h + 4
, (42)

where d0 is as in (8), AN is as in (40), M := max∂Ω |x|2 and m := min∂Ω(x · ν).

Proof For 0 < h < HN , let uh ∈ H 2 ∩ H 1
0 (Ω) be the (positive and superharmonic)

function which achieves the equality in (20). Notice that uh solves the equation in
(22) subject the conditions uh = 0 = Δuh = d1(h)(uh)ν on ∂Ω . By (41), we get

d1(h)

∫
∂Ω

(uh)
2
ν dσ =

∫
Ω

|Δuh|2 dx − h

∫
Ω

u2
h

|x|4 dx

≥ (HN − h)

∫
Ω

u2
h

|x|4 dx + AN

∫
Ω

u2
h

|x|2 dx. (43)

Next, in the spirit of the computations performed in [7, Theorem 1], we deduce
∫

Ω

u2
h

|x|2 dx =
∫

Ω

(|x|2uh

) uh

|x|4 dx = 1

h

∫
Ω

(|x|2uh

)
Δ2uh dx

= 1

h

∫
Ω

Δ
(|x|2uh

)
Δuh dx − 1

h

∫
∂Ω

|x|2Δuh(uh)ν dσ

= 1

h

∫
Ω

Δuh

(
2Nuh + 4x · ∇uh + |x|2Δuh

)
dx

− d1(h)

h

∫
∂Ω

|x|2(uh)
2
ν dσ.

From [17, formula (1.3)], we have∫
Ω

Δuh(x · ∇uh)dx = N − 2

2

∫
Ω

|∇uh|2 dx + 1

2

∫
∂Ω

(x · ν)(uh)
2
ν dσ

= −N − 2

2

∫
Ω

uhΔuh dx + 1

2

∫
∂Ω

(x · ν)(uh)
2
ν dσ

and we conclude
∫

Ω

u2
h

|x|2 dx = 1

h

∫
Ω

(
4uhΔuh + |x|2|Δuh|2

)
dx

+ 1

h

∫
∂Ω

(
2(x · ν) − d1(h)|x|2)(uh)

2
ν dσ.
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Finally, by exploiting the Young’s inequality∣∣∣∣
∫

Ω

uhΔuh dx

∣∣∣∣ ≤ 1

4

∫
Ω

|x|2|Δuh|2 dx +
∫

Ω

u2
h

|x|2 dx,

we deduce (
1 + 4

h

)∫
Ω

u2
h

|x|2 dx ≥ 2m − Md1(h)

h

∫
∂Ω

(uh)
2
ν dσ,

where m and M are defined in the statement. Plugging this into (43), (42) follows
for h < HN .

The estimate for d1(HN) comes by letting h → HN in (42). Indeed, by definition
of d1(HN), we know that for all ε > 0 there exists uε ∈ H 2 ∩H 1

0 (Ω) \H 2
0 (Ω) such

that ∫
Ω

|Δuε|2 dx − HN

∫
Ω

u2
ε

|x|4 dx∫
∂Ω

(uε)2
ν dS

< d1(HN) + ε.

Then, for all h < HN we have

d1(HN) ≤ d1(h) ≤
∫
Ω

|Δuε|2 dx − HN

∫
Ω

u2
ε

|x|4 dx∫
∂Ω

(uε)2
ν dσ

+ (HN − h)

∫
Ω

u2
ε

|x|4 dx∫
∂Ω

(uε)2
ν dσ

< d1(HN) + ε + Cε(HN − h).

Hence,

lim
h→HN

d1(h) = d1(HN)

and we conclude. �
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Power Concavity for Solutions of Nonlinear
Elliptic Problems in Convex Domains

Massimiliano Bianchini and Paolo Salani

Abstract We investigate convexity properties of solutions to elliptic Dirichlet
problems in convex domains. In particular we give conditions on the operator F

such that a suitable power of a positive solution u of a fully nonlinear equation
F(x,u,Du,D2u) = 0 in a convex domain Ω , vanishing on ∂Ω , is concave.

Keywords Convexity of solutions · Power concavity · Elliptic equations

1 Introduction

Let Ω ⊂ R
n be a convex set. We will deal with problems of the following type

⎧
⎪⎨

⎪⎩

F(x,u,Du,D2u) = 0 in Ω,

u = 0 on ∂Ω,

u > 0 in Ω,

(1)

where F(x, t, ξ,A) is a real elliptic operator acting on R
n × R × R

n × Sn. Here
Du and D2u are the gradient and the Hessian matrix of the function u respectively,
and Sn is the set of the n × n real symmetric matrices, Ω is a bounded open convex
subset of Rn.

The goal is to give assumptions that yield the concavity of some power of u.
More precisely, we look for p-concave solutions of (1) for some p ≤ 1; we recall
hereafter the definition of p-concavity.

Definition 1 A positive function u (defined in a convex set) is said p-concave for
some p �= 0 if p

|p|u
p is concave, while it is said log-concave (or 0-concave) if log(u)

is concave.
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See also the equivalent Definition 2. The case p = 1 corresponds to usual con-
cavity.

Many authors investigated this question. It is for instance well known that the so-
lution of the torsional rigidity problem (i.e. F = Δu+1 in our notation) in a convex
domain is 1/2-concave [7] and that any positive eigenfunction of the Laplacian as-
sociated to the first Dirichlet eigenvalue in a convex domain is log-concave [3]; see
also [7, 15–17] for instance. Refer to [13] for a good presentation of related prob-
lems and for a comprehensive bibliography of classical results, more recent related
results (and references) are for instance in [1, 2, 5, 6, 18–21, 23, 25, 26].

In the fundamental paper [1] the authors give conditions which ensure the con-
cavity of solutions u of (1). Recently, the method of [1] has been refined in [26],
obtaining also some new rearrangement inequalities for solutions of (1) and Brunn-
Minkowski inequalities for possibly related functionals. Thanks to [1], one can then
investigate the p-concavity of u by writing the equation that governs up and prov-
ing that this equation satisfies the condition given therein. On the other hand, to
choose a suitable p, to write the equation for up and then to verify the assumptions
of [1, 26] may be sometimes hard and by no means trivial. In the present paper we
show a way to track down a suitable p and retrieve the p-concavity of u directly
from (1), without writing the equation governing up .

The method adopted here is a suitable adaptation of the one introduced in [10]
to study the quasi-concavity of solutions to elliptic problems in convex rings and it
makes use of the p-concave envelope up of the function u: roughly speaking, up is
the smallest p-concave function greater than or equal to u. We look for conditions
that imply u = up . Since we have up ≥ u by definition, we have just to take care of
the reverse inequality. For this we consider operators F that satisfy the comparison
principle for viscosity solutions and we look for conditions that force up to be a
viscosity subsolution of (1). The main result is Theorem 3.1, where we prove that
(for p �= 0) the latter is true if the set

{
(x, t,A) ∈ Ω × (0,+∞) × Sn : F (

x, t
1
p , t

1
p

−1
θ, t

1
p

−3
A

) ≥ 0
}

is convex for every θ ∈ R
n.

For more details and for the corresponding assumption in case p = 0, see Sect. 3.
The paper is organized as follows. Section 2 contains notation and some prelim-

inaries. In Sect. 3 we state Theorem 3.1 and give some comments. In Sect. 4 we
present in detail the notion of p-concave envelope of a non-negative function and
we prove some related technical lemmata. Section 5 is devoted to the proof of The-
orem 3.1. Finally we give some examples of applications and some final remarks in
Sect. 6.

2 Preliminaries

For A ⊂ R
n, we denote by A its closure and by ∂A its boundary.
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Let n ≥ 2, for x ∈R
n and r > 0, B(x, r) is the Euclidean ball of radius r centered

at x, i.e.

B(x, r) = {
z ∈R

n : |z − x| < r
}
.

We denote by Sn the space of n× n real symmetric matrices and by S+
n and S++

n

the cones of nonnegative and positive definite matrices, respectively. If A,B ∈ Sn,
by A ≥ 0 (> 0) we mean that A ∈ S+

n (S++
n ) and A ≥ B means A − B ≥ 0.

For a natural number m and a = (a1, . . . , am) ∈ R
m, by a ≥ 0 (> 0) we mean

ai ≥ 0 (> 0) for i = 1, . . . ,m. Moreover we set

Λm =
{

λ = (λ1, . . . , λm) ≥ 0 :
m∑

i=1

λi = 1

}

.

By the symbol ⊗ we denote the direct product between vectors in R
n, that is, for

x, y ∈ R
n, x ⊗ y is the n × n matrix with entries (xiyj ) for i, j = 1, . . . , n.

We will make use of basic viscosity techniques; here we recall only few notions
and we refer the reader to the User’s Guide [9] for more details.

The operator F :Rn ×R×R
n × Sn →R is said proper if

F(x, r, ξ,A) ≤ F(x, s, ξ,A) whenever r ≥ s. (2)

Let Γ be a convex cone in Sn, with the vertex at the origin and containing the cone
of nonnegative definite symmetric matrices S+

n . We say that F is degenerate elliptic
in Γ if

F(x,u, ξ,A) ≤ F(x,u, ξ,B) whenever A ≤ B, A,B ∈ Γ. (3)

We set ΓF = ⋃
Γ , where the union is extended to every cone Γ such that F is

degenerate elliptic in Γ ; when we say that F is degenerate elliptic, we mean F is
degenerate elliptic in ΓF �= ∅.

Let u be an upper semicontinuous function and φ a continuous function in an
open set Ω ; we say that φ touches u by above at x0 ∈ Ω if

φ(x0) = u(x0) and φ(x) ≥ u(x) in a neighborhood of x0.

Analogously, let u be a lower semicontinuous function and φ a continuous function
in an open set Ω ; we say that φ touches u by below at x0 ∈ Ω if

φ(x0) = u(x0) and φ(x) ≤ u(x) in a neighborhood of x0.

An upper semicontinuous function u is a viscosity subsolution of the equation F = 0
if, for every admissible C2 function φ touching u by above at any point x ∈ Ω , it
holds

F
(
x,u(x),Dφ(x),D2φ(x)

) ≥ 0.

A lower semicontinuous function u is a viscosity supersolution of F = 0 if, for every
admissible C2 function φ touching u by below at any point x ∈ Ω , it holds

F
(
x,u(x),Dφ(x),D2φ(x)

) ≤ 0.
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A viscosity solution is a continuous function which is a viscosity subsolution and
supersolution of F = 0 at the same time. In our assumptions a classical solution
is always a viscosity solution and a viscosity solution is a classical solution if it is
regular enough.

The technique proposed in this paper requires the use of the comparison principle
for viscosity solutions. Since we will have only to compare a viscosity subsolution
with a classical solution, we will need only the following weak version of the com-
parison principle. Precisely, we say that the operator F satisfies the Comparison
Principle if the following statement holds:

Let u ∈ C(Ω) ∩ C2(Ω) and v ∈ C(Ω) be respectively

a classical supersolution and a viscosity subsolution

of F = 0 such that u ≥ v on ∂Ω. Then u ≥ v in Ω.

(WCP)

We recall that u ∈ C2(Ω) is a classical supersolution of F = 0 if F(x,u(x),Du(x),

D2u(x)) ≤ 0 for every x ∈ Ω . In particular, a classical solution is a classical super-
solution.

Comparison Principles for viscosity solutions are an actual and deep field of in-
vestigation and it is out of our aims to give here an update picture of the state of
the art, then we just refer to the User’s Guide [9]. However, when one of the in-
volved function is regular, the situation is much easier and the (WCP) is for instance
satisfied if F is strictly monotone with respect to u, in other words if it is strictly
proper.

3 The Main Result

For θ ∈ R
n and p ≤ 1 we define Gθ,p : Ω × (0,+∞) × ΓF → R as

Gθ,p(x, t,A) = F
(
x, t

1
p , t

1
p

−1
θ, t

1
p

−3
A

)
for p �= 0, (4)

and

Gθ,0(x, t,A) = F
(
x, et , et θ, etA

)
. (5)

Theorem 1 Let Ω be an open bounded convex set, F a proper degenerate elliptic
operator which satisfies the comparison principle (WCP) and u ∈ C(Ω) ∩ C2(Ω)

a classical solution of (1) in Ω .
Assume that there exists p < 1 such that

{
(x, t,A) ∈ Ω × (0,+∞) × ΓF : Gθ,p(x, t,A) ≥ 0

}
is convex for every θ ∈R

n.

(6)

If p > 0, assume furthermore that

lim inf
x→x0

∂u(x)

∂ν
> 0 (7)

for every x0 ∈ ∂Ω , where ν is any inward direction of Ω at x0.
Then u is p-concave in Ω .
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The proof of Theorem 1 is given in Sect. 5.
Notice that assumption (7) is needed only for p > 0 and it is in general provided

by a suitable version of the Hopf’s Lemma.
The idea of the proof is to show that the function v = up (or v = logu is p = 0)

in fact coincides with its concave envelope v∗ and the role of (7) is to guarantee
that the the contact set of v (that is the set of points where v and v∗ coincide)
does not touch the boundary of the domain. In the case p ≤ 0 this requirement is
automatically satisfied since |v| → +∞ as x → ∂Ω ; when p ∈ (0,1), assumption
(7) implies

lim inf
x→x0

∂v(x)

∂ν
= +∞ (8)

for every x0 ∈ ∂Ω and every inward direction ν of Ω at x0, and the latter forces the
contact set of v to stay away from ∂Ω .

In fact, we can also apply our argument to the case p = 1, that is to prove usual
concavity of solutions; in such a case however we need to assume directly (8), i.e.
we have to substitute assumption (7) with the following

lim sup
x→x0

∂u(x)

∂ν
= +∞ for every x0 ∈ ∂Ω.

The latter coincides with the so called zero contact angle boundary condition which
occurs in capillarity and it is a typical assumption in this kind of investigation (see
for instance [16, 17]).

We finally notice that it could be even possible to remove this assumption and
unify the treatment of p > 0 and p ≤ 0 by considering state constraint boundary
conditions, as in [1] and [26].

4 The p-Concave Envelope of a Function

Before proving Theorem 1, we need some preliminary definitions and results. First
of all we recall the notion of p-means; for more details we refer to [11].

Given 2 ≤ m ∈ N, a = (a1, . . . , am) > 0, λ ∈ Λm and p ∈ [−∞,+∞], the quan-
tity

Mp(a,λ) =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

[λ1a
p

1 + λ2a
p

2 + · · · + λma
p
m]1/p for p �= −∞,0,+∞

max{a1, . . . , am} p = +∞
a

λ1
1 · · ·aλm

m p = 0

min{a1, a2, . . . , am} p = −∞

(9)

is the (λ-weighted) p-mean of a. For a ≥ 0, we define Mp(a,λ) as above if p ≥ 0
and we set Mp(a,λ) = 0 if p < 0 and ai = 0 for some i = 1, . . . ,m.

A simple consequence of Jensen’s inequality is that, for a fixed 0 ≤ a ∈ R
m and

λ ∈ Λm,

Mp(a,λ) ≤ Mq(a,λ) if p ≤ q. (10)
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Moreover, it is easily seen that

lim
p→+∞Mp(a,λ) = max{a1, . . . , am} (11)

and

lim
p→−∞Mp(a,λ) = min{a1, . . . , am}. (12)

Notice that the definition of p-concavity can be now equivalently restated in the
following way.

Definition 2 A non-negative function u defined in a convex set is said p-concave
for some p ∈ [−∞,+∞) if

u
(
(1 − μ)x1 + μx2

) ≥ Mp

((
u(x1), u(x2)

)
, (1 − μ,μ)

)

for every x1, x2 ∈ Ω,μ ∈ [0,1]. (13)

For p = 1 we have usual concavity and for p = 0 we have log-concavity, as
already said in the introduction; −∞-concave functions are usually said quasi-
concave. Due to (10) we have that the p-concavity property is monotone, in the
sense that if u is q-concave for some q , then it is p-concave for every p ≤ q .

Let us fix λ ∈ Λn+1 and p ∈ [−∞,+∞].

Definition 3 Let Ω ⊂ R
n be an open bounded convex set and u ∈ C(Ω), u > 0

in Ω ; the (p,λ)-envelope of u is the function up,λ : Ω → R defined as follows

up,λ(x) = sup

{

Mp

(
u(x1), . . . , u(xn+1), λ

) : xi ∈ Ω, i = 1, . . . , n + 1,

x =
n+1∑

i=1

λixi

}

. (14)

Although the above definition is given also for p = ±∞, throughout we consider
only p ∈ (−∞,+∞), if not otherwise specified.

Notice that, as Ω is compact and Mp is continuous, the supremum in (14) is in
fact a maximum. Hence, for every x̄ ∈ Ω , there exist x1,p, . . . , xn+1,p ∈ Ω such that

x̄ =
n+1∑

i=1

λixi,p, up,λ(x̄) =
{(∑n+1

i=1 λiu(xi,p)p
)1/p if p �= 0,

∏n+1
i=1 u(xi)

λi if p = 0.
(15)

An immediate consequence of the definition is that

up,λ(x) ≥ u(x), ∀x ∈ Ω, p ∈ [−∞,+∞]. (16)

Moreover, from (10), we have

up,λ(x) ≤ uq,λ(x), for p ≤ q, x ∈ Ω. (17)
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Notice that if the points xi,p ∈ Ω in (15) lie in the interior of Ω for i = 1, . . . ,

n + 1, then by the Lagrange Multipliers Theorem we have

u(x1,p)p−1Du(x1,p) = · · · = u(xn+1,p)p−1Du(xn+1,p). (18)

We also set

up(x) = sup
{
up,λ(x) : λ ∈ Λn+1

}
.

We notice that the above supremum is in fact a maximum too in our assump-
tions and that up is the smallest p-concave function greater than or equal to u by
Carathéodory’s Theorem, see [24, Theorem 17.1 and Corollary 17.1.5].

Lemma 1 Let p < 1, λ ∈ Λn+1, Ω ⊂ R
n an open bounded convex set, u ∈ C(Ω)

such that u = 0 on ∂Ω and u > 0 in Ω . Then up,λ ∈ C(Ω) and

up,λ > 0 in Ω, up,λ = 0 on ∂Ω. (19)

Proof The proof of (19) is almost straightforward and for p ≤ 0 has been already ex-
plicitly given in [10, Lemma 4.1]. The case p ∈ (0,1) is completely analogous, but
for the sake of completeness we give hereafter a sketch of the proof. That up,λ > 0 in
Ω comes from (16), while up,λ = 0 on ∂Ω is a simple consequence of the convexity
of Ω . Regarding continuity, by definition u

p
p,λ is the supremal convolution of n + 1

copies of up , then we can refer to [27, Corollary 2.1] to get u
p
p,λ ∈ C(Ω), or we can

simply observe that it is the supremum of a family of uniformly continuous func-
tions, each of these sharing the same modulus of continuity, then u

p
p,λ ∈ C(Ω). �

Lemma 2 Let p ≤ 0, λ ∈ Λn+1, Ω ⊂ R
n an open bounded convex set, u ∈ C(Ω)

such that u = 0 on ∂Ω , u > 0 on Ω . If x ∈ Ω , then the point xi,p defined by (15)
belongs to Ω for i = 1, . . . , n + 1.

Proof Since x ∈ Ω , then u(x) > 0 and the thesis follows immediately from (16)
and the definition of p-means with p ≤ 0 (with some null ai ). �

Lemma 3 Let 0 < p < 1, λ ∈ Λn+1, Ω ⊂ R
n an open bounded convex set, u ∈

C1(Ω) ∩ C(Ω) such that u = 0 on ∂Ω , u > 0 on Ω . Assume that (7) holds true.
If x ∈ Ω , then the points x1,p, . . . , xn+1,p defined by (15) belong to Ω .

Proof By contradiction, assume that (up to a relabeling) x1 ∈ ∂Ω (and λ1 > 0).
Notice that at least one of the xi ’s must be in the interior of Ω and λi > 0, otherwise
up,λ(x) = 0, while up,λ(x) ≥ u(x) > 0. Then let xn+1 ∈ Ω (with λn+1 > 0), set
v = up and

a = ∣
∣Dv(xn+1)

∣
∣ = pu(xn+1)

p−1
∣
∣Du(xn+1)

∣
∣.

By the regularity of u, we have

|Dv| = pup−1|Du| < a + 1 in B(xn+1, rn+1) ⊂ Ω (20)

for rn+1 > 0 small enough.
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On the other hand, the direction

ν = (xn+1 − x1)/|xn+1 − x1|
is pointing inward at x1 and by assumption (7) we get (8), whence

∂v

∂ν
> a + 1 in Ω ∩ B(x1, r1) (21)

for r1 > 0 small enough.
Next we take ρ < min{λ1r1, λn+1rn+1} and we consider the points

x̃1 = x1 + ρ

λ1
ν,

x̃i = xi for i = 2, . . . , n,

x̃n+1 = xn+1 − ρ

λn+1
ν.

We have

x̃1 ∈ B(x1, r1), x̃n+1 ∈ B(xn+1, rn+1)

and

x =
n+1∑

i=1

λix̃i . (22)

Then by (20) and (21) we get

u(x̃1)
p = v(x̃1) > v(x1) + (a + 1)

ρ

λ1
= (a + 1)

ρ

λ1
,

u(x̃n+1)
p = v(x̃n+1) ≥ v(xn+1)

p − (a + 1)
ρ

λn+1
= u(xn+1)

p − (a + 1)
ρ

λn+1
,

whence
(

n+1∑

i=1

λiu(x̃i)
p

)1/p

>

(

λ1(a + 1)
ρ

λ1
+

n∑

i=2

λiu(xi)
p + λn+1u(xn+1)

p − λn+1(a + 1)
ρ

λn+1

)1/p

=
(

n+1∑

i=1

λiu(xi)
p

)1/p

= up,λ(x)

which contradicts the definition of up,λ, due to (22). �

5 Proof of Theorem 1

Lemma 4 Let Ω ⊂ R
n be an open bounded convex set and F a degenerate elliptic

operator. Assume that there exists p ≤ 0, such that (6) holds. Let u ∈ C(Ω)∩C2(Ω)

be a classical solution of (1) in Ω . Then up,λ is a viscosity subsolution of (1) for
every λ ∈ Λn+1.
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Proof Let u and Ω be as in the statement and let us fix λ ∈ Λn+1. The proof follows
the steps of [10] and the strategy is the following: for every x̄ ∈ Ω , we construct a
C2(Ω) function ϕp,λ which touches the (p,λ)-envelope up,λ of u by below at x̄

and such that

F
(
x̄, ϕp,λ(x̄),Dϕp,λ(x̄),D2ϕp,λ(x̄)

) ≥ 0. (23)

Clearly this implies that up,λ is a viscosity subsolution of (1); indeed every test
function φ touching up,λ at x̄ from above must also touch ϕp,λ at x̄ from above,
then

φ(x̄) = ϕp,λ(x̄), Dφ(x̄) = Dϕp,λ(x̄) and D2φ(x̄) ≥ D2ϕp,λ(x̄)

and the conclusion follows from the ellipticity of F .
Let us start with the case p < 0 and consider x̄ ∈ Ω . By (15) and Lemma 2, there

exist x1,p, . . . , xn+1,p ∈ Ω satisfying (15) and such that (18) holds.
Now we introduce the function ϕp,λ : B(x̄, r) → R, for a small enough r > 0,

defined as follows

ϕp,λ(x) = [
λ1u

(
x1,p + a1,p(x − x̄)

)p + · · ·
+ λn+1u

(
xn+1,p + an+1,p(x − x̄)

)p]1/p (24)

where

ai,p = u(xi,p)p

up,λ(x̄)p
, for i = 1, . . . , n + 1. (25)

The following facts trivially hold:

(A)
∑n+1

i=1 λiai,p = 1 by (15);
(B) x = ∑n+1

i=1 λi(xi,p + ai,p(x − x̄)) for every x ∈ B(x̄, r), thanks to (A) and the
first equation in (15);

(C) ϕp,λ(x̄) = up,λ(x̄);
(D) ϕp,λ(x) ≤ up,λ(x) in B(x̄, r) (this follows from (B) and from the definition

of up,λ).

In particular, (C) and (D) say that ϕp,λ touches up,λ from below at x̄.
A straightforward calculation yields

Dϕp,λ(x̄) = ϕp,λ(x̄)1−p
n+1∑

i=1

λiu(xi,p)p−1ai,pDu(xi,p),

and

D2ϕp,λ(x̄) = (1 − p)ϕp,λ(x̄)−1Dϕp,λ(x̄) ⊗ Dϕp,λ(x̄)

− (1 − p)ϕp,λ(x̄)1−p

n+1∑

i=1

λiu(xi,p)p−2a2
i,pDu(xi,p) ⊗ Du(xi,p)

+ ϕp,λ(x̄)1−p

n+1∑

i=1

λiu(xi,p)p−1a2
i,pD2u(xi,p).
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Then, by (18), (25), (26) and the definition of ϕp,λ, we get

Dϕp,λ(x̄) = ϕp,λ(x̄)1−pu(xi,p)p−1Du(xi,p)

n+1∑

i=1

λi

u(xi,p)p

ϕp,λ(x̄)p

= ϕp,λ(x̄)1−pu(xi,p)p−1Du(xi,p) for i = 1, . . . , n + 1 (26)

and

D2ϕp,λ(x̄) =
n+1∑

i=1

λi

u(xi,p)3p−1

ϕp,λ(x̄)3p−1
D2u(xi,p)

+ (1 − p)ϕp,λ(x̄)−1

[

1 − ϕp,λ(x̄)−p
n+1∑

i=1

λiu(xi,p)p

]

× Dϕp,λ(x̄) ⊗ Dϕp,λ(x̄).

The quantity in square brackets is equal to 0 by (C) and (15), then

D2ϕp,λ(x̄) =
n+1∑

i=1

λi

u(xi,p)3p−1

ϕp,λ(x̄)3p−1
D2u(xi,p). (27)

Since u is a classical solution of (1), it follows that

Gθ,p

(
xi,p, u(xi,p)p,u(xi,p)3p−1D2u(xi,p)

)

= F
(
xi,p, u(xi,p),Du(xi,p),D2u(xi,p)

) = 0,

for i = 1, . . . , n + 1, where

θ = ϕp,λ(x̄)p−1Dϕp,λ(x̄),

that is
(
xi,p, u(xi,p)p,u(xi,p)3p−1D2u(xi,p)

)

∈ {
(x, t,A) ∈ Ω × (0,+∞) × ΓF : Gθ,p(x, t,A) = 0

}
(28)

for i = 1, . . . , n + 1. Then from (6) we have
(

n+1∑

i=1

λixi,p,

n+1∑

i=1

λiu(xi,p)p,

n+1∑

i=1

λiu(xi,p)3p−1D2u(xi,p)

)

∈ {
(x, t,A) : Gθ,p(x, t,A) ≥ 0

}
,

that is

Gθ,p

(
n+1∑

i=1

λixi,p,

n+1∑

i=1

λiu(xi,p)p,

n+1∑

i=1

λiu(xi,p)3p−1D2u(xi,p)

)

≥ 0,

i.e.

Gθ,p

(
x̄, ϕp,λ(x̄)p,ϕp,λ(x̄)3p−1D2ϕp,λ(x̄)

) ≥ 0,

whence (23) by the definition of Gθ,p .
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The case p = 0 is similar to the case p < 0, the only differences consisting in
that we set

ϕ0,λ := exp
(
λ1 logu(x1,0 + x − x̄) + · · · + λn+1 logu(xn+1,0 + x − x̄)

)
,

which means ai,0 = 1 for i = 1, . . . , n+1 and θ = Dϕ0,λ(x̄)

ϕ0,λ(x̄)
, and that in place of (28)

we notice that the points (xi, logu(xi), u(xi)
−1D2u(xi)), i = 1, . . . , n + 1, belong

to the 0-level set of Gθ,0. �

Lemma 5 Let Ω ⊂ R
n be an open convex set of class C1, λ ∈ Λn+1, F a degen-

erate elliptic operator, p ∈ (0,1), such that (6) holds. Let u ∈ C(Ω) ∩ C2(Ω) be
a classical solution of (1) such that (7) holds. Then up,λ is a viscosity subsolution
of (1).

Proof The proof of this lemma is the same as the proof of the previous lemma using
Lemma 3 instead of Lemma 2. �

With these lemmata at hands, the proof of Theorem 1 is now very easy.

Proof of Theorem 1 Under the assumptions of the theorem we can apply the previ-
ous lemmata to obtain that up,λ is a viscosity subsolution of (1) for every λ ∈ Λn+1.
Then by the Comparison Principle (WCP) we have u ≥ up,λ in Ω , while, by con-
struction, we have u ≤ up,λ in Ω . Hence u = up,λ in Ω for every λ ∈ Λn+1, which
finally implies u = up and the proof is complete. �

6 Examples

For the sake of completeness, we give some examples of operators satisfying (6).
In all the following examples the function f is nonnegative.
The first one is the q-Laplacian for q > 1 (including in particular the Laplacian

for q = 2):

F
(
x,u,Du,D2u

) = Δqu + f (x,u,Du),

satisfies (6) for some p ∈ (−∞,1] if the function

g(x, t,A) =
{

t
q+1− q−1

p f (x, t
1
p , t

1
p

−1
θ) if p �= 0

et(1−q)f (x, et , et θ) if p = 0
(29)

is concave in Ω × [0,+∞) × Sn for every fixed θ ∈ R
n.

For instance, when

f (x,u,Du) = cuα

for some c > 0 and α ≤ q − 1, (29) means

p ≤ q − 1 − α

q
,

then we can say that the solution of (1) is (q−1−α)
q

-concave.
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In particular, when q = 2 and f ≡ 1, i.e. in the case of the torsional rigidity, we
get that the solution u of (1) is 1

2 -concave, as it is well known, while for a generic
q > 1 we get that the solution of

{
Δqu = −1 in Ω,

u = 0 on ∂Ω

is q−1
q

-concave. Another particular instance is the first (positive) Dirichlet eigen-
function of the q-Laplacian, that is the solution of

⎧
⎨

⎩

Δqu = −λ1u in Ω,

u = 0 on ∂Ω,

u > 0 in Ω.

In this case condition (29) is satisfied up to p = (q − 2)/q . Notice that in this case
we cannot trust on the comparison principle; on the other hand Lemma 4 tells us
that up,λ satisfies

⎧
⎨

⎩

Δqup,λ ≥ −λ1up,λ in Ω,

up,λ = 0 on ∂Ω,

up,λ > 0 in Ω

and this yields u = up,λ thanks to the variational characterization of u.
On the other hand, the Laplacian and the q-Laplacian have been deeply investi-

gated and the results above stated are mostly already known, see the bibliography.
In order to show some explicit examples of new applications, hereafter we con-

sider Dirichlet problems for the Finsler Laplacian ΔH u and the Pucci’s Extremal
Operator M−

λ,Λu.
We recall that the Finsler Laplacian ΔH u of a regular function u is defined as

follows

ΔH u = div
(
H(Du)∇ξH(Du)

)
,

where H(ξ) is a given norm in R
n, that is a nonnegative centrally symmetric 1-

homogeneous convex function (or, if you prefer, the support function of a centrally
symmetric convex body), and ∇ξ denotes the gradient with respect to the variable
ξ ∈R

n. For more detail, please refer for instance to [8, 12]. Then

F
(
x,u,Du,D2u

) = ΔH u + f (x,u,Du)

satisfies (6) for some p ∈ (−∞,1] if the function

g(x, t,A) =
{

t
3− 1

p f (x, t
1
p , t

1
p

−1
θ) if p �= 0

e−t f (x, et , et θ) if p = 0
(30)

is concave in Ω ×[0,+∞)× Sn for every fixed θ ∈ R
n. Notice that this is the same

condition as for the Laplacian. In particular the solution u of
{

ΔH u = −1 in Ω,

u = 0 on ∂Ω
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is 1
2 -concave. While a positive eigenfunction u corresponding to the first eigenvalue

λH,1 of the operator ΔH u (i.e. f (x,u,Du) = λH,1u) in a convex domain Ω is log-
concave, as already proved in [14].

We finally recall that the Pucci’s Extremal Operators were introduced by
C. Pucci in [22] and they are perturbations of the usual Laplacian. Precisely, given
two numbers 0 < λ ≤ Λ and a real symmetric n × n matrix M , whose eigenvalues
are ei = ei(M), for i = 1, . . . , n, the Pucci’s extremal operators are

M+
λ,Λ(M) = Λ

∑

ei>0

ei + λ
∑

ei<0

ei (31)

and

M−
λ,Λ(M) = λ

∑

ei>0

ei + Λ
∑

ei<0

ei . (32)

We recall that M+
λ,Λ and M−

λ,Λ are uniformly elliptic and positively homogeneous

of degree 1; moreover M+
λ,Λ is convex, while M−

λ,Λ is concave over Sn (see [4] for
instance). Our results then can be applied to the equation

F
(
x,u,Du,D2u

) = M−
λ,Λ

(
D2u

) + f (x,u,Du),

if (30) holds for some p ∈ (−∞,1]. We notice that in fact exactly the same conclu-
sion holds for every elliptic equation of the type

F
(
D2u

) + f (x,u,Du) = 0,

where F : Sn →R is concave and positively 1-homogeneous.
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The Heart of a Convex Body

Lorenzo Brasco and Rolando Magnanini

Abstract We investigate some basic properties of the heart ♥(K) of a convex set K.
It is a subset of K, whose definition is based on mirror reflections of Euclidean
space, and is a non-local object. The main motivation of our interest for ♥(K) is
that this gives an estimate of the location of the hot spot in a convex heat conductor
with boundary temperature grounded at zero. Here, we investigate on the relation
between ♥(K) and the mirror symmetries of K; we show that ♥(K) contains many
(geometrically and physically) relevant points of K; we prove a simple geometrical
lower estimate for the diameter of ♥(K); we also prove an upper estimate for the
area of ♥(K), when K is a triangle.

Keywords Convex bodies · Hot spots · Critical points · Shape optimization

1 Introduction

Let K be a convex body in the Euclidean space RN , that is K is a compact convex set
with non-empty interior. In [1] we defined the heart ♥(K) of K as follows. Fix a unit
vector ω ∈ S

N−1 and a real number λ; for each point x ∈ R
N , let Tλ,ω(x) denote the

reflection of x in the hyperplane πλ,ω of equation 〈x,ω〉 = λ (here, 〈x,ω〉 denotes
the usual scalar product of vectors in R

N ); then set

Kλ,ω = {
x ∈K : 〈x,ω〉 ≥ λ

}

(see Fig. 1). The heart of K is thus defined as

♥(K) =
⋂

ω∈SN−1

{
K−λ,−ω : Tλ,ω(Kλ,ω) ⊂K

}
.
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Fig. 1 The sets Kλ,ω

and K−λ,−ω

Our interest in ♥(K) was motivated in [1] in connection to the problem of locat-
ing the (unique) point of maximal temperature—the hot spot—in a convex heat con-
ductor with boundary temperature grounded at zero. There, by means of A.D. Alek-
sandrov’s reflection principle, we showed that ♥(K) must contain the hot spot at
each time and must also contain the maximum point of the first Dirichlet eigen-
function of the Laplacian, which is known to control the asymptotic behavior of
temperature for large times. By the same arguments, we showed in [1] that ♥(K)

must also contain the maximum point of positive solutions of nonlinear equations
belonging to a quite large class. By these observations, the set ♥(K) can be viewed
as a geometrical means to estimate the positions of these important points.

Another interesting feature of ♥(K) is the non-local nature of its definition. We
hope that the study of ♥(K) can help, in a relatively simple setting, to develop
techniques that may be useful in the study of other objects and properties of non-
local nature, which have lately raised interest in the study of partial differential
equations.

A further reason of interest is that the shape of ♥(K) seems to be related to
the mirror symmetry of K. By means of a numerical algorithm, developed in [1],
that (approximately) constructs ♥(K) for any given convex polyhedron K, one can
observe that relationship—and other features of ♥(K)—and raise some questions.

1. We know that, if K has a hyperplane of symmetry, then ♥(K) is contained in that
hyperplane; is the converse true?

2. How small ♥(K) can be? Can we estimate from below the ratio between the
diameters of ♥(K) and K?

3. How big ♥(K) can be? Can we estimate from above the ratio between the vol-
umes of ♥(K) and K?

The purpose of this note is to collect results in that direction.
In Sect. 2, we give a positive answer to question (i) (see Theorem 1).
In Sect. 3, we start by showing that many relevant points related to a convex set

lie in its heart. For instance, we shall prove that, besides the center of mass MK of
K (as seen in [1, Proposition 4.1]), ♥(K) must also contain the center CK of the
smallest ball containing K—the so-called circumcenter—and the center of mass of
the set of all the incenters of K,

M(K) = {
x ∈K : dist(x, ∂K) = rK

};
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here rK is the inradius of K, i.e. the radius of the largest balls contained in K.
This information gives a simple estimate from below of the diameter of ♥(K), thus
partially answering to question (ii) (see Theorem 2).

By further exploring in this direction, we prove that ♥(K) must also contain
the points minimizing each p-moment of the set K (see Sect. 3.2) and other more
general moments associated to ♥(K). As a consequence of this general result, we
relate ♥(K) to a problem in spectral optimization considered in [5] and show that
♥(K) must contain the center of a ball realizing the so-called Fraenkel asymmetry
(see [4] and Sect. 3 for a definition).

Finally, in Sect. 4, we begin an analysis of problem (iii). Therein, we discuss the
shape optimization problem (10) and prove that an optimal shape does not exist in
the subclass of triangles. In fact, in Theorem 5 we show that

∣∣♥(K)
∣∣ <

3

8
|K| for every triangle K;

the constant 3/8 is not attained but is only approached by choosing a sequence of
obtuse triangles.

2 Dimension of the Heart and Symmetries

Some of the results in Sect. 2.1 where proved in [1] but, for the reader’s convenience,
we reproduce them here.

2.1 Properties of the Maximal Folding Function

The maximal folding function RK : SN−1 → R of a convex body K ⊂ R
N was

defined in [1] by

RK(ω) = min
{
λ ∈R : Tλ,ω(Kλ,ω) ⊆ K

}
, ω ∈ S

N−1.

The heart of K can be defined in terms of RK:

♥(K) = {
x ∈K : 〈x,ω〉 ≤RK(ω), for every ω ∈ S

N−1}. (1)

It is important to remark that we have

max
x∈♥(K)

〈x,ω〉 ≤RK(ω), ω ∈ S
N−1

and in general the two terms do not coincide: in other words, RK does not coincide
with the support function of ♥(K) (see [1, Example 4.8]).

Lemma 1 The maximal folding function RK : SN−1 →R is lower semicontinuous.
In particular, RK attains its minimum on S

N−1.
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Proof Fix λ ∈R and let ω0 ∈ {ω ∈ S
N−1 : RK(ω) > λ}. Then

∣∣Tλ,ω0(Kλ,ω0) ∩ (
R

N \K)∣∣ > 0.

The continuity of the function ω �→ |Tλ,ω(Kλ,ω) ∩ (RN \K)| implies that, for every
ω in some neighborhood of ω0, we have that RK(ω) > λ. �

Remark 1 In general RK is not continuous on S
N−1: it sufficient to take a rectangle

K = [−a, a] × [−b, b] and observe that we have RK(1,0) = 0, since K is sym-
metric with respect to the y-axis but, for a sufficiently small ϑ , RK(cosϑ, sinϑ) =
a cosϑ − b sinϑ , so that

lim
ϑ→0

RK(ϑ) = a > RK(1,0).

Observe that here the lack of continuity of the maximal folding function is not
due to the lack of smoothness of the boundary of K, but rather to the presence of
non-strictly convex subsets of ∂K.

Proposition 1 Let K ⊂ R
N be a convex body and define its center of mass by

MK = 1

|K|
∫

K
y dy.

Then we have that

RK(ω) ≥ 〈MK,ω〉, for every ω ∈ S
N−1, (2)

and the equality sign can hold for some ω ∈ S
N−1 if and only if K is ω-symmetric,

i.e. if Tλ,ω(K) = K for some λ ∈R. In particular, MK ∈ ♥(K).

Proof Set λ = RK(ω) and consider the set Ω = Kλ,ω ∪ Tλ,ω(Kλ,ω); by the defi-
nition of center of mass and since Ω is symmetric with respect to the hyperplane
πλ,ω , we easily get that

|K|[RK(ω) − 〈MK,ω〉] =
∫

K

[
RK(ω) − 〈y,ω〉]dy

=
∫

K\Ω
[
RK(ω) − 〈y,ω〉]dy.

Observe that the last integral contains a positive quantity to be integrated on the
region K \ Ω : this already shows (2). Moreover, the same identity implies:

RK(ω) − 〈MK,ω〉 = 0 ⇐⇒ |K \ Ω| = 0,

and the latter condition is equivalent to say that K is ω-symmetric. Finally, by com-
bining (2) with the definition (1) of ♥(K), it easily follows MK ∈ ♥(K). �
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2.2 On the Mirror Symmetries of K

A first application of Proposition 1 concerns the relation between ♥(K) and the
mirror symmetries of K.

Theorem 1 Let K ⊂ R
N be a convex body.

(i) If there exist k (1 ≤ k ≤ N) independent directions ω1, . . . ,ωk ∈ S
N−1 such that

K is ωj -symmetric for j = 1, . . . , k, then RK(ωj ) = 〈MK,ωj 〉 for j = 1, . . . , k

and

♥(K) ⊆
k⋂

j=1

πRK(ωj ),ωj
.

In particular, the co-dimension of ♥(K) is at least k.
(ii) If ♥(K) has dimension k (1 ≤ k ≤ N − 1), then there exists at least a direction

θ ∈ S
N−1 such that RK(θ) = 〈MK, θ〉, and K is θ -symmetric.

Proof (i) The assertion is a straightforward consequence of Proposition 1.
(ii) By Lemma 1, the function ω �→ RK(ω) − 〈MK,ω〉 attains its minimum for

some θ ∈ S
N−1. Set r = RK(θ) − 〈MK, θ〉 and suppose that r > 0.

Then, for every x ∈ B(MK, r), we have that

〈x,ω〉 = 〈MK,ω〉 + 〈x − MK,ω〉 < 〈MK,ω〉 + r ≤RK(ω) − r + r = RK(ω),

for every ω ∈ S
N−1, and hence x ∈ ♥(K) by (1). Thus, B(x, r) ⊂ ♥(K)—a con-

tradiction to the fact that 1 ≤ k ≤ N − 1. Hence, RK(θ) = 〈MK, θ〉 and K is θ -
symmetric by Proposition 1. �

Remark 2 It is clear that the dimension of the heart only gives information on the
minimal number of symmetries of a convex body: the example of a ball is quite
explicative.

We were not able to prove the following result:

if ♥(K) has co-dimension m (1 ≤ m ≤ N), then there exist at least m independent directions
θ1, . . . , θN ∈ S

N−1 such that RK(θj ) = 〈MK, θj 〉, j = 1, . . . ,m, and K is θj -symmetric for
j = 1, . . . ,m.

We leave it as a conjecture.

3 Relevant Points Contained in the Heart

In this section, we will show that many relevant points of a convex set are contained
in its heart (e.g. the incenter and the circumcenter, besides the center mass). This
fact will give us a means to estimate from below the diameter of the heart.
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3.1 An Estimate of the Heart’s Diameter

Proposition 2 Let K ⊂ R
N be a convex body. Then its circumcenter CK belongs to

♥(K).

Proof Suppose that CK /∈ ♥(K); projection on the set ♥(K); then there is a half-
space H+ such that the hyperplane Π = ∂H+ separates CK and ♥(K), and for
which the reflection in Π of H+ ∩K is contained in K, by the definition of ♥(K).
Hence this is contained in the smallest ball BR(CK) containing K. Thus, K must be
contained in the set BR(CK)∩B ′

R(CK), where B ′
R(CK) is the reflection of BR(CK)

in the hyperplane Π .
This is a contradiction, since the smallest ball containing K would have a radius

strictly smaller than R. �

We now consider the incenters of K: these are the centers of the balls of largest
radius rK inscribed in K. Needless to say, a convex body may have many incenters.
We start with the simpler case of a convex body with a unique incenter.

Proposition 3 Let K ⊂ R
N be a convex body; if its incenter IK is unique, then

IK ∈ ♥(K). In particular, IK ∈ ♥(K) if K is strictly convex.

Proof Consider the unique maximal ball B(IK, rK) inscribed in K and suppose that
IK /∈ ♥(K); this implies that there exists ω ∈ S

N−1 such that

RK(ω) − 〈IK,ω〉 < 0.

Set λ = RK(ω) and define I ′
K = Tλ,ω(IK); then I ′

K �= IK and 〈I ′
K,ω〉 < 〈IK,ω〉.

Now, the half-ball B+ = {x ∈ B(IK, rK) : 〈x,ω〉 ≥ λ} and its reflection Tλ,ω(B+)

in the hyperplane πλ,ω are contained in K, since B+ is contained in the maximal
cap Kλ,ω .

This fact implies in particular that the reflection of the whole ball B is contained
in K: but the latter is still a maximal ball of radius rK, with center I ′

K different
from IK. This is a contradiction, since it violates the assumed uniqueness of the
incenter. �

To treat the general case, we need the following simple result.

Lemma 2 Let K ⊂ R
N be a convex body and let us set

M(K) = {
x ∈K : dist(x, ∂K) = rK

}
.

Then M(K) is a closed convex set with |M(K)| = 0; in particular, the dimension
of M(K) is at most N − 1.
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Proof The quasi-convexity1 of dist(x, ∂K) (being K convex) immediately implies
that M(K) is convex. For the reader’s convenience, here we give a proof anyway.
Let us take x, z ∈M(K) two distinct points, then by definition of inradius we have

B(x, rK) ∪ B(z, rK) ⊂ K.

Since K is convex, it must contain the convex hull of B(x, rK) ∪ B(z, rK), as well:
hence, for every t ∈ [0,1] we have

B
(
(1 − t)x + tz, rK

) ⊂ K,

that is (1 − t)x + tz ∈ M(K), which proves the convexity of M(K).
Now, suppose that |M(K)| > 0; since M(K) is convex, it must contain a ball

B(x,
). The balls of radius rK having centers on ∂B(x,
/2) are all contained in
K, so that their whole union is contained in K as well. Observing that this union is
given by B(x,
/2 + rK), we obtain the desired contradiction, since we violated the
maximality of rK. �

Proposition 4 Let K ⊂ R
N be a convex body and let us suppose that M(K) has

dimension k ∈ {1, . . . ,N − 1}.
Then the center of mass of M(K), defined by

IM =
∫
M(K)

y dHk(y)

Hk(M(K))
,

belongs to ♥(K). Here, Hk denotes the standard k-dimensional Hausdorff measure.

Proof The proof is based on the observation that

RM(K)(ω) ≤ RK(ω), ω ∈ S
N−1, (3)

where RM(K) is the maximal folding function of M(K), thought as a subset of RN .
Assuming (3) to be true, we can use the definition of heart and Proposition 1 to
obtain that the center of mass IM belongs to ♥(M(K)) and hence to ♥(K), which
would conclude the proof.

Now, suppose by contradiction that there is an ω ∈ S
N−1 such that RM(K)(ω) >

RK(ω), and set λ = RK(ω), as usual. Then, there exists x ∈ M(K) with 〈x,ω〉 ≥ λ

such that its reflection xλ = Tλ,ω(x) in the hyperplane πλ,ω falls outside M(K):
this would imply in particular that B(xλ, rK) �⊂ K. Observe that by definition of
M(K), the ball B(x, rK) lies inside K, so that the cap B(x, rK) ∩ {〈y,ω〉 ≥ λ} is
reflected in K; thus, as before, we obtain that the union of this cap and its reflection
is contained in K. This shows that the ball B(xλ, rK) is contained in K, thus giving
a contradiction. �

The result here below follows at once from Propositions 1, 2 and 4.

1This means that the superlevel sets of the function are convex.
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Theorem 2 Let K ⊂ R
N be a convex body, then

diam
[♥(K)

] ≥ max
(|MK − CK|, |CK − IM|, |IM − MK|).

Remark 3 Notice that, when ♥(K) degenerates to a single point, then clearly

♥(K) = {MK} = {IK} = {CK}.
Needless to say, it may happen that the three points MK, IK and CK coincide, but

♥(K) is not a point. For example, take an ellipse parametrized in polar coordinates
as

E = {
(
,ϑ) : 0 ≤ 
 ≤

√
a2 cos2 ϑ + b2 sin2 ϑ, ϑ ∈ [−π,π]}

and a π -periodic, smooth non-negative function η on [−π,π], having its support
in two small neighborhoods of −3π/4 and π/4. Then, if ε is sufficiently small, the
deformed set

Eε = {
(
,ϑ) : 0 ≤ 
 ≤

√
a2 cos2 ϑ + b2 sin2 ϑ − εη(ϑ), ϑ ∈ [−π,π]}

is still convex and centrally symmetric. Moreover, it is easy to convince oneself that
{MEε } = {IEε } = {CEε } = {(0,0)}, whereas, by Theorem 1, ♥(Eε) is not a point,
since Eε has no mirror symmetries.

3.2 The p-Moments of K and More

We recall that the point MK can also be characterized as the unique point in K which
minimizes the function

x �→
∫

K
|x − y|2 dy, x ∈K,

that can be viewed as the moment of inertia (or 2-moment) of K about the point x.
In this subsection, we will extend the results of Sect. 3.1 to more general moments
of K, that include as special cases the p-moments

∫
K |x − y|p dy.

We first establish a preliminary lemma.

Lemma 3 Let ϕ,ψ : [0,∞) → R be, respectively, an increasing and a decreasing
function and suppose that ψ is also integrable in [0,∞). Define the two functions

F(t) =
∫ b

a

ϕ
(|t − s|)ds, t ∈R,

and

G(t) =
∫ a

−∞
ψ

(|t − s|)ds +
∫ ∞

b

ψ
(|t − s|)ds, t ∈R,

where a and b are two numbers with 0 ≤ a ≤ b.
Then, both F and G attain their minimum at the midpoint (a + b)/2 of [a, b].

Moreover, F and G are convex in [a, b].
If ϕ is strictly increasing (resp. ψ is strictly decreasing), then the minimum point

of F (resp. G) is unique.
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Proof (i) We easily get that

F(a + b − t) = F(t) for every t ∈R;
this means that the graph of F in [a, b] is symmetric with respect to the line t =
(a + b)/2. Moreover, since F can be rewritten as

F(t) = F
(
(a + b)/2

) +
∫ t−a

(b−a)/2
ϕ(s) ds −

∫ (b−a)/2

b−t

ϕ(s) ds,

we infer that F is increasing for t ≥ (a + b)/2. This shows that F attains its min-
imum in [a, b] at the midpoint. Clearly, if ϕ is strictly increasing, then F is also
strictly increasing for t ≥ (a + b)/2 and the minimum point is unique.

The convexity of F in [a, b] follows from the identity

F(t) = Φ(t − a) + Φ(b − t), t ∈ [a, b],
where

Φ(t) =
∫ t

0
ϕ(s) ds

is a convex function, being a primitive of an increasing function.
(ii) It is enough to rewrite the function G as follows

G(t) =
∫

R

ψ
(|t − s|)ds −

∫ b

a

ψ
(|t − s|)ds, t ∈ [a, b];

then we notice that the first term is a constant, while the second one behaves as F ,
thanks to the first part of this lemma, since the function −ψ is increasing. �

The following result generalizes one in [7] in the case of K convex.

Theorem 3 Let K ⊂ R
N be a convex body and let ϕ : [0,∞) →R be an increasing

function. Define the function

μϕ(x) =
∫

K
ϕ
(|x − y|)dy, x ∈R

N,

and the set

m(μϕ) = {
x ∈ R

N : μϕ(x) = minμϕ

}
.

Then

m(μϕ) ∩ ♥(K) �= ∅. (4)

Proof We shall refer to μϕ(x) as the ϕ-moment of K about the point x. First of all,
we observe that μϕ is lower semicontinuous thanks to Fatou’s Lemma and that

inf
K

μϕ = inf
RN

μϕ,

so that the minimum of μϕ is attained at some point belonging to K, i.e. ∅ �=
m(μϕ) ⊂ K.
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We first prove (4) when ϕ is strictly increasing. Let x ∈ K be a minimum point
of μϕ . If x /∈ ♥(K), then there exists a direction ω ∈ S

N−1 such that RK(ω) <

〈x,ω〉. We set for simplicity λ = RK(ω) and consider the hyperplane π = πλ,ω , so
that

x ∈Kλ,ω and Tλ,ω(Kλ,ω) ⊂ K.

Modulo a rotation, we can always assume that ω = (1,0, . . . ,0) and the hyperplane
π has the form {x ∈R

N : x1 = λ}.
Now, we define the symmetric set Ω = Kλ,ω ∪Tλ,ω(Kλ,ω), which can be written

as

Ω = {(
y1, y

′) ∈ K : y′ ∈K ∩ π, λ − a
(
y′) ≤ y1 ≤ λ + a

(
y′)}.

Consider the projection z = (λ, x′) of x in π and observe that z ∈ Ω , thanks to the
convexity of K. For y ∈K \ Ω , we have that |z − y| < |x − y|. Thus

∫

K\Ω
ϕ
(|x − y|)dy ≥

∫

K\Ω
ϕ
(|z − y|)dy, (5)

since ϕ is increasing. Moreover, by Fubini’s theorem, we compute:
∫

Ω

ϕ
(|x − y|)dy =

∫

K∩π

{∫ λ+a(y′)

λ−a(y′)
ϕ
(√∣∣x′ − y′∣∣2 + |x1 − y1|2

)
dy1

}
dy′.

We now apply Lemma 3 with the choice t �→ ϕ(
√|x′ − y′|2 + t2), a strictly increas-

ing function. Thus, we can infer that the last integral is strictly larger than
∫

K∩π

{∫ λ+a(y′)

λ−a(y′)
ϕ
(√∣∣x′ − y′∣∣2 + |λ − y1|2

)
dy1

}
dy′ =

∫

Ω

ϕ
(|z − y|)dy.

With the aid of (5), we then conclude that μϕ(x) > μϕ(z), which gives a contra-
diction. We observe in passing that we have proved something more; namely, we
showed that m(μϕ) ⊆ ♥(K).

If ϕ is only increasing, we approximate it by the following sequence of strictly
increasing functions

ϕn(t) = ϕ(t) + 1

n
t2, t ∈ [0,∞), n ∈ N.

Let xn ∈ m(μϕn) ⊆ ♥(K) be a sequence of minimizers of μϕn , then by compactness
of ♥(K) they convergence (up to a subsequence) to a point x0 ∈ ♥(K). For every
x ∈R

N , by Fatou’s Lemma we have

μϕ(x) = lim
n→∞μϕn(x) ≥ lim inf

n→∞ μϕn(xn) ≥ μϕ(x0),

which implies that x0 ∈ m(μϕ). This concludes the proof. �

The analogous of Theorem 2 is readily proved.

Theorem 4 Let K be a convex body. Then the convex hull of the set
⋃{

m(μϕ) ∩ ♥(K) : ϕ is increasing on [0,∞)
}
,

is contained in ♥(K).
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Remark 4 By similar arguments, we can prove that, if ψ is decreasing and the func-
tion

νψ(x) =
∫

RN\K
ψ

(|x − y|)dy,

is finite for every x ∈K, then m(νψ) ∩ ♥(K) �= ∅.

Particularly interesting are the cases where ϕ(t) = tp with p > 0 and ψ(t) = t−p

with p > N .

Corollary 1 Consider the functions

μp(x) =
∫

K
|x − y|p dy, x ∈ K,

for p > 0 or

νp(x) =
∫

RN\K
|x − y|−p dy, x ∈ K,

for p > N .
Then, their minimum points belong to ♥(K).

Remark 5 Propositions 1, 2 and 3 can be re-proved by means of Corollary 1 by
choosing p = 2 or, respectively, by taking limits as p → ∞.

Notice, in fact, that

lim
p→∞μp(x)1/p = max

y∈K
|x − y|

and

lim
p→∞νp(x)−1/p = min

y∈K
|x − y|.

Hence the circumradius ρK and inradius rK are readily obtained as

ρK = min
x∈K

max
y∈∂K

|x − y| = lim
p→+∞ min

x∈K
μp(x)1/p,

and

rK = max
x∈K

min
y∈∂K

|x − y| = lim
p→+∞ max

x∈K
νp(x)−1/p.

These observations quite straightforwardly imply that CK and IK belong to ♥(K).
A final remark concerns the case p = 0. It is well-known that

lim
p→0+

(
μp(x)

|K|
)1/p

= exp

{∫

K
log |x − y| dy

|K|
}

= exp
{
μlog(x)/|K|},

that can be interpreted as the geometric mean of the function y �→ |x − y| on K;
needless to say, the set of its minimum points intersects ♥(K).
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3.3 On Fraenkel’s Asymmetry

Lemma 4 Let K ⊂ R
N be a convex body. For r > 0, define the function

γ (x) = ∣∣K ∩ B(x, r)
∣∣, x ∈ R

N.

Then γ is log-concave and, if M(γ ) = {x ∈R
N : γ (x) = maxγ }, then

M(γ ) ∩ ♥(K) �= ∅. (6)

Proof The log-concavity of G is a consequence of Prékopa–Leindler’s inequality,
that we recall here for the reader’s convenience: let 0 < t < 1 and let f,g and h be
nonnegative integrable functions on R

N satisfying

h
(
(1 − t)x + ty

) ≥ f (x)1−t g(y)t , for every x, y ∈R
N ; (7)

then
∫

RN

h(x) dx ≥
(∫

RN

f (x) dx

)1−t(∫

RN

g(x) dx

)t

. (8)

(For a proof and a discussion on the links between (8) and the Brunn-Minkowski
inequality, the reader is referred to [3].)

Indeed, we pick two points z,w ∈ R
N and a number t ∈ (0,1), and apply

Prékopa–Leindler’s inequality to the triple of functions

f = 1K∩B(z,r), g = 1K∩B(w,r), h = 1K∩B((1−t)z+tw,r);
then, (7) is readily satisfied. Thus, (8) easily implies

γ
(
(1 − t)z + tw

) = ∣∣K ∩ B
(
(1 − t)z + tw, r

)∣∣

≥ ∣∣K ∩ B(z, r)
∣∣1−t ∣∣K ∩ B(w, r)

∣∣t = γ (z)1−t γ (w)t ,

and, by taking the logarithm on both sides, we get the desired convexity. A straight-
forward consequence is that the set M(γ ) is convex.

Once again, the validity of (6) will be a consequence of the inequality

RM(γ )(ω) ≤RK(ω), for every ω ∈ S
N−1. (9)

By contradiction: let us suppose that there exist ω ∈ S
N−1 and x ∈ M(γ ) such

that

RK(ω) < RM(γ )(ω) ≤ 〈x,ω〉.
In particular, this implies that the point xλ = Tλ,ω(x), with λ = RK(ω), does not
belong to M(γ )—i.e. the reflection of x with respect to the hyperplane πλ,ω falls
outside M(γ ).

We set for brevity B = B(x, r) and Bλ = B(xλ, r), and we again consider the
ω-symmetric set Ω = Kλ,ω ∪ Tλ,ω(Kλ,ω) ⊆ K. Then, observe that

B ∩ (K \ Ω) = {
x ∈ B : 〈x,ω〉 < λ

} ∩ (K \ Ω)

⊆ (
B ∩ Bλ

) ∩ (K \ Ω) ⊆ Bλ ∩ (K \ Ω),
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which implies that |B ∩ (K \ Ω)| ≤ |Bλ ∩ (K \ Ω)|. Also, notice that since Ω is
symmetric in the hyperplane πλ,ω and Bλ = Tλ,ω(B), we have that |Bλ ∩ Ω| =
|B ∩ Ω|.

By using these informations and the maximality of x, we can infer that

γ
(
xλ

) = ∣∣K ∩ Bλ
∣∣ = ∣∣Ω ∩ Bλ

∣∣ + ∣∣(K \ Ω) ∩ Bλ
∣∣

≥ |Ω ∩ B| + ∣∣(K \ Ω) ∩ B
∣∣ = |Ω ∩ B| = γ (x),

that is xλ is also a maximum point, i.e. xλ ∈ M(γ )—a contradiction. �

As a consequence of this lemma, we obtain a result concerning the so-called
Fraenkel asymmetry of K:

A(K) = min
x∈RN

|K�B(x, r∗
K)|

|K| ,

where � denotes the symmetric difference of the two sets and the radius r∗
K is

determined by |B(x, r∗
K)| = |K|. This is a measure of how a set is far from being

spherically symmetric and was introduced in [4]; we refer the reader to [2] for a
good account on A(K).

Corollary 2 Let K ⊂ R
N be a convex body. Then A(K) is attained for at least one

ball centered at a point belonging to ♥(K).

Proof It is sufficient to observe that |K�B(x, r∗
K)| = 2(|K|− |K∩B(x, r∗

K)|), since
|B(x, r∗

K)| = |K|, and hence

|K�B(x, r∗
K)|

|K| = 2

(
1 − γ (x)

|K|
)

.

Thus, A(K) is attained by points that maximize γ ; hence, Lemma 4 provides the
desired conclusion. �

Remark 6 Observe in particular that if K has N hyperplanes of symmetry, then an
optimal ball can be placed at their intersection. However, in general, even under this
stronger assumption, such optimal ball is not unique. For example, take the rectangle
Qε = [−π/4ε,π/4ε]×[−ε, ε] with 0 < ε < π/4; any unit ball centered at a point in
the segment (−π/4ε + 1,π/4ε − 1) × {0} realizes the Fraenkel asymmetry A(Qε).
Thus, in general it is not true that all optimal balls are centered in the heart.

Remark 7 The following problem in spectral optimization was considered in [5]:
given a (convex) set K ⊂ R

N and a radius 0 < r < rK, find the ball B(x0, r) ⊂ K
which maximizes the quantity

λ1
(
K \ B(x, r)

)

as a function of x: here, λ1(Ω) stands for the first Dirichlet-Laplacian eigenvalue
of a set Ω . By considerations similar to the ones used in this section and remarks
contained in [5, Theorem 2.1], it can be proved that x0 ∈ ♥(K).
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4 Estimating the Volume of the Heart

In this section, we begin an analysis of the following problem in shape optimization:

maximize the ratio
|♥(K)|

|K| among all convex bodies K ⊂ R
N ; (10)

solving (10) would give an answer to question (iii) in the introduction. Since this
ratio is scaling invariant, (10) is equivalent to the following problem:

maximize the ratio
|♥(K)|

|K| among all convex bodies K ⊂ [0,1]N ; (11)

here, [0,1]N is the unit cube in R
N .

We notice that the class of the competing sets in problem (11) is relatively com-
pact in the topology induced by the Hausdorff distance (see [6, Chap. 2])—the most
natural topology when one deals with the constraint of convexity. This fact implies,
in particular, that any maximizing sequence {Kn}n∈N ⊂ [0,1]N of convex bodies
converges—up to a subsequence—to a compact convex set K ⊂ [0,1]N .

However, there are two main obstructions to the existence of a maximizing set
for (11): (a) in general, the limit set K may not be a convex body, i.e. K could have
empty interior; in other words, maximizing sequences could “collapse” to a lower
dimensional object; (b) it is not clear whether the shape functional K �→ |♥(K)| is
upper semicontinuous or not in the aforementioned topology.

The next example assures that the foreseen semicontinuity property fails to be
true in general.

Example 1 Let Q = [−2,2] × [−1,1] and take the points

p1
ε = (1,1 + ε) and p2

ε = (−2 − ε,1/2),

and define Qε as the convex hull of Q ∪ {p1
ε , p2

ε }. As ε vanishes, ♥(Qε) shrinks to
the quadrangle having vertices

(0,0) (1,0) (1/2,1/2) and (0,1/2),

while clearly ♥(Q) = {0}: indeed, observe that due to the presence of the new cor-
ners p1

ε and p2
ε , it is no more possible to use {x = 0} or {y = 0} as maximal axis of

reflection in the directions e1 = (1,0) or e2 = (0,1), respectively. In particular, we
get that

0 = ∣∣♥(Q)
∣∣ < lim

ε→0+
∣∣♥(Qε)

∣∣.

The situation is illustrated in Fig. 2.

These considerations show that the existence of a solution of (10) is not a trivial
issue. Indeed, we are able to show that an optimal shape does not exist in the class
of triangles. This is the content of the main result of this section.
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Fig. 2 The heart of Qε

Theorem 5 It holds that

sup

{ |♥(K)|
|K| : K is a triangle

}
= 3

8
,

and the supremum is attained by a sequence of obtuse triangles.

The proof of Theorem 5 is based on the following lemma, in which we exactly
determine ♥(K), when K is a triangle.

Lemma 5 Let K be a triangle. Then the following assertions hold:

(i) if K is acute, ♥(K) is contained in the triangle formed by the segments joining
the midpoints of the sides of K; also, ♥(K) equals the quadrangle Q formed by
the bisectors of the smallest and largest angles and the axes of the shortest and
longest sides of K;

(ii) if K is obtuse, ♥(K) is contained in the parallelogram whose vertices are the
midpoints mentioned in (i) and the vertex of the smallest angle in K; also, ♥(K)

equals the polygon P formed by the largest side of K and the bisectors and axes
mentioned in (i); P may be either a pentagon or a quadrangle.

Proof Observe that bisectors of angles and axes of sides are admissible axes of
reflection. If K is acute, CK and IK fall in its interior and are the intersection of
the axes and bisectors, respectively. If K is obtuse, IK still falls in the interior of K,
while CK is the midpoint of the largest side of K and is no longer the intersection of
the axes. These remarks imply that ♥(K) ⊆ Q in case (i) and ♥(K) ⊆ P in case (ii);
also CK, IK ∈Q∩ ♥(K) and CK, IK ∈P ∩ ♥(K).

The segments specified in (i) are also admissible axes of reflection if K is acute;
thus, the inclusion in the triangle mentioned in (i) easily follows. If K is obtuse, only
the segment joining the midpoints of the smallest and intermediate side is an axis of
reflection. However, we can still claim that ♥(K) is contained in the parallelogram
mentioned in (ii), since CK is now the midpoint of the largest side from which one
of the axes is issued: thus, ♥(K) must stay below that axis.
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Fig. 3 The heart of a triangle

Now, if ♥(K) were smaller than Q (or P), then there would be an axis of re-
flection that cuts off one of the vertices of Q (or P) different from CK and IK (that
always belong to ♥(K)). In any case, such an axis would violate the maximality that
axes of sides and bisectors of angles enjoy with respect of reflections. �

We are now ready to prove Theorem 5.

Proof First of all, thanks to the inclusion mentioned in Lemma 5, we get |♥(K)| <
1/4|K| when K is acute. Thus, we can restrict ourselves to the case of K obtuse.

Here, we refer to Fig. 3. We observe that, by what we proved in Lemma 5, ♥(K)

is always contained in the quadrangle DEFG (when the angle in B is much larger
than π/2, DEFG and ♥(K) coincide), which is contained in the trapezoid DELH.
Thus, |♥(K)| ≤ |DELH |; hence it is enough to prove that, if the angle in B in-
creases, |DELH| increases and both ratios |♥(K)|/|K| and |DELH|/|K| tend to 3/8.

We proceed to compute |♥(K)|, when the angle in B is large. We fix a base and
a height of K: as a base we choose the smallest side and we suppose it has length b;
h will denote the length of its corresponding height. In this way, |K| = bh/2.

In Fig. 3, the lines through the points B and G, and C and L bisect the angles in
B and C, respectively. The line through D and E is the only axis that contributes to
form ♥(K), that equals the quadrangle DEFG; thus, ♥(K) is obtained as

♥(K) = T1 \ (T2 ∪ T3),

where the Ti ’s are triangles:

T1 = CBG, T2 = CBF, T3 = CED.

We place the origin of Cartesian axes in A and set B = (b,0); we also set C =
(t, h). Finally, we denote by α, β and γ the respective measures of the angles in A,
B and C.

Trigonometric formulas imply that

|T1| = 1

2

[
h2 + (t − b)2] sin(β/2) sin(γ )

sin(β/2 + γ )
,

|T2| = 1

2

[
h2 + (t − b)2] sin(β/2) sin(γ /2)

sin(β/2 + γ /2)
, (12)

|T3| = 1

8

[
h2 + t2] tan(γ /2),
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where the angles β and γ are related by the theorem of sines:

h√
h2 + t2

√
h2 + (t − b)2

= sin(β)√
h2 + t2

= sin(γ )

b
.

The area of DELH is readily computed as

|DELH| = 1

2

b2h2

(h2 + t2) tan(γ /2)
− 1

8

(
h2 + t2) tan(γ /2). (13)

Now, observe that this quantity increases with t , since it is the composition of
two decreasing functions: s �→ b2h2/(2s) − s/8 and t �→ (h2 + t2) tan(γ /2).

As t → ∞, |K| does not change, the angle γ vanishes and the angle β tends to
π ; moreover, we have that

t sin(β) → h, t2 sin(γ ) → bh as t → ∞.

Formulas (12) then yield:

|T1| → 1

2
bh = |K|, |T2| → 1

4
bh = 1

2
|K|, |T3| → 1

16
bh = 1

8
|K|.

Thus, since |♥(K)| = |T1| − |T2| − |T3|, we have that |♥(K)| → 3
8 |K|; by (13),

|DELH| → 3
8 |K| as well.

The proof is complete. �

Remark 8 Thus, Theorem 5 sheds some light on problem (10). In fact, observe that
the maximizing sequence, once properly re-scaled, gives a maximizing sequence for
the equivalent problem (11), that precisely collapses to a one-dimensional object.

Numerical evidence based on the algorithm developed in [1] suggests that, the
more K is round, the more ♥(K) is small compared to K. We conjecture that

sup

{ |♥(K)|
|K| : K ⊂ R

2 is a convex body

}
= 3

8
,

and the supremum is realized by a sequence of obtuse triangles.

Acknowledgements The authors warmly thank Prof. J. O’Hara, for the reference [7], and his
PhD student Shigehiro Sakata, who pointed out a gap in a preliminary version of the proof of
Theorem 3.

The first author has been partially supported by the ERC Advanced Grant No. 226234. The
second author has been supported by GNAMPA-INdAM and the PRIN-MIUR grant “Proprietà e
metodi geometrici nelle equazioni alle derivate parziali, disuguaglianze di Sobolev e convessità”.
Both authors gratefully acknowledge the Banff International Research Station and its facilities,
where this work started.

References

1. Brasco, L., Magnanini, R., Salani, P.: The location of the hot spot in a grounded convex con-
ductor. Indiana Univ. Math. J. 60, 633–660 (2011)



66 L. Brasco and R. Magnanini

2. Fusco, N., Maggi, F., Pratelli, A.: The sharp quantitative isoperimetric inequality. Ann. Math.
(2) 168(3), 941–980 (2008)

3. Gardner, R.J.: The Brunn-Minkowski inequality. Bull. Am. Math. Soc. 39, 355–405 (2002)
4. Hall, R.R., Hayman, W.K., Weitsman, A.W.: On asymmetry and capacity. J. Anal. Math. 56,

87–123 (1991)
5. Harrell, E.M., Kröger, P., Kurata, K.: On the placement of an obstacle or a well so as to optimize

the fundamental eigenvalue. SIAM J. Math. Anal. 33, 240–259 (2001)
6. Henrot, A., Pierre, M.: Variation et optimisation de formes. Une analyse géométrique. [Shape

variation and optimization. A geometric analysis]. Mathématiques & Applications [Mathemat-
ics & Applications], vol. 48. Springer, Berlin (2005) (French)

7. O’Hara, J.: Renormalization of potentials and generalized centers. Adv. Appl. Math. 48, 365–
392 (2012). See also arXiv:1008.2731



A Viscosity Equation for Minimizers of a Class
of Very Degenerate Elliptic Functionals

Giulio Ciraolo

Abstract We consider the functional

J (v) =
∫

Ω

[
f

(|∇v|) − v
]
dx,

where Ω is a bounded domain and f : [0,+∞) → R is a convex function vanishing
for s ∈ [0, σ ], with σ > 0. We prove that a minimizer u of J satisfies an equation of
the form

min
(
F

(∇u,D2u
)
, |∇u| − σ

) = 0

in the viscosity sense.

Keywords Nonlinear degenerate elliptic operators · Viscosity solutions · Torsion
problem

1 Introduction

Let Ω be a bounded domain in R
N , N ≥ 2, with boundary ∂Ω of class C2,α , with

0 < α < 1. We consider the variational problem

inf
{
J (v) : v ∈ W

1,∞
0 (Ω)

}
, where J (v) =

∫
Ω

[
f

(|∇v|) − v
]
dx; (1)

here, the function f : [0,+∞) → R is convex, monotone, nondecreasing and we
assume that there exists σ > 0 such that

f ∈ C1([0,+∞)
) ∩ C3((σ,+∞)

); (2a)

f (0) = 0 and lim
s→+∞

f (s)

s
= +∞; (2b)

f ′(s) = 0 for every 0 ≤ s ≤ σ ; (2c)

f ′′(s) > 0 for s > σ. (2d)
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Functionals of this kind occur in the study of complex-valued solutions of the
eikonal equation (see [6] and [16–19]), as well as in the study of problems linked to
traffic congestion (see [2]) and in variational problems which are relaxations of non-
convex ones (see [5] and [10]). We have in mind the following two main examples
of a function f :

f (s) =
{

0, 0 ≤ s ≤ 1,
1
2 [s√s2 − 1 − log(s + √

s2 − 1)], s > 1,
(3)

which arises from the study of complex-valued solutions of the eikonal equation,
and

f (s) =
{ 1

q
(s − 1)q, s > 1,

0, 0 ≤ s ≤ 1,
(4)

q > 1, which is linked to traffic congestion problems.
Since f vanishes in the interval [0, σ ], problem (1) is strongly degenerate and,

as far as we know, few studies have been done. Besides the papers cited before, we
mention [1] and [20] where regularity issues were tackled.

In this paper, we shall prove that the minimizer u of (1) satisfies an equation of
the form

min
(
F

(∇u,D2u
)
, |∇u| − σ

) = 0 (5)

in the viscosity sense (see Theorems 1 and 2 for the meaning of F ).
Our strategy is to approximate J by a sequence of less degenerating function-

als so that the minimizers of the corresponding variational problems converge uni-
formly to u; this is done in Sect. 2. Then, the machinery of viscosity equations
applies and, in Sect. 3, we prove that u satisfies (5). To prove Theorems 1 and 2,
which are our main results, we make use of techniques which have been used in the
context of the ∞-Laplace operator (see for instance [3, 13, 14]).

2 Preliminary Results

We start by recalling some well-known facts. Since Ω is bounded and ∂Ω is of
class C2,α then the following uniform exterior sphere condition holds: there exists
ρ > 0 such that for every x0 ∈ ∂Ω there exists a ball Bρ(y) of radius ρ centered at
y = y(x0) ∈R

N \ Ω such that Bρ(y) ∩ Ω = Bρ(y) ∩ ∂Ω and x0 ∈ ∂Bρ(y).
Notice that, since f satisfies (2a)–(2d), the functional J is differentiable and a

critical point u of J satisfies the problem⎧⎨
⎩

−div

(
f ′(|∇u|)

|∇u| ∇u

)
= 1, in Ω,

u = 0, on ∂Ω,

(6)

in the weak sense, i.e.∫
Ω

f ′(|∇u|)
|∇u| ∇u · ∇φ dx =

∫
Ω

φ dx, for every φ ∈ C1
0(Ω). (7)
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It will be useful in the sequel to have at hand the solution of (6) when Ω is the
ball of given radius R (centered at the origin): it is given by

uR(x) =
∫ R

|x|
g′

(
s

N

)
ds, (8)

where

g(t) = sup
{
st − f (s) : s ≥ 0

}
is the Fenchel conjugate of f (see for instance [9] and [11]).

It is clear that, when σ = 0 (1) has a unique solution, since f is strictly convex.
When σ > 0, the uniqueness of a minimizer for (1) is proved in [7].

In this section we shall approximate the functional J by a sequence of strictly
convex functionals

Jn(v) =
∫

Ω

[
fn

(|∇v|) − v
]
dx, (9)

n ∈ N, which are less degenerating than J (see Proposition 1 for the assumptions on
the functions fn) and prove some uniform bounds for the minimizers un of

inf
{
Jn(v) : v ∈ W

1,∞
0 (Ω)

}
. (10)

Notice that, if fn ∈ C1([0,+∞))∩C3((0,+∞)) satisfies (2b) and it is such that
f ′

n(0) = 0 and f ′′
n (s) > 0 for s > 0, then the minimizer un of (9) is unique and

satisfies ∫
Ω

f ′
n(|∇un|)
|∇un| ∇un · ∇φ dx =

∫
Ω

φ dx, for every φ ∈ C1
0(Ω). (11)

We shall say that w ∈ W 1,∞(Ω) is a subsolution of (11) if∫
Ω

f ′
n(|∇w|)
|∇w| ∇w · ∇φ dx ≤

∫
Ω

φ dx, for every φ ∈ C1
0(Ω) with φ ≥ 0,

and that w ∈ W 1,∞(Ω) is a supersolution of (11) if∫
Ω

f ′
n(|∇w|)
|∇w| ∇w · ∇φ dx ≥

∫
Ω

φ dx, for every φ ∈ C1
0(Ω) with φ ≥ 0.

Let un and vn be a subsolution and a supersolutions of (11), respectively. Then,
the following weak comparison principle holds: if un ≤ vn on ∂Ω then un ≤ vn

in Ω (see Lemma 3.7 in [11]).
It will be useful to define the following P -function (see [11]):

Pn(x) = Φn

(∣∣∇un(x)
∣∣) + 2

N
un(x), x ∈ Ω, (12)

where

Φn(t) = 2
∫ t

0
sf ′′

n (s) ds. (13)

To avoid heavy notations, in Lemmas 1 and 2 we drop the dependence on n.
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Lemma 1 Let f ∈ C1([0,+∞)) ∩ C3((0,+∞)) be such that f ′(0) = 0 and
f ′′(s) > 0 for s > 0 and let u be the solution of (1). Then, |∇u| attains its maxi-
mum on the boundary of Ω and the following estimate holds:∣∣∇u(x)

∣∣ ≤ M, x ∈ Ω, (14)

with

M = g′
(

ρ

N − 1

(
e

(N−1)R∗
ρ − 1

))
,

where g is the Fenchel conjugate of f , R∗ = sup{|x − y| : x, y ∈ ∂Ω} and ρ is the
radius of the uniform exterior sphere.

Furthermore,

0 ≤ u(x) ≤ min

(∫ R∗

0
g′

(
s

N

)
ds,

N

2
Φ(M)

)
x ∈ Ω. (15)

Proof Since u is a minimizer of J , it is easy to show that u ≥ 0. Being R∗ the
diameter of Ω , there exist a ball of radius R∗ that contains Ω (we can assume
that such ball is centered at the origin). Since uR∗(x) ≥ 0 for x ∈ ∂Ω , the weak
comparison principle implies that

u(x) ≤ uR∗(x) for every x ∈ Ω.

From uR∗(x) ≤ uR∗(0), x ∈ BR∗ and from (8), we have

u(x) ≤
∫ R∗

0
g′

(
s

N

)
ds, (16)

for every x ∈ Ω .
Now, we consider the P -function given by (12). As proved in Lemma 3.2 in [11],

P attains its maximum on the boundary of Ω and thus

P(x) ≤ max
∂Ω

P = max
∂Ω

Φ
(|∇u|), x ∈ Ω.

Since Φ is strictly increasing, then we get

max
Ω

∣∣∇u(x)
∣∣ = max

∂Ω

∣∣∇u(x)
∣∣, (17)

i.e. |∇u| attains its maximum on the boundary of Ω .
Following [12], we construct a barrier function for u which will give us an upper

bound for |∇u| on the boundary of Ω . Let x0 ∈ ∂Ω be fixed and let Bρ(y(x0)) be
the ball in the exterior sphere condition. Set

δ(x) = dist
(
x, ∂Bρ

(
y(x0)

))
,

and let w(x) = ψ(δ(x)) be a function depending only on the distance from
∂Bρ(y(x0)); we have

div

{
f ′(|∇w|) ∇w

|∇w|
}

= ψ ′′(δ(x)
)
f ′′(ψ ′(δ(x)

)) + f ′(ψ ′(δ(x)
))

Δδ(x). (18)
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Since
∣∣Δδ(x)

∣∣ = N − 1

|x − y| ≤ N − 1

ρ
,

from (18) we obtain

div

{
f ′(|∇w|) ∇w

|∇w|
}

+ 1 ≤ ψ ′′(δ(x)
)
f ′′(ψ ′(δ(x)

)) + N − 1

ρ
f ′(ψ ′(δ(x)

)) + 1.

(19)

By choosing

ψ(t) =
∫ t

0
g′

(
ρ

N − 1

(
e

N−1
ρ

(R∗−s) − 1
))

ds,

the right hand side of (19) vanishes and thus w is a supersolution of (7). Notice
that ψ ′(t) > 0 for t > 0 and then ψ(t) > 0 for t > 0. Since x ∈ Ω implies that
dist(x, ∂Bρ(x0)) > 0, we have that w(x) ≥ 0 for x ∈ Ω . The weak comparison prin-
ciple yields u(x) ≤ w(x) in Ω . Since x0 ∈ ∂Ω is arbitrary, we obtain

∣∣∇u(x)
∣∣ ≤ g′

(
ρ

N − 1

(
e

(N−1)R∗
ρ − 1

))
,

for any x ∈ ∂Ω . According to (17) the same estimate holds in the whole of Ω and
(14) holds.

Notice that from (12)

u(x) ≤ N

2
P(x), x ∈ Ω;

since P attains its maximum on the boundary of Ω and from (14) we have that

u(x) ≤ N

2
Φ(M)

which, together with (16), implies (15). �

We denote by H∂Ω(x) the mean curvature of ∂Ω at the point x ∈ ∂Ω and set

H ∗
∂Ω = min

x∈∂Ω
H∂Ω(x).

In the following lemma, we give a further bound for u and |∇u| in the case that
the mean curvature of ∂Ω attains a positive minimum.

Lemma 2 Let f be as in Lemma 1 and assume that H ∗
∂Ω > 0. Then,

u(x) ≤ N

2
Φ

(
g′

(
1

NH ∗
∂Ω

))
(20)

and
∣∣∇u(x)

∣∣ ≤ g′
(

1

NH ∗
∂Ω

)
(21)

for every x ∈ Ω , where Φ is given by (13) and g is the Fenchel conjugate of f .
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Proof Since |∇u| > 0 on ∂Ω (see Lemma 2.7 in [7]), Eq. (7) is nondegenerate in
a neighborhood of ∂Ω ; from standard elliptic regularity theory (see [21] and [12]),
we know that u ∈ C2,α(Ω \ {x : ∇u �= 0}) for some α ∈ (0,1), and then (7) can be
written pointwise on ∂Ω as

f ′′(∣∣uν(x)
∣∣)uνν(x) − (N − 1)f ′(uν(x)

)
H∂Ω(x) = −1;

here, ν denotes the exterior unit normal to ∂Ω , uν = ∇u · ν and uνν = (D2u)ν · ν.
From Lemma 3.3 in [11], we know that

Nf ′(∣∣∇u(x)
∣∣)H∂Ω(x) ≤ 1,

for every x ∈ ∂Ω and, since g′ is nondecreasing, then

∣∣∇u(x)
∣∣ ≤ g′

(
1

NH ∗
∂Ω

)
,

for every x ∈ ∂Ω . Since Φ is nondecreasing and P (given by (12)) attains its maxi-
mum on ∂Ω , from u = 0 on ∂Ω we obtain

P(x) ≤ Φ

(
g′

(
1

NH ∗
∂Ω

))
(22)

for every x ∈ Ω . From (12) and (22) we conclude. �

Notice that, when Ω is a ball, (21) is optimal.

Proposition 1 Let (fn)n∈N be such that:

(i) fn ∈ C1([0,+∞)) ∩ C3((0,+∞));
(ii) fn converges uniformly to f on the compact sets contained in [0,+∞);

(iii) f ′
n(0) = 0, the functions f ′

n decrease to f ′ in [0,+∞) and f ′
n converges uni-

formly to f ′ on the compact sets contained in [0,+∞);
(iv) f ′′

n (t) > 0 for t > 0.

Let u (resp. un) be the solution of (1) for J (resp. of (10) for Jn). Then

(a) un is a minimizing sequence for J and Jn(un) → J (u);
(b) un and ∇un are uniformly bounded and (up to a subsequence) (un)n∈N tends

to u in the sup norm topology and u satisfies estimates (14) and (15) almost
everywhere in Ω .

Proof Since Jn → J uniformly (a) is standard. Since the sequence (f ′
n)n∈N is de-

creasing in n, then g′
n is increasing in n and converges pointwise to g′ (here,

we denote by g and gn the Fenchel conjugates of f and fn, respectively). Thus,
gn(t) ≤ g(t) and g′

n(t) ≤ g′(t) for every t ∈ [0,+∞) and (b) follows by Lemma 1
and an application of Ascoli-Arzelà’s theorem. �
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3 Viscosity Euler-Lagrange Equation

In this section we prove that the solution u of (1) satisfies an equation of the form
(5) in the viscosity sense. Firstly, we do it for f ∈ C2((0,+∞))∪C3((σ,+∞)) and
then we deal with the case that f is not twice differentiable at s = σ .

Consider a sequence of approximating functions {fn}n∈N satisfying (i)–(iv) in
Proposition 1. The minimizer un for (10) satisfies

−div
f ′

n(|∇un|)
|∇un| = 1,

in weak sense. Assume for a moment that un is regular enough so that we can
differentiate, then un satisfies

−|∇un|f ′′
n (|∇un|) − f ′

n(|∇un|)
|∇un|3 Δ∞un − f ′

n(|∇un|)
|∇un| Δun = 1,

where

Δ∞u =
N∑

i,j=1

∂2u

∂xi∂xj

∂u

∂xi

∂u

∂xj

.

Since this equation is fully nonlinear and degenerate elliptic, it makes sense to define
and study its viscosity solutions (see [4]).

Let P ∈R
N and X ∈ SN , where SN is the space of real-valued N ×N symmetric

matrices. Consider the function

Fn(P,X) :=
{

−|P |f ′′
n (|P |)−f ′

n(|P |)
|P |3 P · XP − f ′

n(|P |)
|P | tr(X) − 1, P �= 0,

−1, P = 0.
(23)

Notice that, if

lim
s→0+

sf ′′
n (s) − f ′

n(s)

s3
= 0, and lim

s→0+
f ′

n(s)

s
= 0, (24)

then Fn is continuous. For future use, we shall assume that the sequence {fn}n∈N is
such that

lim
n→+∞

sf ′′
n (s) − f ′

n(s)

s3
= 0 and lim

n→+∞
f ′

n(s)

s
= 0 (25)

uniformly on the compact sets of [0, σ ); here, thanks to (24), the functions in the
limits are understood as continuously extended to 0 at s = 0.

We shall introduce the definition of viscosity solution of an equation of the form
F(∇v,D2v) = 0 (see [14]).

Definition An upper semicontinuous function u defined in Ω is a viscosity subso-
lution of

F
(∇v,D2v

) = 0, (26)
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x ∈ Ω , if, whenever x0 ∈ Ω and φ ∈ C2(Ω) are such that u(x0) = φ(x0) and u(x) <

φ(x) if x �= x0, then

F
(∇φ(x0),D

2φ(x0)
) ≤ 0.

A lower semicontinuous function u defined in Ω is a viscosity supersolution of (26)
if, whenever x0 ∈ Ω and φ ∈ C2(Ω) are such that u(x0) = φ(x0) and u(x) > φ(x)

if x �= x0, then

F
(∇φ(x0),D

2φ(x0)
) ≥ 0.

Finally, u ∈ C0(Ω) is a viscosity solution of (26) if it is both a viscosity subsolution
and a viscosity supersolution of (26).

Lemma 3 Let un be the minimizer of Jn, where fn ∈ C1([0,+∞)) ∪ C3((0,+∞))

satisfies (24) and is such that f ′′
n (s) > 0 for s > 0. Then un is a viscosity solution

of (26), with F = Fn and Fn given by (23).

Proof Notice that, since fn satisfies (24), then Fn is continuous. We present the
details for the case of supersolutions. Let x0 ∈ Ω and φ ∈ C2(Ω) be such that
un(x0) = φ(x0) and un(x) > φ(x) for x �= x0. Assume that ∇φ(x0) �= 0; we have to
show that

−|∇φ(x0)|f ′′
n (|∇φ(x0)|) − f ′

n(|∇φ(x0)|)
|∇φ(x0)|3 Δ∞φ(x0)

− f ′
n(|∇φ(x0)|)
|∇φ(x0)| Δφ(x0) − 1 ≥ 0.

By contradiction, suppose that this is not the case. By continuity, there exists r > 0
small enough such that

−|∇φ(x)|f ′′
n (|∇φ(x)|) − f ′

n(|∇φ(x)|)
|∇φ(x)|3 Δ∞φ(x) − f ′

n(|∇φ(x)|)
|∇φ(x)| Δφ(x) < 1,

for any |x − x0| < r . Let m = inf{un(x)−φ(x) : |x − x0| = r} and set η = φ + 1
2m.

Since m > 0 then η < un on ∂Br(x0), η(x0) > un(x0) and

−|∇η(x)|f ′′
n (|∇η(x)|) − f ′

n(|∇η(x)|)
|∇η(x)|3 Δ∞η(x) − f ′

n(|∇η(x)|)
|∇η(x)| Δη(x) < 1,

for any |x − x0| < r . By multiplying by (η − un)
+, integrating in Br(x0) and using

an integration by parts, we have∫
{η>un}

f ′
n

(|∇η|) ∇η

|∇η| · ∇(η − un)dx <

∫
{η>un}

(η − un)dx. (27)

Notice that, since η(x0) > un(x0) and η − un is continuous, the Lebesgue measure
of {η > un} is strictly positive. The function (η − un)

+ extended to zero outside
Br(x0) can be used as a test function in (11):∫

{η>un}
f ′

n

(|∇un|
) ∇un

|∇un| · ∇(η − un)dx =
∫

{η>un}
(η − un)dx. (28)
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Subtracting (28) from (27) we have∫
{η>un}

[
f ′

n

(|∇η|) ∇η

|∇η| − f ′
n

(|∇un|
) ∇un

|∇un|
]

· ∇(η − un)dx < 0. (29)

Since [
f ′

n

(|∇η|) ∇η

|∇η| − f ′
n

(|∇un|
) ∇un

|∇un|
]

· ∇(η − un)

= f ′
n

(|∇η|)|∇η| + f ′
n

(|∇un|
)|∇un|

− f ′
n

(|∇η|) ∇η

|∇η| · ∇un − f ′
n

(|∇un|
) ∇un

|∇un| · ∇η,

Cauchy-Schwarz inequality yields
[
f ′

n

(|∇η|) ∇η

|∇η| − f ′
n

(|∇un|
) ∇un

|∇un|
]

· ∇(η − un)

≥ (
f ′

n

(|∇η|) − f ′
n

(|∇un|
))(|∇η| − |∇un|

);
from the convexity of fn we obtain[

f ′
n

(|∇η|) ∇η

|∇η| − f ′
n

(|∇un|
) ∇un

|∇un|
]

· ∇(η − un) ≥ 0, (30)

which gives the desired contradiction on account of (29).
To complete the proof that un is a viscosity supersolution of (26), we shall prove

that if φ is a test function touching un at x0 from below, then ∇φ(x0) �= 0 (i.e. the
set of test functions touching un from below with vanishing gradient is the empty
set).

By contradiction, let us assume that φ ∈ C2(Ω) is such that un(x0) = φ(x0),
un(x) > φ(x) for x �= x0 and ∇φ(x0) = 0. Thus, there exists c > 0 and r1 > 0 such
that un(x) > φ(x) > ψ(x) for 0 < |x − x0| < r1, where

ψ(x) = −c|x − x0|2 + un(x0).

We notice that ψ is of class C2 and satisfies Fn(∇ψ(x),D2ψ(x)) < 0 for every x

in some ball of radius r2 centered at x0, i.e. there exists r2 > 0 such that ψ is a strict
classical subsolution of Fn(Dv,D2v) = 0 in Br2(x0).

Let r = min(r1, r2)/2, m = inf{un(x)−φ(x) : |x −x0| = r} and set η = φ + 1
2m.

Notice that η < un on ∂Br(x0), η(x0) > un(x0) and Fn(∇η,D2η) < 0 in Br(x0). As
done in the first part of the proof, we use the function (η − un)

+ extended to zero
outside Br(x0) as a test function in (11) and we obtain (29); then, from (30) we get a
contradiction. Thus, the set of test functions touching un from below with vanishing
gradient is the empty set and hence un is a viscosity supersolution of (26).

To prove that un is a subsolution of (26), we first consider a test function φ

touching un at x0 from above with ∇φ(x0) �= 0. This case in analogous to the su-
persolution case. The case ∇φ(x0) = 0 is simpler than before, since in this case
Fn(∇φ(x0),D

2φ(x0)) ≤ 0 is straightforwardly satisfied. �
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Theorem 1 Let u be the minimizer of (1), with f satisfying (2a)–(2d) and f ∈
C2((0,+∞)). Assume that there exists a sequence {fn}n∈N satisfying (i)–(iv) in
Proposition 1, (24), (25) and such that f ′′

n converges to f ′′ uniformly on the compact
sets contained in (0,+∞).

Then, u is a viscosity solution of

min

(
−|∇u|f ′′(|∇u|) − f ′(|∇u|)

|∇u|3 Δ∞u − f ′(|∇u|)
|∇u| Δu − 1, |∇u| − σ

)
= 0.

(31)

Proof Let {fn}n∈N be an approximating sequence of the function f satisfying (i)–
(iv) in Proposition 1, (24), (25) and such that f ′′

n converges to f ′′ uniformly on
the compact sets contained in (0,+∞). We refer to Theorem 3 for the existence of
such a sequence in some relevant cases. From Proposition 1, we can assume that
un converges to u uniformly as n tends to infinity. By using a standard argument
from the theory of viscosity solutions (see [8] and [15]), we shall prove that u is a
viscosity supersolution and subsolution of (31). The two proofs are not symmetric
and we prove firstly that u is a viscosity supersolution and then that it is also a
viscosity subsolution.

Assume φ is a smooth function touching u from below at x̂ ∈ Ω , i.e., u(x̂) =
φ(x̂) and u(x) > φ(x) for any x �= x̂. Since un is a viscosity solution of (26) and un

converges uniformly to u, there exist {xn}n∈N ⊂ Ω such that

(i) for any x ∈ Ω , un(xn) − φ(xn) ≤ un(x) − φ(x);
(ii) xn tends to x̂ as n tends to infinity;

see for instance [14] p. 95. Being un a viscosity supersolution of (26), we can con-
clude that

Fn

(∇φ(xn),D
2φ(xn)

) ≥ 0.

Let assume that |∇φ(x̂)| < σ ; since φ is of class C2 and from (ii), there exists
δ > 0 such that |∇φ(xn)| ≤ σ − δ for n large enough. By taking the limit as n → ∞
and from (25) we get a contradiction. Thus, we may exclude that |∇φ(x̂)| < σ .

Now assume that |∇φ(x̂)| ≥ σ . Since f ′
n and f ′′

n converge uniformly on compact
sets to f ′ and f ′′, respectively, by taking the limit as n → ∞ we get that both

−|∇φ(x̂)|f ′′(|∇φ(x̂)|) − f ′(|∇φ(x̂)|)
|∇φ(x̂)|3 Δ∞φ(x̂) − f ′(|∇φ(x̂)|)

|∇φ(x̂)| Δφ(x̂) − 1 ≥ 0,

and ∣∣∇φ(x̂)
∣∣ − σ ≥ 0

are satisfied. Hence the claim is proven.
Now, we prove that u is a viscosity subsolution of (31). Assume φ is a smooth

function such that u(x̂) = φ(x̂) and u(x) < φ(x) for any x �= x̂. As claimed at the
previous case, there exists a sequence {xn}n∈N such that

(i) un(xn) − φ(xn) ≥ un(x) − φ(x);
(ii) xn tends to x̂ as n tends to infinity.
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If |∇φ(x̂)| ≤ σ , then obviously

min

(
−|∇φ(x̂)|f ′′(|∇φ(x̂)|) − f ′(|∇φ(x̂)|)

|∇φ(x̂)|3 Δ∞φ(x̂) − f ′(|∇φ(x̂)|)
|∇φ(x̂)| Δφ(x̂) − 1,

∣∣∇φ(x̂)
∣∣ − σ

)
≤ 0

holds. In case |∇φ(x̂)| > σ , then |∇φ(xn)| ≥ σ + δ for some δ > 0 and for
any n large enough. Since un is a viscosity subsolution of (26), then we have
Fn(∇φ(xn),D

2φ(xn)) ≤ 0. Since fn and its first and second derivatives converges
uniformly as n → +∞, by taking the limit leads to

−|∇φ(x̂)|f ′′(|∇φ(x̂)|) − f ′(|∇φ(x̂)|)
|∇φ(x̂)|3 Δ∞φ(x̂) − f ′(|∇φ(x̂)|)

|∇φ(x̂)| Δφ(x̂) − 1 ≤ 0,

which completes the proof. �

Now, we assume that f satisfies (2a)–(2d) and

lim
s→σ+ f ′′(s) = +∞. (32)

Thus, f /∈ C2((0,+∞)) (i.e. f is not twice differentiable at s = σ ). Since it is not
possible to choose fn such that f ′′

n converges uniformly to f ′′, we cannot proceed
as in Theorem 1.

Let

a(s) =
{

f ′(s)
sf ′′(s) , s > σ,

0, 0 ≤ s ≤ σ,
(33)

and

b(s) =
{

s2

f ′′(s) , s > σ,

0, 0 ≤ s ≤ σ.
(34)

Notice that a, b ∈ C0([0,+∞)). Analogously, we define

an(s) = f ′
n(s)

sf ′′
n (s)

and bn(s) = s2

f ′′
n (s)

, (35)

for s > 0.

Theorem 2 Let u be the minimizer of (1), with f satisfying (2a)–(2d) and (32).
Assume that there exists a sequence {fn}n∈N satisfying (i)–(iv) in Proposition 1, (24)
and (25). Let a, b, an, bn be defined by (33)–(35) and assume that fn is such that an

and bn converge uniformly to a and b in the compact sets contained in (0,+∞) and
(σ,+∞), respectively.

Then u is a viscosity solution of

min
(−[

1 − a
(|∇u|)]Δ∞u − |∇u|2a(|∇u|)Δu − b

(|∇u|), ∣∣∇u(x)
∣∣ − σ

) = 0.

(36)
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Proof The proof splits in two parts. First we prove that u is a viscosity superso-
lution, then that it is also a subsolution. The earlier is slightly more involved and
we deal with it first. Notice that the existence of the sequence {fn}n∈N is proved in
Theorem 3 for some relevant cases.

The function u is a viscosity supersolution of (36).

Assume φ is a smooth function touching u from below at x̂ ∈ Ω , i.e., u(x̂) =
φ(x̂) and u(x) > φ(x) for any x �= x̂. Recall that un is a viscosity solution of (26)
and that, from Proposition 1, we can assume that un converges uniformly to u as n

tends to infinity. Thus, there exist {xn}n∈N ⊂ Ω such that for any x ∈ Ω , un(xn) −
φ(xn) ≤ un(x) − φ(x) and xn tends to x̂ as n tends to infinity.

Since un is a viscosity supersolution of (26), we can conclude that

Fn

(∇φ(xn),D
2φ(xn)

) ≥ 0. (37)

Let assume that |∇φ(x̂)| < σ . As done in the proof of Theorem 1, we get a
contradiction and we may exclude that |∇φ(x̂)| < σ .

Now assume that |∇φ(x̂)| > σ . Hence, we may assume that |∇φ(xn)| > σ (at
least for n large). By multiplying both sides of (37) by

|∇φ(xn)|2
f ′′

n (|∇φ(xn)|) ,

we have

−[
1 − an

(∣∣∇φ(xn)
∣∣)]Δ∞φ(xn)

− ∣∣∇φ(xn)
∣∣2

an

(∣∣∇φ(xn)
∣∣)Δφ(xn) − bn

(∣∣∇φ(xn)
∣∣) ≥ 0.

From the uniform convergence of an and bn and by taking the limit as n → ∞, we
get that both

−[
1 − a

(∣∣∇φ(x̂)
∣∣)]Δ∞φ(x̂) − ∣∣∇φ(x̂)

∣∣2
a
(∣∣∇φ(x̂)

∣∣)Δφ(x̂) − b
(∣∣∇φ(x̂)

∣∣) ≥ 0,

and
∣∣∇φ(x̂)

∣∣ − σ ≥ 0

are satisfied.
It remains to consider the case |∇φ(x̂)| = σ . Since we do not have the uniform

convergence of bn to b in a neighborhood of σ , we must proceed in a different way.
By contradiction, let us assume that u is not a viscosity supersolution of (36). For
what we have proven in the first part of the proof, there exist x̂ ∈ Ω and a smooth
function φ touching u from below at x̂ ∈ Ω with |∇φ(x̂)| = σ such that

min
(−[

1 − a
(∣∣∇φ(x̂)

∣∣)]Δ∞φ(x̂) − ∣∣∇φ(x̂)
∣∣2

a
(∣∣∇φ(x̂)

∣∣)Δφ(x̂) − b
(∣∣∇φ(x̂)

∣∣),∣∣∇φ(x̂)
∣∣ − σ

)
< 0.

Since |∇φ(x̂)| = σ , then a(σ ) = b(σ ) = 0 and the above inequality yields

−Δ∞φ(x̂) < 0. (38)
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As done before, there exists {xn}n∈N ⊂ Ω such that for any x ∈ Ω , un(xn)−φ(xn) ≤
un(x) − φ(x) and xn tends to x̂ as n tends to infinity. Notice that un is a viscosity
supersolution of (26) and then

−f ′′
n (|∇φ(xn)|)
|∇φ(xn)|2 Δ∞φ(xn)

≥ 1 + f ′
n(|∇φ(xn)|)
|∇φ(xn)| Δφ(xn) − f ′

n(|∇φ(xn)|)
|∇φ(xn)|3 Δ∞φ(xn).

Since xn converges to x̂ and φ is of class C2, then |∇φ(xn)| converges to σ and,
from (38), Δ∞φ(xn) > 0 for n large enough. The uniform convergence of f ′

n to f ′
yields the following contradiction:

1

2
≤ −f ′′(|∇φ(xn)|)

|∇φ(xn)|2 Δ∞φ(xn) < 0,

for n large enough. Hence the claim is proven.

The function u is a viscosity subsolution of (36).

Assume φ is a smooth function such that u(x̂) = φ(x̂) and u(x) < φ(x) for any
x �= x̂. Thus, there exists a sequence {xn}n∈N such that un(xn) − φ(xn) ≥ un(x) −
φ(x) and xn tends to x̂ as n tends to infinity.

If |∇φ(x̂)| ≤ σ , then obviously

min
(−[

1 − a
(∣∣∇φ(x̂)

∣∣)]Δ∞φ(x̂) − ∣∣∇φ(x̂)
∣∣2

a
(∣∣∇φ(x̂)

∣∣)Δφ(x̂) − b
(∣∣∇φ(x̂)

∣∣),∣∣∇φ(x̂)
∣∣ − σ

) ≤ 0

holds. In case |∇φ(x̂)| > σ , from the fact that un is a viscosity subsolution of (26),
we can conclude (carrying out the same algebraic manipulation showed at the pre-
vious step)

−[
1 − an

(∣∣∇φ(xn)
∣∣)]Δ∞φ(xn)

− ∣∣∇φ(xn)
∣∣2

an

(∣∣∇φ(xn)
∣∣)Δφ(xn) − bn

(∣∣∇φ(xn)
∣∣) ≤ 0.

Taking the limit leads to the desired conclusion. �

Remark 1 It is of interest to have an analogue of Theorem 2 when f satisfies

0 < lim
s→σ+ f ′′(s) < +∞.

This case can be studied by using an argument analogue to the one used in the proof
of Theorem 2 and under the additional assumption(

lim sup
n→∞

f ′′
n

)
(σ ) ≤ lim

s→σ+ f ′′(s).

We will not write in this paper the details of the proof. We just mention that if f is
given by (4) with q = 2, then the approximating sequence given in the proof of the
following Theorem satisfies this additional assumption.
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Theorems 1 and 2 require the existence of a sequence {fn}n∈N which satisfies
several assumptions. In the following theorem, we construct an explicit example.

Theorem 3 Let f satisfy (2a)–(2d) and let a be given by (33). Assume that there ex-
ists σ̃ > σ such that a(s) is nondecreasing for s ∈ [σ, σ̃ ]. Then there exists {fn}n∈N
which satisfies the assumptions required in Theorems 1 and 2.

Proof We construct an explicit example. A convenient way to construct the se-
quence {fn}n∈N is to modify f ′ only in the interval (0, σ + ε), with ε > 0 small
enough. We define

f ′
ε(s) =

{
f ′(σ + ε)[2( s

σ+ε
)pε − ( s

σ+ε
)qε ], 0 ≤ s ≤ σ + ε,

f ′(s), s > σ + ε,

with

pε = (σ + ε)f ′′(σ + ε)

f ′(σ + ε)

(
1 + 1

2
ωε

)
,

and

qε = (σ + ε)f ′′(σ + ε)

f ′(σ + ε)
(1 + ωε),

where,

ωε =
√

2

[
1 − f ′′′(σ + ε)f ′(σ + ε)

f ′′(σ + ε)2
− f ′(σ + ε)

(σ + ε)f ′′(σ + ε)

]
.

Since a(s) is nondecreasing in [σ, σ̃ ], then the same holds for loga(s). Thus,

0 ≤ d

ds
loga(s) = f ′′(s)

f ′(s)
− 1

s
− f ′′′(s)

f ′′(s)
.

By multiplying by f ′(s)/f ′′(s) we get

f ′(s)
sf ′′(s)

+ f ′(s)f ′′′(s)
f ′′(s)2

≤ 1,

for s ∈ (σ, σ̃ ), which implies that ωε is well-defined.
Tedious but straightforward computations show that fε ∈ C3(0,+∞) ∩

C1([0,+∞)). Since we modified f ′ only on a compact set, it is easy to show the
uniform convergence of fn and f ′

n to f and f ′, respectively.
Notice that

f ′′
ε (s) =

{
f ′(σ+ε)

σ+ε
[2pε(

s
σ+ε

)pε−1 − qε(
s

σ+ε
)qε−1], 0 ≤ s ≤ σ + ε,

f ′′(s), s > σ + ε;
since 2pε > qε and pε < qε , then f ′′

ε > 0.
Notice that we have

lim
s→σ+ a(s) = 0. (39)
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Indeed, assume by contradiction that there exists α > 0 such that a(s) → 1/α as
s → σ+. Since a(s) is nondecreasing, then a(s) ≥ 1/α for any s ∈ [σ, σ̃ ], which
implies that

d

ds
logf ′(s) ≤ d

ds
log sα, s ∈ (σ, σ̃ ).

By integrating both sides of the above inequality from s to σ̃ and after simple ma-
nipulations, we obtain that

f ′(s) ≥ f ′(σ̃ )

(
s

σ̃

)α

,

for any s ∈ (σ, σ̃ ). By taking the limit as s → σ+, we obtain f ′(σ ) > 0, a contra-
diction. Thus, (39) holds.

Since pε, qε ≥ (σ + ε)f ′′(σ + ε)/f ′(σ + ε), from (39) we have

lim
ε→0+ pε = +∞ and lim

ε→0+ qε = +∞. (40)

Assume that ε is small enough so that pε and qε are greater than 3; then

sf ′′
ε (s) − f ′

ε(s)

s3
= f ′(σ + ε)

[
2(pε − 1)

(σ + ε)pε
spε−3 − (qε − 1)

(σ + ε)qε
sqε−3

]
,

0 < s ≤ σ + ε,

and

f ′
ε(s)

s
= f ′(σ + ε)

[
2pε

(σ + ε)pε
spε−1 − qε

(σ + ε)qε
sqε−1

]
, 0 < s ≤ σ + ε.

From (40), we get (24) and (25).
We notice that

aε(s) = f ′(σ + ε)

(σ + ε)f ′′(σ + ε)
· 2( s

σ+ε
)pε − ( s

σ+ε
)qε

2( s
σ+ε

)pε − ( s
σ+ε

)qε + ωε[( s
σ+ε

)pε − ( s
σ+ε

)qε ] ,

for 0 ≤ s ≤ σ + ε and aε(s) = a(s) for s > σ + ε. Thus,

sup
s∈R

∣∣aε(s) − a(s)
∣∣ ≤ f ′(σ + ε)

(σ + ε)f ′′(σ + ε)
;

by (39), we obtain that aε converges uniformly to a.
Since f ′′

ε (s) = f ′′(s) for s ≥ σ + ε, it is clear that bn converges uniformly to b

in the compact sets contained in (σ,+∞). �

Remark 2 We notice when f is given by (3) or (4), then a satisfies the assumptions
of Theorem 3. Indeed, if f is given by (3), then we have

a(s) =
{0, 0 ≤ s ≤ 1,

1 − 1
s2 , s > 1,

and then a(s) is nondecreasing.
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When f is given by (4), then

a(s) =
{

0, 0 ≤ s ≤ 1,
1

q−1 (1 − 1
s
), s > 1,

which is a nondecreasing function.

Example 1 Let f be given by (3). Then

f ′(s) =
√(

s2 − 1
)+

and a and b in (33) and (34) read as

a(s) =
{0, 0 ≤ s ≤ 1,

1 − 1
s2 , s > 1,

and

b(s) = s

√(
s2 − 1

)+
.

We notice that, working as in the proof of Theorem 2, we can prove that u sat-
isfies other equations in the viscosity sense which are of the same form as (5). For
instance, let a∗ > 0 be such that a(s) < a∗ for any s ≥ 0; then it can be shown that
u satisfies

min

{
−

[
1 + 1 − a∗

a∗ − a(|∇u|)
]
Δ∞u − |∇u|2a(|∇u|)

a∗ − a(|∇u|) Δu − b(|∇u|)
a∗ − a(|∇u|) ,

∣∣∇u(x)
∣∣ − σ

}
= 0, (41)

in the viscosity sense. If f is given by (3), we can choose a∗ = 1 and (41) reads as

min
(−Δ∞u − |∇u|2(|∇u|2 − 1

)+
Δu − |∇u|3

√(|∇u|2 − 1
)+

,
∣∣∇u(x)

∣∣ − 1
) = 0.

Acknowledgements The author wishes to thank Rolando Magnanini and Simone Cecchini for
the many helpful discussions. The author is grateful for the careful and thoughtful comments of
the referees which led to substantial improvements over a first version of this paper.

References

1. Brasco, L.: Global L∞ gradient estimates for solutions to a certain degenerate elliptic equa-
tion. Nonlinear Anal. 74, 516–531 (2011)

2. Brasco, L., Carlier, G., Santambrogio, F.: Congested traffic dynamics, weak flows and very
degenerate elliptic equations. J. Math. Pures Appl. 93, 652–671 (2010)

3. Buttazzo, G., Kawohl, B.: Overdetermined boundary value problems for the ∞-Laplacian. Int.
Math. Res. Not. 2, 237–247 (2011)

4. Cabré, X., Caffarelli, L.: Fully Nonlinear Elliptic Equations. Colloquium Publications, vol. 43.
American Mathematical Society, Providence (1995)



A Viscosity Equation for Minimizers 83

5. Carstensen, C., Müller, S.: Local stress regularity in scalar nonconvex variational problems.
SIAM J. Math. Anal. 34, 495–509 (2002)

6. Cecchini, S., Magnanini, R.: Critical points of solutions of degenerate elliptic equations in the
plane. Calc. Var. Partial Differ. Equ. 39(1–2), 121–138 (2010)

7. Ciraolo, G., Magnanini, R., Sakaguchi, S.: Symmetry of minimizers with a level surface par-
allel to the boundary. Preprint. http://arxiv.org/abs/1203.5295 (2012)

8. Crandall, M.G., Ishii, H., Lions, P.L.: User’s guide to viscosity solutions of second order partial
differential equations. Bull. Am. Math. Soc. 27(1), 1–67 (1992)

9. Crasta, G.: Existence, uniqueness and qualitative properties of minima to radially symmetric
non-coercive non-convex variational problems. Math. Z. 235, 569–589 (2000)

10. Fonseca, I., Fusco, N., Marcellini, P.: An existence result for a nonconvex variational problem
via regularity. ESAIM Control Optim. Calc. Var. 7, 69–95 (2002)

11. Fragalà, I., Gazzola, F., Kawohl, B.: Overdetermined problems with possibly degenerate el-
lipticity, a geometric approach. Math. Z. 254, 117–132 (2006)

12. Gilbarg, D., Trudinger, N.S.: Elliptic Partial Differential Equations of Second Order. Springer,
Berlin (1977)

13. Jensen, R.: Uniqueness of Lipschitz’s extensions: minimizing the sup norm of the gradient.
Arch. Ration. Mech. Anal. 123, 51–74 (1993)

14. Juutinen, P., Lindqvist, P., Manfredi, J.J.: The ∞-eigenvalue problem. Arch. Ration. Mech.
Anal. 148(2), 89–105 (1999)

15. Koike, S.: A Beginner’s Guide to the Theory of Viscosity Solutions. MSJ Mem., vol. 13.
Mathematical Society of Japan, Tokyo (2004)

16. Magnanini, R., Talenti, G.: On complex-valued solutions to a 2D eikonal equation. Part one:
qualitative properties. In: Nonlinear Partial Differential Equations. Contemporary Mathemat-
ics, vol. 283, pp. 203–229. American Mathematical Society, Providence (1999)

17. Magnanini, R., Talenti, G.: On complex-valued solutions to a 2D eikonal equation. Part two:
existence theorems. SIAM J. Math. Anal. 34, 805–835 (2003)

18. Magnanini, R., Talenti, G.: On complex-valued solutions to a 2D eikonal equation. Part three:
analysis of a Backlund transformation. Appl. Anal. 85(1–3), 249–276 (2006)

19. Magnanini, R., Talenti, G.: On complex-valued 2D eikonals. Part four: continuation past a
caustic. Milan J. Math. 77(1), 1–66 (2009)

20. Santambrogio, F., Vespri, V.: Continuity in two dimensions for a very degenerate elliptic equa-
tion. Nonlinear Anal. 73, 3832–3841 (2010)

21. Tolksdorf, P.: On the Dirichlet problem for quasilinear equations in domains with conical
boundary points. Commun. Partial Differ. Equ. 8, 773–817 (1983)



Kato’s Inequality in the Half Space:
An Alternative Proof and Relative
Improvements

Adele Ferone

Abstract In this paper we give an alternative proof of the optimal Kato’s inequality
in the half space. The approach is based on a very classical method of Calculus of
Variation due to Weirstrass (and developed by Hilbert) that usually is considered to
prove that the solutions of the Euler Lagrange equation associated to a functional
are, in fact, extremals. In this paper we will show how this method is well suited
also to functionals that have no extremals. Moreover, we will present a class of in-
equalities that interpolate Kato’s inequality and Hardy’s inequality in the half space.

Keywords Kato’s inequality · Hardy’s inequality · Remainder terms · Optimal
constants

1 Introduction

Sobolev spaces play a fundamental rule in the study of differential and integral
operators especially for their embedding characteristics. Most of the results assert
that, if Ω is an open set of Rn with smooth boundary, then W 1,p(Ω) is embedded
into some Lebesgue spaces Lq(Ω) or Lq(∂Ω), with q > p.

The standard Sobolev inequality states that W 1,2(Rn) is continuously embedded
into L2∗

(Rn), 2∗ = 2n
n−2 , and

√
(n − 2)πn

[
Γ (n/2)Γ (1 + n/2)

Γ (n)Γ (1 + n/2)

]1/n

‖u‖L2∗
(Rn) ≤ ‖∇u‖L2(Rn), (1)

where, here and in the following, Γ is the usual Gamma function defined as Γ (s) =∫ ∞
0 t s−1 exp(−t) dt . The constant in (1) is optimal and was given independently by

Aubin and Talenti in [6, 26].
The Hardy inequality

(n − 2)2

4

∫

Rn

u2(y)

|y|2 dy ≤
∫

Rn

|∇u|2(y) dy, u ∈ W 1,2(
R

n
)

(2)
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strengthens (1) in as much as it states that if u has a distributional gradient in L2(Rn)

then it has an higher summability, indeed it belongs to the Lorentz space L2∗,2(Rn)

and L2∗,2(Rn) � L2∗
(Rn). The constant that appear in (2) is optimal but never at-

tained as demonstrated by sequences obtained on truncating functions having the
form

ψa(x) = a|x| 2−n
2 for x ∈R

n,

with a ∈R \ {0}, at levels 1/k and k, and then letting k → ∞. The optimality of the
constant in (1) is preserved even if the whole space R

n is replaced by any open set
Ω and u is supposed to be zero on the boundary. The same situation occurs for (2)
if moreover Ω contains the origin. Nevertheless if, in particular, Ω is the upper half
n-dimensional Euclidean space R

n+ = {(x, t) ∈ R
n : x ∈ R

n−1, t > 0}, by reflection
arguments, we can deduce that both inequalities (1) and (2) still hold (with the same
optimal constants) even if u is not necessarily zero on the boundary. Inequalities
(1) and (2) then do not give any information about the summability of the trace of
u if considered for functions defined in R

n+. Such summability properties can be
deduced from the following result.

Theorem 1 Let n ≥ 3 and let u be a real function on R
n+ vanishing at infinity, such

that |∇u| ∈ L2(Rn+). Then the following inequality holds

Hn

∫

∂Rn+

u2(x,0)

|x| dx ≤
∫

R
n+

|∇u|2(x, t) dx dt, u ∈ W 1,2(
R

n+
)
. (3)

The optimal constant is

Hn = 2
Γ 2(n

4 )

Γ 2( n−2
4 )

. (4)

Inequality (3) is known in literature as the Kato inequality and it asserts that

W 1,2(Rn+) is continuously embedded into the Lorentz space L
2(n−1)
n−2 ,2(∂Rn+).

The constant (4) is optimal but, similarly to what happens for the standard Hardy
inequality (2), it is never attained since functions that are candidates to be extremals,
are proportional to the solution of the problem

{
�ϕ = 0 in R

n+,

ϕ = |x|− n
2 +1 on ∂Rn+.

(5)

Theorem 1 was proved by Herbst in [23] by using dilation analytic techniques.
Recently Davila, Dupaigne and Montenegro in [15] gave a different proof based on
a suitable change of variables. Moreover, exploiting the lack of the extremals, they
improved (3) by adding an extra term on the left hand side, under the additional
hypothesis that u is compactly supported.

The aim of this note is to present a different approach in proving Theorem 1
based on the Weierstrass method. Such method has recently been adopted in [3] to
find an improvement of the classical Sobolev inequality. It also reveals particularly
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suitable to prove a class of inequalities that generalize (3) and that provide, at the
mean time, the optimal summability both for a function u ∈ W 1,2(Rn+) and for its
trace on the boundary. Indeed, the following result, obtained in collaboration with
A. Alvino and R. Volpicelli in [5], holds.

Theorem 2 Let n ≥ 3 and let u be a real function on R
n+ vanishing at infinity,

such that |∇u| ∈ L2(Rn+). Then, for any 2 ≤ β < n, there exists a positive constant
H(n,β) such that

H(n,β)

∫

∂Rn+

u2

|x| dx + (β − 2)2

4

∫

R
n+

u2

|x|2 + t2
dx dt ≤

∫

R
n+

|∇u|2 dx dt, (6)

where

H(n,β) = 2
Γ

(n+β
4 − 1

2

)
Γ

(n−β
4 + 1

2

)

Γ
(n+β

4 − 1
)
Γ

(n−β
4

) . (7)

The constant H(n,β) is sharp.

Inequalities (6) can be regarded as a Hardy inequality (or equivalently as a Kato
inequality) with a remainder term. Typically, improvements of (2) and (3) consider
extra terms on the left-hand side that either involve integrals of |u|2 with weights
depending on |y| which are less singular at 0, or integrals of |∇u|q with q < 2 (see,
for example, [1, 2, 4, 7–11, 14, 16, 18–21, 24, 27, 28]). Nevertheless, this kind of
improvements holds only for functions defined in open bounded set, indeed if u is
defined in the whole space R

n+, then no extra terms can be considered [12, 13]. In
[5] we show that, starting from the classical Hardy inequality in the half-space, if
we replace the optimal constant with a smaller one, then we can add an extra term
equal to that one that appears on the left hand side of (3).

It can be easily checked that when β = 2, then inequality (6) reduces to (3), while
when β goes to n, then inequality (6) reduces to (2). The optimal constant H(n,β),
as expected, is never attained since the candidates for extremals are proportional to
the solution of the problems

⎧
⎪⎨

⎪⎩

�ϕ + (β − 2)2

4

ϕ

|x|2 + t2
= 0 in R

n+,

ϕ = |x|− n
2 +1 on ∂Rn+.

(8)

The proof of Theorem 2 relies on an adaptation of the proof of Theorem 1: here we
will give just a sketch of it and for the details we refer to [5].

The paper is organized as follow: in Sect. 2 we roughly describe the Weierstrass
method, in Sect. 3 we prove Theorem 1 and in Sect. 4 we give an outline of the proof
of Theorem 2.
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2 Preliminary Results: The Weierstrass Method

The aim of this section is to give an idea of a very classical method of Calculus of
Variations used to prove that a solution of the Euler Lagrange equation associated
to a functional

F (u,Ω) =
∫

Ω

f
(
x,u(x),∇u(x)

)
dx (9)

is, in fact, a minimum of the functional. Here Ω is an open bounded domain of Rn,
n ≥ 1, u denotes a function defined in Ω of class C1 and f : (x, z,p) ∈ R

n ×
R × R

n → R is sufficiently smooth. This method was developed by Weirstrass for
one-dimensional integrals and then generalized to multiple integrals by Schwartz,
Lichtenstein and Morrey. We refer to the monographs [25] and [22] for the general
theory and the references therein.

The basic idea is to consider a whole bundle of extremals, i.e. solutions of the
Euler Lagrange equation, instead of a single one. This poses the problem to embed
a given extremal in a field of extremals, i.e. in a foliation by extremal surface of
codimension one. The surfaces of such functions cover some domain G of Rn+1 in
the sense that through every point of G there passes exactly one field surface. More
precisely, let Σ be an interval of R, G a subset of Rn+1 and consider a one parameter
family {φk}k∈Σ of functions defined in Ω satisfying the following conditions:

(I) for every k ∈ Σ , φk is a solution of the Euler-Lagrange equation
n∑

i=1

∂

∂xi

∂

∂pi

f (x,φ,∇φ) = ∂

∂z
f (x,φ,∇φ), x ∈ Ω (10)

associated to (9);
(II) for every point (x, z) ∈ G there is exactly one value k = k(x, z) ∈ Σ such that

z = φk(x,z)(x).

As customary in the calculus of variations, we call the field

F : (x, k) ∈ Ω × Σ → (
x,φk(x)

) ∈ G ⊆ R
n+1

the Mayer field on G and the family {graph(φk)}k∈Σ the extremal field of hypersur-
face covering G over Ω . The slope P : (x, z) ∈ R

n+1 → R
n of the field is defined

by

P(x, z) ≡ ∇φk(x,z)(x).

Let S0 be some non parametric hypersurface in R
n+1 given by z = u0(x), x ∈ Ω0:

we say that S0 is embedded into the field {graph(φk)}k∈Σ if there is some k0 ∈ Σ

such that S0 is a part of the leaf graph(φk0), that is Ω0 ⊆ Ω and u0(x) = φk0(x),
for all x in Ω0.

Since the functions {φk} solves (10) it is easy to check that the field

S(x, z) ≡ (∇pf
(
x, z,P(x, z)

)
,

∇pf
(
x, z,P(x, z)

) · P(x, z) − f
(
x, z,P(x, z)

))
(11)
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is divergence free (here and in the following w1 · w2 denotes the scalar prod-
uct in R

m, m ≥ 2 of w1 and w2). Hence, for any function u ∈ C1(Ω) with
graph(u) ⊆ G, if

M(x, z,p) = f
(
x, z,P(x, z)

) + ∇pf
(
x, z,P(x, z)

) · (p − P(x, z)
)
,

the integral

M (u,Ω) =
∫

Ω

M
(
x,u,∇u(x)

)
dx (12)

is an invariant integral, that is

M (u,Ω) = M (v,Ω)

for any functions u,v ∈ C1(Ω), with graph(u) ⊆ G, graph(v) ⊆ G and u|∂Ω = v|∂Ω .
Indeed, by the definition (11) of S, the functional M (u,Ω) can be rewritten as

M (u,Ω) =
∫

Ω

S
(
x,u(x)

) · (∇u(x),−1
)
dx,

that is M (u,Ω) is the inward flow of the vector field S(x,u(x)) through the graph
of u. One denotes M (u,Ω) as the Hilbert invariant integral associated with the
Mayer field F .

Using the Weirstrass excess function Ef defined as

Ef

(
x, z,P(x, z),p

) = f (x, z,p) − M(x, z,p)

we obtain that, for any v ∈ C1(Ω) with graph(v) ⊆ G,
∫

Ω

f
(
x, v,∇v(x)

)
dx =

∫

Ω

M
(
x, v,∇v(x)

)
dx

+
∫

Ω

Ef

(
x, v,P(x, v),∇v(x)

)
dx,

or, equivalently by definitions (9) and (12)

F (v,Ω) = M (v,Ω) +
∫

Ω

Ef

(
x, v,P(x, v),∇v(x)

)
dx (13)

that is known as the Weirstrass representation formula for (9). Since M is an invari-
ant integral, we infer that if u ∈ C2(Ω) is a solution of (10) and u is embedded in a
Mayer field F on G with slope P , for any function v ∈ C1(Ω) with graph(v) ⊆ G

and v = u on ∂Ω then it follows

F (v,Ω) = F (u,Ω) +
∫

Ω

Ef

(
x, v,P(x, v),∇v(x)

)
dx.

If in addition, the Mayer field F satisfies the sufficient Weirstrass condition

Ef

(
x, z,P(x, z),p

)
> 0 for (x, z) ∈ G and p �= P(x, z)

then it follows that F (v,Ω) > F (u,Ω) for all function v ∈ C1(Ω) with
graph(v) ⊆ G and v = u on ∂Ω , that is the extremal u is, in fact, a minimum.
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3 Kato’s Inequality: An Alternative Proof

In this section we prove Theorem 1. Our aim is to apply the Weirstrass method
illustrated in Sect. 2. Nevertheless, the main difficulties in approaching this problem
relies on the facts that in this case Ω is an unbounded set and moreover for the
functions that are candidates to realize the equality in (3) the functional

F
(
u,Rn+

) =
∫

R
n+

|∇u|2(x) dx (14)

is divergent. Therefore we have to fit the technique illustrated in Sect. 2 to overcome
these problems. We, firstly, construct a family of extremals for the functional (14),
i.e. a family of harmonic functions on R

n+, that cover Rn+ ×R
+ to define the Mayer

field associated. This family is given by {kϕ}k∈R+ where ϕ is the solution of (5). To
solve problem (5) we start from the family of harmonic functions on R

n+ that realize
the equality in the Trace Sobolev inequality

√
n − 2

2

4
√

π

Γ
1

2(n−1) ( n+1
2 )

‖u‖
L

2(n−1)
n−2 (∂Rn+)

≤ ‖∇u‖L2(Rn+).

Such family was determined by Escobar in [17] and it is given by

ψa(x, t) =
[

a

(a + t)2 + |x|2
] n−2

2

, a ∈ R+.

Since the functions ψa , a ∈ R+, are harmonic, if we integrate such family with
respect to the parameter, we still have an harmonic function. If, in particular, we
integrate with respect to a suitable weight of the parameter, then we can construct an
harmonic function with the required behavior on ∂Rn+. Indeed, consider the function

ψ(x, t) =
∫ ∞

0
ψa(x, t)

da

a
=

∫ ∞

0

a
n
2 −2

[(a + t)2 + |x|2] n
2 −1

da.

By the change of variable A = a
|x| we obtain

ψ(x, t) = |x|− n
2

∫ ∞

0

[
a

|x|
] n

2 −2[(
a

|x| + t

|x|
)2

+ 1

]− n
2 +1

da

= |x|− n
2 +1

∫ ∞

0
A

n
2 −2

[(
A + t

|x|
)2

+ 1

]− n
2 +1

dA. (15)

Since the last integral in (15) is convergent for all (x, t) ∈ R
n+, it follows that the

function ψ is proportional to the function ϕ, solution of (5). Moreover, it is easy to
check that the family {kψ}k∈Rn+ covers Rn+×R

+, indeed for any (x, t, z) ∈ R
n+×R

+

there exists a unique k = k(x, t, z) ∈R
n+ such that z = kψ(x, t), that is

k(x, t, z) = z

ψ(x, t)
.
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The Mayer field is then

F : (x, t, k) ∈ R
n+ ×R

+ → (
x, t, kψ(x, t)

) ∈ R
n+ ×R

+, (16)

the slope is

P(x, t, z) = z

ψ(x, t)
∇ψ(x, t),

and the Weierstrass excess function is

E (x, t, z,P,p) = |p|2 − [∣∣P(x, t, z)
∣∣2 + 2P(x, t, z) · (p − P(x, t, z)

)]

= ∣∣p − P(x, t, z)
∣∣2

.

Therefore, the Mayer field (16) satisfies the sufficient Weierstrass condition. If, here
and in the following, Bρ(0) denotes the ball centered at the origin and of radius ρ,
from (13) we deduce

∫

R
n+\Br(0)

|∇u|2(x) dx ≥ M
(
u,Rn+ \ Br(0)

)
(17)

for every nonnegative function u ∈ C∞(Rn+), vanishing outside the ball BR(0) and
for any 0 < r < R. To evaluate the invariant integral associated M (u,Rn+ \ Br(0)),
we recall that it can be rewritten as the inward flow of the free divergent vector field

S(x, t, z) ≡ (
2P(x, t, z),

∣∣P(x, t, z)
∣∣2)

≡
(

2z

ψ(x, t)
∇ψ(x, t),

z2

ψ2(x, t)
|∇ψ |2(x, t)

)

through the graph of u. Since u is supported on BR(0), its graphs is a part of the
boundary of its undergraph

R(u) = {
(x, t, z) ∈ [

BR(0) \ Br(0)
] ×R

+ : 0 ≤ z ≤ u(x, t)
}
.

Since S ≡ 0 when z = 0, by divergence theorem, it follows that the inward flow
through the graph of u equals the sum of the outward flows across the two manifolds

Σ1 = {
(x, t, v) ∈ R

n+ ×R : |x| > r, t = 0, 0 ≤ v ≤ u(x,0)
}

(18)

Σ2 = {
(x, t, v) ∈ R

n+ ×R : |x|2 + t2 = r2, 0 ≤ v ≤ u(x, t)
}
. (19)

Then

M
(
u,Rn+ \ Br(0)

) =
∫

Σ1

S · ν dH n +
∫

Σ2

S · ν dH n, (20)

where, here and in the following, H m denotes the m-dimensional Hausdorff mea-
sure on R

m+1. Let us begin by evaluating the flow of S across Σ1. Since the only
non-zero component of the unit outward normal ν to Σ1 is νn = −1, it follows that
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∫

Σ1

S · ν dH n = −
∫

|x|>r

(∫ u(x,0)

0

ψt(x,0)

ψ(x,0)
2z dz

)
dx

= −
∫

|x|>r

(
ψt(x,0)

ψ(x,0)

∫ u(x,0)

0
2z dz

)
dx

= −
∫

|x|>r

u2(x,0)
ψt (x,0)

ψ(x,0)
dx. (21)

By (15), if we define

h(s) =
∫ ∞

0
A

n
2 −2[(A + s)2 + 1

]− n
2 +1

dA (22)

then we can rewrite

ψ(x, t) = 1

|x| n
2 −1

h

(
t

|x|
)

(23)

from which we easily deduce that

ψt(x,0) = 1

|x| n
2
h′(0) = −n − 2

|x| n
2

∫ ∞

0

A
n
2 −1

[A2 + 1] n
2

dA. (24)

Collecting (21)–(24) we get
∫

Σ1

S · ν dH n = Hn

∫

|x|>r

u2(x,0)

|x| dx (25)

where

Hn = (n − 2)

[∫ ∞

0

A
n
2 −1

[A2 + 1] n
2

dA

][∫ ∞

0

A
n
2 −2

[A2 + 1] n
2 −1

dA

]−1

. (26)

In order to evaluate explicitly Hn, consider the change of variable α = A2

A2+1
in both

integrals that appear in (26), to obtain
∫ ∞

0

A
n
2 −1

[A2 + 1] n
2

dA = 1

2

∫ 1

0
α

n
4 −1(1 − α)

n
4 −1 dα = 1

2
B

(
n

4
,
n

4

)
(27)

and
∫ ∞

0

A
n
2 −2

[A2 + 1] n
2 −1

dA = 1

2

∫ 1

0
α

n
4 − 3

2 (1 − α)
n
4 − 3

2 dα = 1

2
B

(
n − 2

4
,
n − 2

4

)
,

(28)

where B denote the Beta function defined as B(ξ, η) = ∫ 1
0 αξ−1(1 − α)η−1dα. Re-

calling that

B(ξ, η) = Γ (ξ)Γ (η)

Γ (ξ + η)
, (29)

from (27)–(29) we get
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Hn = (n − 2)
Γ 2(n

4 )

Γ (n
2 )

Γ (n
2 − 1)

Γ 2( n−2
4 )

that jointly with the identity Γ (1 + ξ) = ξΓ (ξ) gives

Hn = 2
Γ 2(n

4 )

Γ 2( n−2
4 )

.

As regards the flow of S across Σ2, since its outer unit normal is

ν ≡
(

− x
√|x|2 + t2

,− t
√|x|2 + t2

,0

)
,

then
∣∣∣∣

∫

Σ2

S · ν dH n

∣∣∣∣ ≤
∫

Σ2

2z

∣∣∣∣
ψρ(x, t)

ψ(x, t)

∣∣∣∣dH n (30)

where ψρ denotes the derivative of ψ in the radial direction. Using the representa-
tion of ψ given in (23), if we consider the following change of variable

|x| = ρ cos θ, t = ρ sin θ, ρ ≥ 0, θ ∈ [0,π],
we easily deduce that

ψ(x, t) = 1

ρ
n
2 −1

h(tan θ)

cos
n
2 −1 θ

,

from which we infer

ψρ(x, t) =
(

1 − n

2

)
1

ρ
n
2

h(tan θ)

cos
n
2 −1 θ

=
(

1 − n

2

)
ψ(x, t)

√|x|2 + t2
. (31)

The following inequalities hold
∣∣∣∣

∫

Σ2

S · ν dH n

∣∣∣∣ ≤ n − 2

r

∫

∂B+
r (0)

dH n−1
∫ u(x,t)

0
z dz

= n − 2

r

∫

∂B+
r (0)

u2(x, t)

2
dH n−1

≤ n − 2

r

nCnr
n−1

2

‖u‖2
L∞(∂B+

r (0))

2
= Crn−2, (32)

where the first inequality follows from (30), (31) and from the definition of Σ2 (here,
and in the following, ∂B+

ρ (0) denotes the boundary of Bρ(0) contained in R
n+ and

Cn denote the measure of the unit ball of Rn). Finally, from (17), (20), (25) and (32)
we deduce that there exists a positive constant C such that

∫

R
n+\Br(0)

|∇u|2(x) dx ≥ Hn

∫

|x|>r

u2(x,0)

|x| dx − Crn−2,

from which (3) follows directly on letting r go to zero and by density arguments.



94 A. Ferone

It remains to show that the constant that appears in (3) is optimal. To do this, let
0 < r < R and apply the previous arguments replacing u by ψ . Starting from (13),
since E (x, t,ψ(x, t),P(x, t),∇ψ(x, t)) = 0 we get

∫

B+
R (0)\Br (0)

|∇ψ |2(x, t) dx dt = M
(
ψ,B+

R (0) \ Br(0)
)
.

Nevertheless, since ψ is non-zero on ∂BR(0), instead of (20) we get
∫

B+
R (0)\Br (0)

|∇ψ |2(x, t) dx dt =
∫

Σ1

S · ν dH n +
∫

Σ2

S · ν dH n +
∫

S
S · ν dH n

where Σ1 and Σ2 are given in (18) and (19), respectively, by replacing u by ψ , and

S = {
(x, t, z) ∈R

n+ ×R : |x|2 + t2 = R2, 0 ≤ z ≤ ψ(x, t)
}
.

By (25) and the definition of S, Σ1, Σ2 and S we infer
∫

B+
R (0)\Br (0)

|∇ψ |2(x, t) dx dt

= Hn

∫

r<|x|<R

ψ2(x,0)

|x| dx + n − 2

r

∫

Σ2

z dH n − n − 2

R

∫

S
z dH n. (33)

It is easy to check that the last two integrals in (33) are equal. Indeed, by spherical
coordinates and (31), arguing as in (32), we get

n − 2

r

∫

Σ2

z dH n = n − 2

r

∫

∂B+
1 (0)

1

rn−2

h2(tan θ)

2 cosn−2 θ
rn−1 dH n−1

= (n − 2)

∫

∂B+
1 (0)

h2(tan θ)

2 cosn−2 θ
dH n−1

= n − 2

R

∫

S
z dH n. (34)

Collecting (33) and (34) we deduce

lim
R→∞ lim

r→0

∫
B+

R (0)\Br (0)
|∇ψ |2(x, t) dx dt

∫
r<|x|<R

ψ2(x,0)
|x| dx

= Hn

that shows the optimality of the constant.

4 Sketch of the Proof of Theorem 2

Consider 2 ≤ β < n. The proof contained in Sect. 3 can be adapted to consider the
functional

F
(
u,Rn+

) =
∫

R
n+

∣∣∇u(x, t)
∣∣2

dx dt − (β − 2)2

4

∫

R
n+

u2(x, t)

|x|2 + t2
dx dt
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instead of that defined in (14). In this case the family of extremals is given by
{kφ}k∈Rn+ , where φ is the solution of (8). Writing

φ(x, t) = ρ− n
2 +1f (θ)

problem (8) is equivalent to the following limit problem
⎧
⎪⎪⎨

⎪⎪⎩

f ′′(θ) − (n − 2) tan θf ′(θ) −
(

(n − 2)2

4
− (β − 2)2

4

)
f (θ) = 0, θ ∈

(
0,

π

2

)

f (0) = 1, lim
θ→ π

2

f (θ) ∈R.

(35)

The solution of (35) lead to the following representation of φ

φ(x, t) =
F
(n+β

4 − 1,
n−β

4 , 1
2 ; t2

|x|2+t2

)

[|x|2 + t2] n−2
4

− t
H(n,β)

[|x|2 + t2] n
4
F

(
n + β

4
− 1

2
,
n − β

4
+ 1

2
,

3

2
; t2

|x|2 + t2

)
(36)

where F denotes the hypergeometric series

F(a, b, c; z) = 1 + Γ (c)

Γ (a)Γ (b)

∞∑

k=1

Γ (a + k)Γ (b + k)

Γ (c + k)

zk

k! .

The result then follows arguing as in Sect. 3, by considering the Mayer field

F : (x, t, k) → (
x, t, kφ(x, t)

) ∈ R
n+.
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Sharp Bounds for the p-Torsion of Convex
Planar Domains

Ilaria Fragalà, Filippo Gazzola, and Jimmy Lamboley

Abstract We obtain some sharp estimates for the p-torsion of convex planar do-
mains in terms of their area, perimeter, and inradius. The approach we adopt relies
on the use of web functions (i.e. functions depending only on the distance from
the boundary), and on the behavior of the inner parallel sets of convex polygons.
As an application of our isoperimetric inequalities, we consider the shape optimiza-
tion problem which consists in maximizing the p-torsion among polygons having
a given number of vertices and a given area. A long-standing conjecture by Pólya-
Szegö states that the solution is the regular polygon. We show that such conjecture
is true within the subclass of polygons for which a suitable notion of “asymmetry
measure” exceeds a critical threshold.

Keywords Isoperimetric inequalities · Shape optimization · Web functions ·
Convex shapes

1 Introduction

Let Ω ⊂ R
2 be an open bounded domain and let p ∈ (1,+∞). Consider the bound-

ary value problem
{−Δpu = 1 in Ω

u = 0 on ∂Ω,
(1)
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where Δpu = div(|∇u|p−2∇u) denotes the p-Laplacian. The p-torsion of Ω is
defined by

τp(Ω) :=
∫

Ω

|∇up|p =
∫

Ω

up, (2)

being up the unique solution to (1) in W
1,p

0 (Ω). Notice that the second equality
in (2) is obtained by testing (1) by up and integrating by parts. Since (1) is the
Euler-Lagrange equation of the variational problem

min
u∈W

1,p
0 (Ω)

Jp(u), where Jp(u) =
∫

Ω

(
1

p
|∇u|p − u

)
, (3)

there holds

τp(Ω) = p

1 − p
min

u∈W
1,p
0 (Ω)

Jp(u).

A further characterization of the p-torsion is provided by the equality τp(Ω) =
S(Ω)1/(p−1), where S(Ω) is the best constant for the Sobolev inequality ‖u‖p

L1(Ω)
≤

S(Ω)‖∇u‖p

Lp(Ω) on W
1,p

0 (Ω).
The purpose of this paper is to provide some sharp bounds for τp(Ω), holding

for a convex planar domain Ω , in terms of its area, perimeter, and inradius (in the
sequel denoted respectively by |Ω|, |∂Ω|, and RΩ ). The original motivation for
studying this kind of shape optimization problem draws its origins in the following
long-standing conjecture by Pólya and Szegö:

Among polygons with a given area and N vertices,

the regular N -gon maximizes τp. (4)

A similar conjecture is stated by the same Authors also for the principal frequency
and for the logarithmic capacity, see [15]. For N = 3 and N = 4 these conjectures
were proved by Pólya and Szegö themselves [15, p. 158]. For N ≥ 5, to the best
of our knowledge, the unique solved case is the one of logarithmic capacity, see
the beautiful paper [16] by Solynin and Zalgaller; the cases of torsion and principal
frequency are currently open. In fact let us remind that, for N ≥ 5, the classical tool
of Steiner symmetrization fails because it may increase the number of sides, see [10,
Sect. 3.3].

The approach we adopt in order to provide upper and lower bounds for the p-
torsion in terms of geometric quantities, is based on the idea of considering a proper
subspace Wp(Ω) of W

1,p

0 (Ω) and to address the minimization problem for the func-
tional Jp on Wp(Ω). More precisely, we consider the subspace of functions depend-
ing only on the distance d(x) = dist(x, ∂Ω) from the boundary:

Wp(Ω) = {
u ∈ W

1,p

0 (Ω) : u(x) = u
(
d(x)

)}
.

Functions in Wp(Ω) have the same level lines as d , namely the boundaries of the
so-called inner parallel sets, Ωt := {x ∈ Ω : d(x) > t}, which were first used in
variational problems by Pólya and Szegö [15, Sect. 1.29], see also [13]. Later, in
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[9], the elements of Wp(Ω) were called web functions, because in case of planar
polygons the level lines of d recall the pattern of a spider web. We refer to [4, 5]
for some estimates on the minimizing properties of web-functions, and to the sub-
sequent papers [2, 6, 7] for applications of these functions in different frameworks.
In particular, the papers [6, 7] deal with the problem of estimating how efficiently
τp(Ω) can be approximated by the web p-torsion, defined as

wp(Ω) := p

1 − p
min

u∈Wp(Ω)
Jp(u).

While the value of τp(Ω) is in general not known (because the solution to problem
(1) cannot be determined except for some special geometries of Ω), the value of
wp(Ω) admits the following explicit expression in terms of the parallel sets Ωt :

wp(Ω) =
∫ RΩ

0

|Ωt |q
|∂Ωt |q−1

dt, (5)

where q = p
p−1 is the conjugate exponent of p, and RΩ is the inradius of Ω (see

[7]).
Clearly, since Wp(Ω) ⊂ W

1,p

0 (Ω), wp(Ω) bounds τp(Ω) from below. On the
other hand, when Ω is convex, τp(Ω) can be bounded from above by a constant
multiple of wp(Ω), for some constant which tends to 1 as p → +∞. In fact, in [7]
it is proved that, for any p ∈ (1,+∞), the following estimates hold and are sharp:

∀Ω ∈ C ,
q + 1

2q
<

wp(Ω)

τp(Ω)
≤ 1 (6)

where C denotes the class of planar bounded convex domains; moreover the right
inequality holds as an equality if and only if Ω is a disk. Note that, if p → +∞,
then q → 1 and the constant in the left hand side of (6) tends to 1.

In this paper, we prove some geometric estimates for τp(Ω) in the class C , which
have some implications in the conjecture (4). More precisely, we consider the fol-
lowing shape functionals:

Ω �→ τp(Ω)|∂Ω|q
|Ω|q+1

and Ω �→ τp(Ω)

R
q
Ω |Ω| . (7)

Let us remark that the above quotients are invariant under dilations and that convex
sets which agree up to rigid motions (translations and rotations) are systematically
identified throughout the paper.

Our main results are Theorems 1 and 3, which give sharp bounds for the function-
als (7) when Ω varies in C . We also exhibit minimizing and maximizing sequences.
These bounds are obtained by combining sharp bounds for the web p-torsion (see
Theorem 2 and the second part of Theorem 3) with (6). As a consequence of our
results we obtain the validity of some weak forms of Pólya-Szegö conjecture (4).
On the class P of convex polygons we introduce a sort of “asymmetry measure”
such as

∀Ω ∈ P, γ (Ω) := |∂Ω|
|∂Ω�| ∈ [1,+∞),
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where Ω� denotes the regular polygon with the same area and the same number
of vertices as Ω . Then, if the p-torsion τp(Ω) is replaced by the web p-torsion
wp(Ω), (4) holds in the following refined form:

∀Ω ∈ P, wp(Ω) ≤ γ (Ω)−qwp

(
Ω�)

. (8)

Consequently, on the class PN of convex polygons with N vertices, conjecture (4)
holds true for those Ω which are sufficiently “far” from Ω�, meaning that γ (Ω)

exceeds a threshold depending on N and p:

∀Ω ∈ PN : γ (Ω) ≥ ΓN,p, τp(Ω) < τp

(
Ω�)

. (9)

The value of the threshold ΓN,p can be explicitly characterized (see Corollary 2)
and tends to 1 as p → +∞.

The paper is organized as follows. Section 2 contains the statement of our results,
which are proved in Sect. 4 after giving in Sect. 3 some preliminary material of geo-
metric nature. Section 5 is devoted to some related open questions and perspectives.

2 Results

We introduce the following classes of convex planar domains:

C = the class of bounded convex domains in R
2;

Co = the subclass of C given by tangential bodies to a disk;
P = the class of convex polygons;
PN = the class of convex polygons having N vertices (N ≥ 3).

Tangential bodies to a disk are domains Ω ∈ C such that, for some disk D,
through each point of ∂Ω there exists a tangent line to Ω which is also tangent to D.
Domains in P ∩Co are circumscribed polygons, whereas domains in Co \P can be
obtained by removing from a circumscribed polygon some connected components
of the complement (in the polygon itself) of the inscribed disk. In particular, the disk
itself belongs to Co.

Our first results are the following sharp bounds for the p-torsion of convex planar
domains. We recall that, for any given p ∈ (1,+∞), q := p

p−1 denotes its conjugate
exponent.

Theorem 1 For any p ∈ (1,+∞), it holds

∀Ω ∈ C ,
1

q + 1
<

τp(Ω)|∂Ω|q
|Ω|q+1

<
2q+1

(q + 2)(q + 1)
. (10)

Moreover,

• the left inequality holds asymptotically with equality sign for any sequence of
thinning rectangles;

• the right inequality holds asymptotically with equality sign for any sequence of
thinning isosceles triangles.
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By sequence of thinning rectangles or triangles, we mean that the ratio between
their minimal width and diameter tends to 0. We point out that, in the particular
case when p = 2, the statement of Theorem 1 is already known. Indeed, the left
inequality in (10) holds true for any simply connected set in R

2 as discovered by
Pólya [14]; the right inequality in (10) for convex sets is due to Makai [12], though
its method of proof, which is different from ours, does not allow to obtain the strict
inequality.

Our approach to prove Theorem 1 employs as a major ingredient the following
sharp estimates for the web p-torsion of convex domains, which may have their own
interest.

Theorem 2 For any p ∈ (1,+∞), it holds

∀Ω ∈ C ,
1

q + 1
<

wp(Ω)|∂Ω|q
|Ω|q+1

≤ 2

q + 2
. (11)

Moreover,

• the left inequality holds asymptotically with equality sign for any sequence of
thinning rectangles;

• the right inequality holds with equality sign for Ω ∈ Co.

Let us now discuss the implications of the above results in the shape optimization
problem which consists in maximizing τp in the class of convex polygons with a
given area and a given number of vertices:

max
{
τp(Ω) : Ω ∈ PN, |Ω| = m

}
. (12)

We recall that, for any Ω ∈ P , Ω� denotes the regular polygon with the same
area and the same number of vertices as Ω . Moreover, we set

∀Ω ∈ P, γ (Ω) := |∂Ω|
|∂Ω�| ;

notice that by the isoperimetric inequality for polygons (see Proposition 1), γ (Ω) ∈
[1,+∞) and γ (Ω) > 1 if Ω 
= Ω�. With this notation, it is straightforward to
deduce from Theorem 2 the following

Corollary 1 The regular polygon is the unique maximizer of wp over polygons in
P with a given area and a given number of vertices. More precisely, the following
refined isoperimetric inequality holds:

∀Ω ∈ P, wp(Ω) ≤ γ (Ω)−qwp

(
Ω�)

. (13)

As a consequence, using (6), we obtain some information on the shape optimiza-
tion problem (12):

Corollary 2 Let ΓN,p := (
wp(Ω�)

τp(Ω�)
)1/q 2

(q+1)1/q . Then,

∀Ω ∈ PN, τp(Ω) < Γ
q
N,pγ (Ω)−qτp

(
Ω�)

.
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In particular, the p-torsion of the regular N -gon is larger than the p-torsion of any
polygon in PN having the same area and an asymmetry measure larger than the
threshold ΓN,p:

∀Ω ∈ PN, γ (Ω) ≥ ΓN,p ⇒ τp(Ω) < τp

(
Ω�)

. (14)

Some comments on Corollary 2 are gathered in the next remark.

Remark 1 (i) Using again (6) we infer

1 < ΓN,p <
2

(q + 1)1/q
< 2 ∀N,p, lim

p→+∞ΓN,p = 1.

Hence, asymptotically with respect to p, the condition γ (Ω) ≥ ΓN,p appearing in
(14) becomes not restrictive. Moreover, if p = 2, we have ΓN,2 ≤ 2/

√
3 ≈ 1.15 and

the dependence on N of ΓN,2 can be enlightened by using the numerical values
given in [4]:

N 3 4 5 6 7 8 9 10 20

ΓN,2 ≈ 1.054 1.089 1.108 1.121 1.129 1.135 1.138 1.141 1.149

(ii) Though the validity of (4) is known for triangles, in order to give an idea of
the efficiency of Corollary 2, consider the case N = 3 and p = 2. The equilateral
triangle

T � :=
{
(x, y) ∈R

2; y > 0, −1

2
+ y√

3
< x <

1

2
− y√

3

}

satisfies |T �| =
√

3
4 and |∂T �| = 3. The solution to (1) is explicitly given by

u(x, y) =
√

3

8

(
y − 4√

3
y2 + 4

3
y3 − 4x2y

)

so that τ2(T
�) = √

3/640. Moreover, by (27) below we find w2(T
�) = √

3/768
and, in turn, that Γ3,2 = √

10/3 ≈ 1.054.
Consider now the isosceles triangles Tk having the basis of length k > 0 and the

two equal sides of length

�k =
√

3

4k2
+ k2

4
so that |∂Tk| = k +

√
3

k2
+ k2 and |Tk| =

√
3

4
= ∣∣T �∣∣,

(notice that T1 = T �). Therefore,

γ (Tk) =
k +

√
3
k2 + k2

3

and γ (Tk) ≥ Γ3,2 if and only if 2
√

10 k3 − 10k2 + 3 ≥ 0, which approximatively
corresponds to k 
∈ (0.760,1.301).
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We conclude this section with a variant of Theorems 1 and 2.

Theorem 3 For every p ∈ (1,+∞), it holds

∀Ω ∈ C ,
1

(q + 2)2q−1
≤ τp(Ω)

R
q
Ω |Ω| <

2q

(q + 1)2
(15)

∀Ω ∈ C ,
1

(q + 2)2q−1
≤ wp(Ω)

R
q
Ω |Ω| <

1

q + 1
. (16)

Moreover,

• the left inequality in (15) holds with equality sign for balls;
• the left inequality in (16) holds with equality sign for Ω ∈ Co;
• the right inequality in (16) holds asymptotically with equality sign for a sequence

of thinning rectangles.

The right inequality in (15) is not sharp. In fact, for p = 2, one has the sharp
inequalities

∀Ω ∈ C ,
1

8
≤ τ2(Ω)

R2
Ω |Ω| ≤ 1

3
,

see [15, p. 100] for the left one, and [12] for the right one.
Using the isoperimetric inequalities (15) and (16), one can also derive statements

similar to Corollaries 1 and 2, where γ (Ω) is replaced by another “asymmetry mea-
sure” given by

γ̃ (Ω) = RΩ�

RΩ

.

3 Geometric Preliminaries

In this section we present some useful geometric properties of convex polygons,
which will be exploited to prove Theorem 2. First, we recall an improved form of
the isoperimetric inequality in the class P , whose proof can be found for instance
in [6, Theorem 2]. For any Ω ∈ P , we set

CΩ :=
∑

i

cotan
θi

2
, being θi the inner angles of Ω. (17)

Proposition 1 For every Ω ∈ P , it holds

|Ω| ≤ |∂Ω|2
4CΩ

, (18)

with equality sign if and only if Ω ∈ P ∩ Co, namely when Ω is a circumscribed
polygon.
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Fig. 1 Intersection of bisectors

Next, we recall that, denoting by RΩ the inradius of any Ω ∈ P , for every t ∈
[0,RΩ ], the inner parallel sets of Ω are defined by

Ωt := {
x ∈ Ω : dist(x, ∂Ω) > t

}
(notice in particular that ΩRΩ = ∅). Then we focus our attention on the behavior of
the map t �→ CΩt on the interval [0,RΩ ], and on the related expression of Steiner
formulae. For every Ω ∈ P , we set

rΩ := sup
{
t ∈ [0,RΩ ] : Ωt has the same number of vertices as Ω

}
.

Clearly, if rΩ < RΩ , the number of vertices of Ωt is strictly less than the number
of vertices of Ω for every t ∈ [rΩ,RΩ).

Proposition 2 For every Ω ∈ P and t ≥ 0, Ωt ∈ P and the map t �→ CΩt is
piecewise constant on [0,RΩ). Moreover, for every t ∈ [0, rΩ ], it holds

|Ωt | = |Ω| − |∂Ω|t + CΩt2 and |∂Ωt | = |∂Ω| − 2CΩt. (19)

Finally, for every t ∈ [0,RΩ ], it holds

|∂Ωt | ≤ |∂Ω| − 2πt. (20)

Proof For t small enough, the sides of Ωt are parallel and at distance t from the
sides of Ω , and the corners of Ωt are located on the bisectors of the angles of Ω .
rΩ is actually the first time when two of these bisectors intersect at a point having
distance t from at least two sides, see Fig. 1.

Therefore, for t < rΩ , Ωt has the same angles as Ω (so CΩt = CΩ by (17)), and
we notice that the perimeter of grey areas in Fig. 2 is 2t cotan(θi/2), and their areas
are t2 cotan(θi/2), which gives (19) (still valid for t = rΩ by continuity).

Let us now show that the map t �→ CΩt is piecewise constant on [0,RΩ), as-
suming that rΩ < RΩ . Once t = rΩ , Ωt still has sides parallel to the ones of Ω but
loses at least one of them. Again, CΩt is constant for t ≥ rΩ until the next value
of t such that another intersection of bisectors appears (we now consider bisectors
of ΩrΩ ). The number of discontinuities of t �→ CΩt is finite since Ω has a finite
number of sides, and therefore iterating the previous argument, we get that t �→ CΩt

is piecewise constant.
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Fig. 2 How to derive Steiner
formulae

Finally, from (17) we infer that CΩ ≥ π for any Ω ∈ P , so that (20) follows
from the concavity of the map t �→ |∂Ωt | on [0,RΩ ] (see [1, Sects. 24 and 55]). �

A special role is played by polygons Ω ∈ P such that rΩ = RΩ , namely poly-
gons Ω whose inner parallel sets all have the same number of vertices as Ω itself.
These are polygonal stadiums, characterized by the following

Definition 1 We call S the class of polygonal stadiums, namely polygons P � ∈ P
such that there exist a circumscribed polygon P ∈ P ∩Co having two parallel sides,
and a nonnegative number � such that, by choosing a coordinate system with origin
in the center of the disk inscribed in P and the x-axis directed as two parallel sides
of P , P � can be written as

P � :=
(

P− −
(

�

2
,0

))⋃([
−�

2
,
�

2

]
× (−RP ,RP )

)⋃(
P+ +

(
�

2
,0

))
, (21)

where P− (resp. P+) denotes the set of points (x, y) ∈ P with x < 0 (resp. x > 0),
and RP is the inradius of P , see Fig. 3.

Proposition 3 Let Ω ∈ P . There holds rΩ = RΩ if and only if Ω ∈ S .

Proof We use the same notation as in Definition 1. Assume that Ω = P � ∈ S . Then
the bisectors of the angles of Ω intersect either at (− �

2 ,0) or at ( �
2 ,0), which are at

distance RΩ from the boundary, see Fig. 4. In particular, if Ω is circumscribed to a
disk, namely if � = 0, then the bisectors of the angles of Ω all intersect at the center
of the disk. Therefore, Ωt has the same number of sides as Ω if t < RΩ .

Conversely, assume that RΩ = rΩ . The set {x ∈ Ω : d(x) = RΩ} is convex with
empty interior, so either it is a point, or a segment. If it is a point, then its distance to
each side is the same, and therefore the disk having this point as a center and radius
RΩ is tangent to every side of Ω , so that Ω is circumscribed to a disk. If it is a
segment, we choose coordinates such that this segment is [(− �

2 ,0); ( �
2 ,0)] for some

positive number �. Every point of this segment is at distance RΩ from the boundary,
so Ω contains the rectangle (− �

2 , �
2 ) × (−RΩ,RΩ). Considering

P :=
(

Ω ∩
{
x ≤ −�

2

}
+

(
�

2
,0

))⋃(
Ω ∩

{
x ≥ �

2

}
+

(
−�

2
,0

))
,

we have that P is circumscribed and Ω = P �. �
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Fig. 3 A circumscribed polygon P and a polygonal stadium P �

Remark 2 Thanks to Proposition 3, for any polygonal stadium P �, the validity of
the Steiner formulae (19) extends for t ranging over the whole interval [0,RP� ].
Moreover, the value of the coefficients |P �|, |∂P �| and CP� appearing therein, can
be expressed only in terms of |P |, RP , and � (see Sect. 4). It is enough to use the
following elementary equalities deriving from decomposition (21)∣∣P �

∣∣ = |P | + 2�RP ,
∣∣∂P �

∣∣ = |∂P | + 2�, CP � = CP , RP � = RP ,

and the following identities holding for every P ∈ P ∩ Co

CP = |P |
R2

P

, |∂P | = 2|P |
RP

. (22)

Finally, we show that the parallel sets of any convex polygon Ω are polygonal
stadiums for t sufficiently close to RΩ :

Proposition 4 For every Ω ∈ P , there exists t ∈ [0,RΩ) such that the parallel sets
Ωt belong to S for every t ∈ [t,RΩ).

Proof We define t as the last time t < RΩ such that Ω loses a side (we may have
t = 0). Therefore ∀t ∈ [t,RΩ ],Ωt has a constant number of sides, and so is in the
class S by Proposition 3. �

4 Proofs

4.1 Proof of Theorem 2

We first prove Theorem 2 for Ω ∈ P , then we prove it for all Ω ∈ C .
Step 1: comparison with inner parallel sets. For a given Ω ∈ P , we wish to

compare the value of the energy wp(Ω)|∂Ω|q
|Ω|q+1 with the one of its parallel set Ωε for
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Fig. 4 Parallel sets of a
polygonal stadium P �

small ε. To that aim, we use the representation formula (5) for wp(Ω), and Steiner’s
formulae (19). In applying them we recall that, by Proposition 2 the map t �→ CΩt is
piecewise constant for t ∈ [0,RΩ), and in particular it equals CΩ on [0, rΩ ]. Taking
also into account that (Ωε)t = Ωε+t , as ε → 0 we have

wp(Ωε)|∂Ωε|q
|Ωε|q+1

=
∫ RΩ−ε

0
|(Ωε)t |q

|∂(Ωε)t |q−1 dt |∂Ωε|q
|Ωε|q+1

=
[wp(Ω) − ∫ ε

0
|Ωt |q

|∂Ωt |q−1 dt][|∂Ω| − 2CΩ ε]q
[|Ω| − |∂Ω|ε]q+1

+ o(ε),

= |∂Ω|q
|Ω|q+1

[
wp(Ω) − |Ω|q

|∂Ω|q−1
ε

][
1 − 2q

CΩ

|∂Ω|ε
][

1 + (q + 1)
|∂Ω|
|Ω| ε

]
+ o(ε),

= wp(Ω)|∂Ω|q
|Ω|q+1

+
[
(q + 1)

|∂Ω|q+1

|Ω|q+2
wp(Ω) − |∂Ω|

|Ω| − 2q
CΩwp(Ω)|∂Ω|q−1

|Ω|q+1

]
ε + o(ε),

(23)

so that

wp(Ωε)|∂Ωε|q
|Ωε|q+1

− wp(Ω)|∂Ω|q
|Ω|q+1

=
[
(q + 1)

|∂Ω|q+1

|Ω|q+2
wp(Ω) − |∂Ω|

|Ω| − 2q
CΩwp(Ω)|∂Ω|q−1

|Ω|q+1

]
ε + o(ε).

(24)

As we shall see in the next steps, formula (24) will enable us to reach a contradiction
if (11) fails.
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Step 2: if (11) fails for some convex polygon then it also fails for a polygonal
stadium. Let Ω ∈ P \ S , and assume that (11) fails. We have to distinguish two
cases.

First case: Assume that

wp(Ω)|∂Ω|q
|Ω|q+1

>
2

q + 2
. (25)

Using the isoperimetric inequality (18) and (25), one gets

[
(q + 1)

|∂Ω|q+1

|Ω|q+2
wp(Ω) − |∂Ω|

|Ω| − 2q
CΩwp(Ω)|∂Ω|q−1

|Ω|q+1

]

≥ q + 2

2

|∂Ω|
|Ω|

[
wp(Ω)|∂Ω|q

|Ω|q+1
− 2

q + 2

]
> 0.

Inserting this information into (24) shows that

wp(Ωε)|∂Ωε|q
|Ωε|q+1

− wp(Ω)|∂Ω|q
|Ω|q+1

> 0

for sufficiently small ε. In fact, more can be said. By Proposition 2 we know that
CΩt = CΩ for all t ∈ [0, rΩ). By extending the above argument to all such t , we

obtain that, if (25) holds, then the map t �→ wp(Ωt )|∂Ωt |q
|Ωt |q+1 is strictly increasing for

t ∈ [0, rΩ). In particular, by (25),

wp(Ωε)|∂Ωε|q
|Ωε|q+1

>
wp(Ω)|∂Ω|q

|Ω|q+1
>

2

q + 2
∀ε ∈ (0, rΩ ].

So, if ΩrΩ ∈ S , we are done since it violates (11). At t = rΩ the number of sides
of Ωt varies. If ΩrΩ /∈ S , we repeat the previous argument to the next interval

where CΩt remains constant. Again, the map t �→ wp(Ωt )|∂Ωt |q
|Ωt |q+1 is strictly increasing

on such interval. In view of Proposition 4, this procedure enables us to obtain some
polygonal stadium such that (25) holds.

Second case: Assume that

wp(Ω)|∂Ω|q
|Ω|q+1

≤ 1

q + 1
. (26)

Hence,
[
(q + 1)

|∂Ω|q+1

|Ω|q+2
wp(Ω) − |∂Ω|

|Ω| − 2q
CΩwp(Ω)|∂Ω|q−1

|Ω|q+1

]

= (q + 1)
|∂Ω|
|Ω|

[ |∂Ω|q
|Ω|q+1

wp(Ω) − 1

q + 1
− 2q

q + 1

CΩwp(Ω)|∂Ω|q−2

|Ω|q
]

< 0.

Inserting this into (24) and arguing as in the previous case, we see that the map

t �→ wp(Ωt )|∂Ωt |q
|Ωt |q+1 is strictly decreasing for t ∈ [0,RΩ). In view of Proposition 4, this

proves that there exists some polygonal stadium such that (26) holds.
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Step 3: explicit computation for a polygonal stadium. Let Ω = P � ∈ S be a
polygonal stadium. We are going to derive an explicit expression for the function

F(�) := wp(P �)|∂P �|q
|P �|q+1

∀� ≥ 0.

We point out that, in the special case � = 0, Ω ∈ P ∩ Co (namely Ω is a circum-
scribed polygon), and it is proven in [7, Proposition 2] that

∀Ω ∈ Co,
wp(Ω)|∂Ω|q

|Ω|q+1
= 2

q + 2
. (27)

In particular, formula (27) shows that the upper bound in (11) is achieved when
Ω ∈ Co.

We now show that the above formula can be suitably extended also to the
case � > 0. Our starting point is the representation formula (5). Therein, we use
the Steiner formulae (19); in particular, by Propositions 2 and 3, we know that
CΩt ≡ CΩ for every t ∈ [0,RΩ). Moreover, since P ∈ P ∩ Co, we can exploit
identities (22). Setting for brevity

A := |P |, R := RP , x := 2R�

A
,

we obtain

F(�) = (2A
R

+ 2�)q

(A + 2R�)q+1

∫ R

0

(A + 2R� − 2�t − 2A
R

t + A

R2 t2)q

(2� + 2A
R

− 2 A

R2 t)q−1
dt

= (x + 2)q

(x + 1)q+1

∫ 1

0

(1 + x − xt − 2t + t2)q

(x + 2 − 2t)q−1
dt

= (x + 2)q

(x + 1)q+1

∫ 1

0

tq(x + t)q

(x + 2t)q−1
dt. (28)

Of course, taking x = 0 in (28) gives again (27); on the other hand, taking x → ∞
gives the asymptotic behavior for thinning polygonal stadiums.

Step 4. In view of equality (28) obtained in Step 3, the estimate (11) will be
proved for any polygonal stadium, provided we show that for all q ∈ (1,+∞) one
has

1

q + 1
<

(x + 2)q

(x + 1)q+1

∫ 1

0

tq(x + t)q

(x + 2t)q−1
dt <

2

q + 2
∀x ∈ (0,+∞). (29)

With the change of variables t = xs, the inequalities in (29) become

1

q + 1

(x + 1)q+1

xq+2(x + 2)q

<

∫ 1/x

0

sq(1 + s)q

(1 + 2s)q−1
ds <

2

q + 2

(x + 1)q+1

xq+2(x + 2)q
∀x ∈ (0,+∞).

In turn, by putting y = 1/x, the latter inequalities become
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1

q + 1

yq+1(1 + y)q+1

(1 + 2y)q

<

∫ y

0

sq(1 + s)q

(1 + 2s)q−1
ds <

2

q + 2

yq+1(1 + y)q+1

(1 + 2y)q
∀y ∈ (0,+∞). (30)

In order to prove the right inequality in (30), consider the function

Φ(y) :=
∫ y

0

sq(1 + s)q

(1 + 2s)q−1
ds − 2

q + 2

yq+1(1 + y)q+1

(1 + 2y)q
y ∈ (0,+∞)

and we need to prove that Φ(y) < 0 for all y > 0. This is a consequence of the two
following facts:

Φ(0) = 0, Φ ′(y) = − q

q + 2

yq(1 + y)q

(1 + 2y)q+1
< 0.

In order to prove the left inequality in (30), consider the function

Ψ (y) :=
∫ y

0

sq(1 + s)q

(1 + 2s)q−1
ds − 1

q + 1

yq+1(1 + y)q+1

(1 + 2y)q
y ∈ (0,+∞)

and we need to prove that Ψ (y) > 0 for all y > 0. This is a consequence of the two
following facts:

Ψ (0) = 0, Ψ ′(y) = 2q

q + 1

yq+1(1 + y)q+1

(1 + 2y)q+1
> 0.

Both inequalities in (30) are proved and (29) follows.
We point out that, in the case q = 2, some explicit computations give the stronger

result that the map

x �→ (x + 2)q

(x + 1)q+1

∫ 1

0

tq(x + t)q

(x + 2t)q−1
dt

is decreasing. We believe that this is true for any q , but we do not have a simple
proof of this property.

Step 5: conclusion. Let Ω ∈ P and assume for contradiction that Ω vio-
lates (11). Then by Step 2 we know that there exists a polygonal stadium which
also violates (11). This contradicts Step 4, see (29). We have so far proved that (11)
holds for all Ω ∈ P . By a density argument we then infer that

∀Ω ∈ C ,
1

q + 1
≤ wp(Ω)|∂Ω|q

|Ω|q+1
≤ 2

q + 2
. (31)

Therefore, in order to complete the proof we need to show that the left inequality
in (31) is strict. Assume for contradiction that there exists Ω ∈ C such that

wp(Ω)|∂Ω|q
|Ω|q+1

= 1

q + 1
. (32)

Take any sequence Ωk ∈ P such that Ωk ⊃ Ω and Ωk → Ω in the Hausdorff
topology. Similar computations as in (23), combined with (20), enable us to obtain
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wp(Ωk
ε )|∂Ωk

ε |q
|Ωk

ε |q+1
≤

[wp(Ωk) − ∫ ε

0
|Ωk

t |q
|∂Ωk

t |q−1 dt][|∂Ωk| − 2πε]q
[|Ωk| − |∂Ωk|ε]q+1

≤ wp(Ωk)|∂Ωk|q
|Ωk|q+1

+
[
(q + 1)

|∂Ωk|q+1

|Ωk|q+2
wp

(
Ωk

) − |∂Ωk|
|Ωk| − 2q

πwp(Ωk)|∂Ωk|q−1

|Ωk|q+1

]
ε + αε2,

where α is some positive constant, depending on Ω but not on k. Therefore, since
Ωk

t → Ωt for all t ∈ [0,RΩ ], we have

wp(Ωε)|∂Ωε|q
|Ωε|q+1

− wp(Ω)|∂Ω|q
|Ω|q+1

= wp(Ωk
ε )|∂Ωk

ε |q
|Ωk

ε |q+1
− wp(Ωk)|∂Ωk|q

|Ωk|q+1
+ o(1)

≤
[
o(1) − 2q

πwp(Ωk)|∂Ωk|q−1

|Ωk|q+1

]
ε + αε2 + o(1)

where o(1) are infinitesimals (independent of ε) as k → ∞. Hence, by letting

k → ∞ and taking ε sufficiently small, we obtain wp(Ωε)|∂Ωε |q
|Ωε |q+1 < 1

q+1 , which con-
tradicts (31).

4.2 Proof of Theorem 1

The inequalities (10) follow directly from (11) and (6) so we just need to show that
they are sharp.

For the right inequality, take a sequence of thinning isosceles triangles Tk . Then,
by Theorem 2 we have

wp(Tk)|∂Tk|q
|Tk|q+1

= 2

q + 2
for all k.

On the other hand, by [7, Proposition 3] and (6) we know that

lim
k→∞

wp(Tk)

τp(Tk)
= q + 1

2q

and therefore

lim
k→∞

τp(Tk)|∂Tk|q
|Tk|q+1

= 2q+1

(q + 2)(q + 1)
.

For the left inequality, we seek an upper bound for τp(Ω) by using the maximum
principle. For all � ∈ (0,+∞) let Ω� = (− �

2 , �
2 ) × (−1,1) and let u� be the unique

solution to

−Δpu� = 1 in Ω�, u� = 0 on ∂Ω�.
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Let u∞(x, y) = p−1
p

(1 − |y|p/(p−1)) so that

−Δpu∞ = 1 in Ω�, u∞ ≥ 0 on ∂Ω�.

By the maximum principle, we infer that u∞ ≥ u� in Ω� so that

τp

(
Ω�

) =
∫

Ω�

u� ≤
∫

Ω�

u∞ = 2(p − 1)

p
�

∫ 1

0

(
1 − yp/(p−1)

)
dy

= 2(p − 1)

2p − 1
� = 2�

q + 1
.

Hence,

1 ≥ lim inf
�→∞

wp(Ω�)

τp(Ω�)
≥ lim inf

�→∞
(q + 1)wp(Ω�)

2�
= 1

where the last equality follows from Theorem 2. Combined with Theorem 2, this
proves that

lim
�→∞

τp(Ω�)|∂Ω�|q
|Ω�|q+1

= 1

q + 1
.

4.3 Proof of Theorem 3

Since it follows closely the proof of Theorem 1, we just sketch it. We first prove the
counterpart of Theorem 2 and we follow the same steps.

Step 1. Given Ω ∈ P and using RΩε = RΩ − ε + o(ε) we prove:

wp(Ωε)

R
q
Ωε

|Ωε|
− wp(Ω)

R
q
Ω |Ω| = ε

R
q
Ω |Ω|

(
wp(Ω)

[
q

RΩ

+ |∂Ω|
|Ω|

]
− |Ω|q

|∂Ω|q−1

)
+ o(ε).

(33)

Step 2. We prove that, if (16) fails for some Ω ∈ P , then it also fails for a
polygonal stadium. To that end, we estimate the sign in (33) with the help of the
following classical geometric inequalities (see [1])

∀Ω ∈ C ,
|Ω|
RΩ

< |∂Ω| ≤ 2|Ω|
RΩ

.

Step 3. Again, explicit computations can be done for a polygonal stadium, and
with the same notation as in the proof of Theorem 2, we get:

wp(P �)

R
q

P � |P �| = 1

x + 1

∫ 1

0

tq(x + t)q

(x + 2t)q−1
dt ∀P � ∈ S .

Step 4. In view of Step 3, estimate (16) is proved for any polygonal stadium,
provided for all q ∈ (1,+∞) one has

1

(q + 2)2q−1
<

1

x + 1

∫ 1

0

tq(x + t)q

(x + 2t)q−1
dt <

1

q + 1
∀x ∈ (0,+∞). (34)
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With the change of variables t = xs and putting y = 1/x, the inequalities in (34)
become

yq+2 + yq+1

(q + 2)2q−1
<

∫ y

0

sq(1 + s)q

(1 + 2s)q−1
ds <

yq+2 + yq+1

q + 1
∀y ∈ (0,+∞). (35)

Some tedious but straightforward computations show that

yq+1

2q−1
+ q + 1

(q + 2)2q−1
yq <

yq(1 + y)q

(1 + 2y)q−1
<

q + 2

q + 1
yq+1 + yq ∀y ∈ (0,+∞)

and (35) follows after integration over (0, y).
Step 5. The previous steps leads to (16) for polygons and by density for convex

domains. The strict right inequality in (16) can be obtained by reproducing carefully
the computations in Step 1, similarly as done in Step 5 of Sect. 4.1.

Now the counterpart of Theorem 2 is proved, and we may use (6) in order to get
(15) from (16). Balls realize equality in the left inequality of (15) because they are
at the same time circumscribed and maximal for the quotient wp/τp .

5 Some Open Problems

We briefly suggest here some perspectives which might be considered, in the light
of our results.

Sharp bounds for the p-torsion in higher dimensions. In higher dimensions the
shape functionals τp and wp can be defined in the analogous way as for n = 2. In
[3], Crasta proved the following sharp bounds:

∀Ω bounded convex set ⊂ R
n,

n + 1

2n
<

w2(Ω)

τ2(Ω)
≤ 1.

Therefore it seems natural to ask: what kind of isoperimetric inequality can be
proved for wp and τp among convex sets in R

n? In this direction, let us quote an
inequality proven in [8], obtained by a strategy similar to our approach, that is by
looking at the level sets of the support function:

∀Ω bounded convex set ⊂ R
n,

τ2(Ω)|∂Ω|
RΩ |Ω|2 ≥ τ2(B)|∂B|

RB |B|2
(
B is a ball of Rn

)
.

Sharp bounds for the principal frequency. A notion of “web principal frequency”
can be defined (in any space dimension) similarly as done for the web torsion, that
is

λ+
1 (Ω) := inf

{∫
Ω

|∇u|2∫
Ω

u2
: u ∈ W2(Ω)

}
.

Writing the optimality condition in the space W2(Ω), one can express λ+
1 (Ω) as

λ+
1 (Ω) = inf

{∫ RΩ

0 αρ′2

∫ RΩ

0 αρ2
: ρ ∈ H 1(0,RΩ), ρ(0) = 0

}
, where α(t) = |∂Ωt |.
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It is clear that λ+
1 (Ω) ≥ λ1(Ω), with equality sign when Ω is a ball. On the other

hand, the following questions can be addressed:

• Find a sharp bound from above for the ratio λ+
1 (Ω)/λ1(Ω) among bounded con-

vex subsets of Rn.
• Is it possible to apply successfully the same strategy of this paper, that is find

sharp bounds for λ+
1 (Ω) and then use the estimates on the ratio λ+

1 (Ω)/λ1(Ω),
to deduce sharp bounds for λ1(Ω)? In particular, this approach might allow to
retrieve the following known inequalities holding for any bounded convex domain
Ω ⊂ R

2 (see [11, 12, 14]):

π2

16
≤ λ1(Ω)

|Ω|2
|∂Ω|2 ≤ π2

4
and

π2

4
≤ λ1(Ω)R2

Ω ≤ j2
0 .
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Geometric Analysis of Fractional Phase
Transition Interfaces

Giovanni Franzina and Enrico Valdinoci

Abstract We discuss some recent results on phase transition models driven by non-
local operators, also in relation with their limit (either local or nonlocal) interfaces.

Keywords Fractional Laplacian · Nonlocal minimal surfaces · Asymptotics ·
Rigidity and regularity theory

1 The Fractional Laplacian Operator

This note is devoted to report some recent advances concerning the fractional powers
of the Laplace operator and some related problems arising in pde’s and geometric
measure theory. Namely, the s-Laplacian of a (sufficiently regular) function u can
be defined as an integral in the principal value sense by the formula

−(−Δ)su(x) := Cn,s P.V.

∫
Rn

u(x + y) − u(x)

|y|n+2s
dy

:= Cn,s lim
ε→0+

∫
Rn\Bε

u(x + y) − u(x)

|y|n+2s
dy, (1)

where s ∈ (0,1), and

Cn,s = π−2s+n/2 Γ (n/2 + s)

Γ (−s)

is a normalization constant (blowing up as s → 1− and s → 0+, because of the
singularities of the Euler Γ -function). Note that the integral here is singular in the
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case s ≥ 1/2, but it converges if s < 1/2 as it can be estimated via an elementary
argument by splitting the domain of integration.

We point out that an equivalent definition may be given by integrating against
a singular kernel, which suitably averages a second-order incremental quotient. In-
deed, thanks to the symmetry of the kernel under the map y �→ −y, by performing
a standard change of variables, one obtains∫

Rn\Bε

u(x + y) − u(x)

|y|n+2s
dy = 1

2

∫
Rn\Bε

u(x + y) + u(x − y) − 2u(x)

|y|n+2s
dy,

for all ε > 0; thus (1) becomes

−(−Δ)su(x) = Cn,s

2

∫
Rn

u(x + y) + u(x − y) − 2u(x)

|y|n+2s
dy. (2)

It is often convenient to use the expression in (2), that deals with a convergent
Lebesgue integral, rather than the one in (1), that needs a principal value to be well-
posed.

The fractional Laplacian may be equivalently defined by means of the Fourier
symbol |ξ |2s by simply setting, for every s ∈ (0,1),

F
(
(−Δ)su

) = (|ξ |2s(Fu)
)
, (3)

for all u ∈ S ′(Rn), and this occurs in analogy with the limit case s = 1, when (3)
is consistent with the well-known behavior of the (distributional) Fourier transform
F on Laplacians.

Note that this operator is invariant under the action of the orthogonal transforma-
tions in R

n and that the following scaling property holds:

(−Δ)suλ(x) = λ2s
(
(−Δ)su

)
(λx), for all x ∈R

n, (4)

were we denoted uλ(x) = u(λx). For the basics of the fractional Laplace operators
and related functional settings see, for instance, [30] and references therein.

After being studied for a long time in potential theory and harmonic analysis,
fractional operators defined via singular integrals are riveting attention due to the
pliant use that can be made of their nonlocal nature and their applications to mod-
els of concrete interest. In particular, equations involving the fractional Laplacian
or similar nonlocal operators naturally surface in several applications. For instance,
the s-Laplacian is an interesting specific example of infinitesimal generator for rota-
tionally invariant 2s-stable Lévy processes, taking the “hydrodynamic limit” of the
discrete random walk with possibly long jumps: in this case the probability density
is described by a fractional heat equation where the classical Laplace operator is re-
placed by the s-Laplacian, see e.g. [60] for details. An analogous fractional diffusion
arises in the asymptotic analysis of the distribution associated with some collision
operators in kinetic theory, see [45]. Also, lower dimensional obstacle problems and
the fractional Laplacian were intensively studied, see e.g. [57]; for the regularity of
the solutions and of that of the free boundary in the obstacle problem and in the
thin obstacle problem, we refer to [20]. Nonlocal operators arise also in elastic-
ity problems [56], and in several phenomena, such as water waves [24, 25], flame
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propagation [22], stability of matter [36], quasi-geostrophic flows [43], crystal dis-
location [59], soft thin films [42], stratified materials [51] and others.

The fractional Laplacian presents several technical and conceptual difficulties.
First of all, the operator is nonlocal, hence, during the computations, one needs
to estimate also the contribution coming from far. Also, since integrating is usu-
ally harder than differentiating, constructing barriers and checking the existence of
sub/supersolutions is often much harder than in the case of the Laplacian. Further-
more, a psychological unease may arise from the fact that an “integral” operator
behaves in fact as a “differential” one. The counterpart of this difficulties lies in the
nice averaging properties of the fractional Laplacian, that makes a function revert to
its nearby mean, and this has somewhat to control the oscillations.

2 Back to the Laplacian Case

2.1 The Allen-Cahn Equation

In our opinion, an interesting topic of research involving the s-Laplacian, s ∈ (0,1),
concerns the analysis of the geometric properties of the solutions of the equation

(−Δ)su = u − u3. (5)

The formal limit of Eq. (5) for s → 1− is the well-studied Allen-Cahn (or scalar
Ginzburg-Landau) equation

−Δu = u − u3 (6)

which describes (among other things) a two-phase model, where, roughly speaking,
the pure phases correspond to the states u ∼ +1 and u ∼ −1 and the level set {u = 0}
is the interface which separates the pure phases.

2.2 A Conjecture of De Giorgi

In 1978 De Giorgi [26] conjectured that if u is a smooth, bounded solution of equa-
tion (6) in the whole of Rn and it is monotone in the variable xn (i.e. ∂xnu(x) > 0
for any x ∈R

n), then u depends in fact only on one Euclidean variable and its level
sets are hyperplanes—at least if n ≤ 8.

This conjecture seems to have a strong analogy with the celebrated Bernstein
problem, which claims that all entire minimal graphs in R

n are hyperplanes: indeed,
it is well-known that this property holds true for all n ≤ 8 but it is false for n ≥ 9.

Similarly, it is known that the conjecture of De Giorgi is true if n ≤ 3: in the
case n = 2 this was proved by N. Ghoussoub and C. Gui [40] (see also the paper
of Berestycki, Caffarelli and Nirenberg [9]), whereas the result for n = 3 is due to
Ambrosio and Cabré [5] (see also the paper of Alberti, Ambrosio and Cabré [4]). In
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his PhD Thesis [50], Savin proved that the claim holds true also for 4 ≤ n ≤ 8 under
the additional assumption

lim
xn→±∞u

(
x′, xn

) = ±1, for all x′ ∈R
n−1. (7)

On the other hand the same conjecture turns out to be false in general if n ≥ 9: the
final answer was given by Del Pino, Kowalczyk and Wei, see [27–29] by manu-
facturing a solution to the Allen-Cahn equation, monotone in the direction of x9,
whose zero level set lies closely to the same graph exhibited as a counterexample to
the Bernstein problem in R

9 by Bombieri, De Giorgi and Giusti in [11].
Nevertheless, if one assumes the limit (7) to hold uniformly for x′ ∈ R

n−1, the
conjecture (which follows under the name of Gibbons conjecture in this case and it
has some importance in cosmology) is true for all dimension n ∈N, see [7, 10, 32].
We point out that the problem is still open in dimension 4 ≤ n ≤ 8 if the extra
assumptions are dropped. For more information, see [33].

3 Some Research Lines for (−Δ)s

3.1 The Symmetry Problem for (−Δ)s

One can ask a question similar to the one posed by De Giorgi for the fractional
Laplacian: that is, given s ∈ (0,1) and u a smooth, bounded solution of

(−Δ)su = u − u3

in the whole of Rn, with the monotonicity condition

∂xnu > 0,

we may wonder whether or not u depends only on one Euclidean variable and its
level sets are hyperplanes—at least in small dimension.

In this framework, the first positive answer was given in the pioneering work of
Cabré and Solà-Morales [16] when n = 2 and s = 1/2.

The answer to this question is also positive when n = 2 for any s ∈ (0,1),
see [15, 58], and when n = 3 and s ∈ [1/2, 1), see [13, 14].

Moreover, as it happens in the classical case when s = 1, the answer is positive
for any n ∈ N and any s ∈ (0,1) if one assumes the limit condition in (7) to hold
uniformly for x′ ∈R

n−1 (this is a byproduct of the results in [15, 34]).
The problem is open for n ≥ 4 and any s ∈ (0,1), and even for n = 3 and s ∈

(0,1/2). No counterexample is known, in any dimension.
It is worth pointing out that monotone solutions of fractional Allen Cahn equation

are local minimizers of a fractional energy, see [49].
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3.2 Γ -Convergence for (−Δ)s

In this section we discuss the asymptotics of a variational problem related to the
fractional Laplacian, and specifically to the fractional Allen-Cahn equation (5).
Namely, we will consider the free energy defined by

I
ε
s (u,Ω) = ε2sKs(u,Ω) +

∫
Ω

W(u)dx, (8)

where, at the right-hand side, the dislocation energy of a suitable double-well po-
tential W vanishing at ±1 (e.g., W(u) = (1 − u2)2/4) is penalized by a small con-
tribution given by the nonlocal functional

Ks(u,Ω) = 1

2

∫
Ω

∫
Ω

|u(x) − u(y)|2
|x − y|n+2s

dx dy +
∫

Ω

∫
C Ω

|u(x) − u(y)|2
|x − y|n+2s

dx dy, (9)

where s ∈ (0,1). The presence of a nonlocal contribution here, due to the term Ks ,
constitutes the main difference of Iε

s from the perturbed energies arising in the stan-
dard theory of phase transitions, such as the functional

ε2
∫

Ω

|∇u|2 dx +
∫

Ω

W(u)dx,

where the potential energy, which is minimized by the system at the equilibrium, is
compensated by a term proportional (up to a small factor representing the surface
tension coefficient) to the perimeter of the interface between the two phases. In the
nonlocal model in (8), this gradient term is replaced by the fractional Sobolev semi-
norm of u, which is responsible for the effects of the long-range particle interactions
and affects the interface between the two phases, which can have a fractional dimen-
sion (see [61, 62] for instance). Such models—or some variation of them obtained
after replacing the singular kernel in (8) by a suitable anisotropic Kac potential—
under suitable boundary conditions arise in the study of surface tension effects, and
they have been investigated, jointly with the limit properties of functionals in the
sense of Γ -convergence, by many authors: we mention [1–3, 37–39, 41] among the
others.

Moreover, as a robust Γ -convergence theory is available, it is customary to dis-
cuss the asymptotic behavior of the latter model problems as ε → 0+: for instance,
in the classical case of s = 1, i.e. of the Allen-Cahn equation (6), the Γ -limit is
strictly related to the perimeter of a set in the sense of De Giorgi (see [46–48]). On
the other hand, when dealing with the nonlocal functional in (8), the Γ -convergence
to the classical perimeter functional holds true provided that s ∈ [1/2,1), while
for all s ∈ (0,1/2) the Γ -limit is related to a suitable nonlocal perimeter that will
be introduced and discussed in the incoming Sect. 3.4. From a physical point of
view, these results locate at s = 1/2 a critical threshold1 for the size of the range

1The reader has noticed that this is the same threshold for the known results discussed in Sect. 3.1
when n = 3. On the other hand, while the threshold s = 1/2 is optimal here, the optimality for
the results of Sect. 3.1 is completely open. Further regularity results for the limit interface when
s → (1/2)− will be discussed in Sect. 3.5.
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of all possible interactions among particles contributing to affect the limit interface.
We recall that in the nonlocal case, in analogy with the classical case s = 1, by
the scaling property (4), the solution obtained passing to the microscopic variables
v(x) = u(x/ε) satisfies

ε2s(−Δ)sv = v − v3 in R
n,

and the latter can be regarded to as the Euler-Lagrange equation associated with the
variational problem of minimizing the scaled energy Iε

s (·,Rn) where the potential
is W(u) = (1 − u2)2/4.

To make all these statements precise, first of all one has to specify the metric
space where the functionals involved in the Γ -limit are defined: we will denote by
X the metric space given by the set{

u ∈ L∞(
R

n
) : ‖u‖∞ ≤ 1

}
,

equipped with the convergence in L1
loc(R

n). For all ε > 0 we define a functional
F ε

s : X →R∪ {+∞} by setting

F ε
s (u,Ω) =

⎧⎪⎨
⎪⎩

ε−2sIε
s (u,Ω), if s ∈ (0,1/2),

|ε log ε|−1Iε
s (u,Ω), if s = 1/2,

ε−1Iε
s (u,Ω), if s ∈ (1/2,1).

The proof of the following Theorems 1 and 2 can then be found in [53].

Theorem 1 Let Ω be a bounded open set in R
n, ε ∈ (0,1] and s ∈ [1/2,1). Then,

there exists a constant c∗ > 0, possibly depending on W and s, such that the func-
tional F ε

s of X to R∪ {+∞} defined by (8) Γ -converges in X to the functional FL

of X to R∪ {+∞} defined by

FL(u,Ω) =
{

c∗ Per(E,Ω), if u|Ω = χE − χC E, for some E ⊂ Ω,

+∞, otherwise,
(10)

for2 all u ∈ X.

Theorem 2 Let Ω be a bounded open set in R
n, ε ∈ (0,1] and s ∈ (0,1/2). Then,

the functional F ε
s of X to R ∪ {+∞} defined by (8) Γ -converges in X to the func-

tional FL of X to R∪ {+∞} defined by

F ε
NL(u,Ω) =

{
Ks(u,Ω), if u|Ω = χE − χC E, for some E ⊂ Ω,

+∞, otherwise,
(11)

for all u ∈ X.

The proof of the Γ -convergence stated in Theorem 2 for the case s ∈ (0,1/2)

turns out to be quite direct, while a much finer analysis is needed in order to deal
with the case s ∈ [1/2,1). The claim of Theorem 1, besides giving an explicit Γ -
limit, says that a localization property occurs as ε goes to zero when s ∈ [1/2,1).

Moreover, the following pre-compactness criterion was proved in [53]:

2As usual, χE denotes the characteristic function of the set E.
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Theorem 3 Let Ω be a bounded open set in R
n, and s ∈ (0,1). For all sequences

{uε}ε>0 such that

sup
ε∈(0,1]

F ε
s (uε,Ω) < ∞,

by possibly passing to a subsequence we have that

uε → u∗ = χE − χC E, in L1(Ω), (12)

for some E ⊂ Ω .

Actually, when dealing with minimizers, the convergence in (12) can be en-
hanced, thanks to the optimal uniform density estimates of [54]. Indeed, it turns
out that the level sets of the ε-minimizers uε of the scaled functional F ε

s converge
to ∂E locally uniformly. The content of such density estimates will be briefly de-
scribed in the next section.

3.3 Density Estimates for the Level Sets

One of the interesting feature of the solutions to the fractional Allen-Cahn equation
is that it is possible to gain informations on the measure occupied by their level sets
in a given ball, and this may be interpreted as the probability of finding a phase in
a fixed region. In the classical case s = 1, corresponding to the Allen-Cahn equa-
tion in (6), these density estimates were proved by Caffarelli and Cordoba [17].
A nonlocal counterpart indeed holds, as the following result states, in the case of
the fractional Laplacian. The proof, for which we refer to the paper of the second
author and Savin [54], makes use of a fine analysis on a weighted double integral
and the measure theoretical properties of the minimizers; an alternative proof based
on a fractional Sobolev inequality is contained in [52]. In order to obtain the density
estimates, the results from the paper [49] are helpful.

Theorem 4 Let R > 0 and u be a minimizer of the functional I1
s (·,BR). Then, there

exist a function R̄ : (−1,1) × (−1,1) → (0,+∞) and a positive constant c̄ > 0,
depending on n, s, W , such that if

u(0) > θ1,

then ∣∣{u > θ2} ∩ BR

∣∣ ≥ c̄Rn, (13)

provided R ≥ R̄(θ1, θ2).

By a scaling argument it follows that if uε minimizes the functional F ε
s (·,Br)

and uε(0) > θ1, then ∣∣{uε > θ2} ∩ Br

∣∣ ≥ c̄ rn,

provided that R̄ε ≤ r .
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3.4 Few Words on the Nonlocal Perimeter

Let s ∈ (0, 1/2) and E be a measurable subset of Rn. The s-perimeter of a set E in
Ω is defined by

Pers(E,Ω) :=
∫

E∩Ω

∫
(C E)∩Ω

1

|x − y|n+2s
dy dx

+
∫

E∩Ω

∫
(C E)∩(C Ω)

1

|x − y|n+2s
dy dx

+
∫

E∩(C Ω)

∫
(C E)∩Ω

1

|x − y|n+2s
dy dx, (14)

for all bounded and connected open set Ω in R
n.

We point out that, in the notation of Sect. 3.2, we have

Pers(E,Ω) = Ks(χE,Ω).

The properties of the above fractional perimeter were studied in [61, 62] where a
generalized co-area formula was established and some nonlocal functionals defined
similarly as in (14) were used to define a suitable concept of fractal dimension.

As customary in calculus of variations, it worths considering the problem of find-
ing local minimizers of the functional Pers(·,Ω), i.e. measurable sets E in R

n such
that

Pers(E,Ω) ≤ Pers(F,Ω), for all F ⊂ R
n such that E ∩ C Ω = F ∩ C Ω. (15)

If E satisfies (15) (with Pers(E,Ω) < +∞), we say that E is s-minimal in Ω . Since
the functional Pers(·,Ω) is lower semi-continuous thanks to Fatou’s Lemma, the ex-
istence of a minimizer E such as in (15) follows by the compact fractional Sobolev
embedding. These nonlocal minimal surfaces were introduced by Caffarelli, Roque-
joffre and Savin in [21], were the regularity issues were studied; among the several
results therein obtained, we may mention the following

Theorem 5 Let Ω = B1 be the ball of radius 1 centered at the origin in R
n. If

E is a measurable subset of Rn such that (15) holds, then ∂E ∩ B1/2 is locally a
C 1,α hypersurface out of a closed a set N ⊂ ∂E having finite (n − 2)-dimensional
Hausdorff measure.

In order to prove Theorem 5, the strategy in [21] is to obtain for all the s-mini-
mizers E ⊂ R

n some density estimates and a geometric condition such as the one
displayed in Fig. 1. Namely, there is a universal constant c ∈ (0,1) such that for
all points ξ ∈ ∂E and all r ∈ (0, c) one can find balls Bcr(a) ⊂ E ∩ Br(ξ), and
Bcr(b) ⊂ (C E) ∩ Br(ξ).

Several improvements of this regularity results have been obtained in the recent
years, see [6, 18, 19, 23, 55]. For instance, Caffarelli and the second author have
shown in [18] that the constant c of the clean ball condition is uniform as s →
(1/2)− and they deduced several limit properties of nonlocal minimal surfaces that
can be summarized in the following
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Fig. 1 Clean ball condition
for the s-minimizers

Theorem 6 Let R′ > R > 0, {sk}k∈N ⊂ (0,1/2) be a sequence converging to 1/2
and let us denote by Ek an sk-minimal set in BR′ , for all k ∈ N. Then the following
hold:

• by possibly passing to a subsequence, the set {Ek}k∈N converge to some limit set
E uniformly in BR ;

• E is a set of minimal classical perimeter in BR .

The convergence of minimizers stated in Theorem 6, was obtained under mild
assumptions via dual convergence techniques in the paper by Ambrosio, de Philip-
pis and Martinazzi [6], where the authors proved the equi-coercivity and the Γ -
convergence of the fractional perimeter (up to the scaling factor ω−1

n−1(1/2 − s)) to
the classical perimeter in the sense of De Giorgi, whence they also deduced a local
convergence result for minimizers.

In the case of a general (smooth) subset E ⊂ R
n—possibly being not s-

minimal—the s-perimeter can however be related to the classical perimeter in a
ball, as the following pointwise convergence result of [18] states:

Theorem 7 Let R > 0 and E ⊂ R
n be such that ∂E ∩ BR is C 1,α for some α ∈

(0,1). Then, there exists a countable subset N ⊂ (0,R) such that

lim
s→(1/2)−

(1/2 − s)Pers(E,Br) = ωn−1 Per(E,Ω), (16)

for all r ∈ (0,1) \ N .

The presence of the normalizing factor (1/2 − s), vanishing as s → (1/2)−, in
front of the fractional perimeter here is consistent with the fact that the first integral
in (14) diverges when s = 1/2 unless either E ∩ Ω or C E ∩ Ω is empty (see [12],
and the remark after Theorem 1 in [6]). In order to prove Theorem 7 one has to
estimate the integral contribution to the s-perimeter coming from the smooth tran-
sition surface, whereas the boundary contributions are responsible for the possible
presence of the negligible set N of radii where (16) may fail. Namely, it turns out
that the (n − s)-dimensional fractional perimeter of the set E inside a ball Br , i.e.

PerLs (E,Br) =
∫

E∩Br

∫
(C E)∩Br

1

|x − y|n+2s
dy dx,
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up to constants, does indeed approach the classical perimeter, whereas the integral
contributions

PerNL
s (E,Br) =

∫
E∩Br

∫
(C E)∩(C Br)

1

|x − y|n+2s
dy dx

+
∫

E∩(C Br)

∫
(C E)∩Br

1

|x − y|n+2s
dy dx

can be estimated by the (n−1)-dimensional Hausdorff measure of ∂E ∩∂Br , which
vanishes for all radii r out of a countable subset of R.

Some words are also in order about the asymptotic behavior of the s-perimeter
as s → 0+. The results proved in the paper [44] imply that

lim
s→0+ sPers

(
E,Rn

) = nωn|E|, (17)

where | · | here stands for the n-dimensional Lebesgue measure. If Ω is any bounded
open set in R

n, it is easily seen that the subadditivity property of Pers(·,Ω), is
preserved by taking the limit and thus

μ(E) = lim
s→0+ s Pers(E,Ω) (18)

defines a subadditive set function on the family E of sets E such that the limit (18)
exists. For instance, all the bounded measurable sets E such that Pers(E,Ω) < ∞
for some s ∈ (0,1/2) turn out to be included in E . Unfortunately, μ is not a measure,
as it was shown in the very recent work [31]. However, in the same paper it is proved
that μ is finitely additive on the bounded and separated subsets or Rn belonging to
E and, in turn, it coincides with a rescaled Lebesgue measure of the intersection
E ∩ Ω , namely

μ(E) = nωn|E ∩ Ω|,
provided E ∈ E is bounded. Furthermore, it can be proved that whenever E ∈ E and
the integrals ∫

E∩(C B1)

1

|y|n+2s
dy

do converge to some limit α(E) as s tends to zero, then

μ(E) = (
nωn − α(E)

)|E ∩ Ω| + α(E)|Ω ∩ C E|.
We end this section with the following result.

Theorem 8 Let so ∈ (0,1/2), s ∈ [so,1/2) and E be s-minimal. There exists a
universal ε∗ > 0, possibly depending on so but independent of s and E, such that if

∂E ∩ B1 ⊂ {
x : |xn| ≤ ε∗

}
(19)

then ∂E ∩ B1/2 is a C ∞-graph in the n-th Euclidean direction.
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Such a uniform flatness property was shown in [19], with a proof of the C 1,α

regularity, and the C ∞ smoothness for all s-minimal C 1,α-graphs was proved in
the recent paper [8] by the second author in collaboration with Barrios Barrera and
Figalli.

This result improves some previous work in [21] where a similar condition was
also obtained with ε∗ > 0 possibly depending on s. The independence of s will be
crucial for the subsequent Theorems 10, 11 and 12.

3.5 Singularities of Nonlocal Minimal Surfaces

As it was discussed in the previous Sect. 3.4, the s-perimeter Γ -converges, up to
scaling factors, to the classical perimeter and the s-minimal sets converge to the
classical minimal surfaces. Thus, the regularity of the classical minimal surfaces in
suitably low dimension naturally drops hints that the regularity results available for
nonlocal minimal surfaces might not be sharp. Namely, by Theorem 5, the boundary
of any s-minimal set E in Ω is a C 1,α manifold out of a set N , which is somehow
negligible. The question is whether or not

N = ∅. (20)

As far as we know, the only occurrence in which (20) can be proved for any
s ∈ (0,1/2) is in dimension 2:

Theorem 9 Let s ∈ (0,1/2). If E ⊂ R
2 is an s-minimal cone in R

2 then E is a
half-plane.

We refer to the recent paper by the second author and O. Savin [55] for the
details of the proof, in which a central role is played by some estimates related
to a compactly supported domain-perturbation of the cone which is almost linear
about the origin. Thus, through a classical dimension reduction argument due to
Federer [35]—that was adapted to the fractional case in [21, Theorem 10.3]—it is
possible to give an improved estimate for the size of the singular set by replacing
n − 2 with n − 3 in Theorem 5.

The question of the possible existence of s-minimal cones different from half-
space is open in higher dimension, for any s ∈ (0,1/2). On the other hand, when s is
sufficiently close to 1/2 the s-minimal sets inherit some of the regularity properties
of the classical minimal surfaces. The full regularity results summarized in the fol-
lowing Theorems follow by combining the rigidity results of [19, Theorems 3, 4, 5],
where the C 1,α regularity is proved, and the Schauder-type estimates recently pro-
vided in the paper [8].

Theorem 10 Let n ≤ 7. There exists ε > 0 such that, if 2s ∈ (1 − ε,1), then any
s-minimal surface in R

n is locally a C ∞-hypersurface for some α ∈ (0,1).
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Theorem 11 There exists ε > 0 such that, if 2s ∈ (1 − ε,1), then any s-minimal
surface in R

8 is locally a C ∞-hypersurface out of a countable set.

Theorem 12 Let n ≥ 9. There exists ε > 0 such that, if 2s ∈ (1 − ε,1), then any
s-minimal surface in R

n is locally a C ∞-hypersurface out of a set whose Hausdorff
measure is at most n − 8.

Of course, we think that it would be desirable to determine sharply the above
ε, to better analyze the regularity theory of nonlocal minimal surfaces for other
ranges of s ∈ (0,1/2) and n ∈ N, and to understand the possible relation between
this regularity theory and the symmetry property of minimal or monotone solutions
of the fractional Allen-Cahn equation.
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Existence of Solutions to Some Classical
Variational Problems

Antonio Greco

Abstract Some non-coercive variational integrals are considered, including the
classical time-of-transit functional arising in the problem of the brachistochrone,
and the area functional in the problem of the minimal surface of revolution. A mini-
mizer is constructed by means of the direct method. More precisely, each admissible
curve is replaced by its convex envelope, and the functional is shown to decrease.
Hence, there exists a minimizing sequence made up of convex curves, which in
turn possesses a locally uniformly converging subsequence. The limiting curve is a
minimizer because the functionals under consideration are continuous under such a
convergence.

Keywords Brachistochrone · Convex envelope · Direct method

1 Introduction

Galileo compared the time of descent along an arc of circle with that of a corre-
sponding chord, and also with a piecewise-smooth curve made up of two chords,
concluding that brevissimo sopra tutti i tempi sarà quello della caduta per l’arco
(shortest among all times will be that of the fall along the arc) [14, Fourth Day].
However, there exist curves whose time of transit is smaller.

The classical problem of the brachistochrone consists in finding a curve γ0 join-
ing two given points A,B in a vertical plane, so that a point mass placed at rest
in A, constrained to γ0 and subject to a uniform gravity field reaches B in the short-
est time. The effect of friction is neglected. More generally, the point mass may be
given an initial velocity whose modulus v0 ≥ 0 is prescribed.

The solution γ0 is called brachistochrone from the Greek βραχιςτoσ (short-
est) and χρoνoσ (time) [3]. Together with Newton’s problem of minimal resistance
([17, 18], [20, pp. 1–3]), the problem of the brachistochrone is considered as one of
the starting problems of the calculus of variations. It was posed by Johann Bernoulli
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in 1696 as a mathematical defy, and then solved by himself and some of his contem-
poraries. From a modern point of view, they characterized any possible solution, but
underestimated the importance of an existence proof. Details are found in several
textbooks [1, 3, 11, 13, 22].

Proving existence of the brachistochrone is more delicate: the result is often
achieved by means of the concept of field of extremals and related theory, which
has its roots in the work of Weierstrass (cf. [3, 12, 21]). Alternative approaches are
found in [4, 15] and in the present paper.

Let us recall a well-known mathematical model of the problem. Let I = (a, b)

be a nonempty, bounded, open interval on the real line, and denote by X the class of
all functions u in the Sobolev space W 1,1(I ) attaining prescribed boundary values
u(a) = 0 and u(b) = ub ≤ 0. Here and in the sequel, each function in W 1,1(I ) is
identified with its continuous representative, which is in turn extended by continuity
up to the endpoints. The graphs of the functions u ∈ X provide the admissible curves
connecting the points A = (a,0) and B = (b,ub) in the plane xy.

Conservation of energy (in case of vanishing initial speed) reads as 1
2v2 +gy = 0,

where v is the velocity of the point mass, and g is the gravity acceleration. Hence
v = √

2g|y|. Since v = ds/dt , and since the element of arc ds along the graph of u

is given by ds = √
1 + (u′(x))2 dx, we get dt = √

1 + (u′(x))2 dx/
√

2g|u(x)| and
we are led to minimize the (possibly infinite) time of transit T [u] given by

T [u] = 1√
2g

∫ b

a

√
1 + (u′(x))2
√|u(x)| dx. (1)

The core of the existence proof found in the next sections is the direct method, and
therefore consists of a compactness and continuity argument. Before proceeding
further, note that a minimizing sequence of T may fail to be weakly precompact
in W 1,p(I ): indeed, the Lagrangian L(x,u,u′) = √

1 + (u′)2/
√|u| is asymptotic

to |u′|p with p = 1 as |u′| → +∞, and the weak compactness property of bounded
sequences in the Sobolev space W 1,p(I ) requires p > 1.

Here, as in [15], compactness is recovered by converting non-convex functions
into convex ones. However, the transformation is different. Instead of using rear-
rangements, we replace each admissible function u with its convex envelope, i.e.,
the largest convex function that does not exceed u (pointwise). Since this reduces
the time of transit (Theorem 3), we may consider a minimizing sequence made
up of convex functions, although the space of competing functions contains both
convex and non-convex elements. By the way, the convex envelope has been ap-
plied to the theory of partial differential equations for different purposes (see, for
instance, [2, 8]).

Convexity (and boundedness) of the functions in the minimizing sequence allows
us to extract a subsequence converging to a limit function u0 locally uniformly. The
limit function u0 belongs, in principle, to the slightly wider class X− of functions
possibly having jumps at the endpoints. The time-of-transit functional admits a nat-
ural extension (see (3) below) to such kind of functions, which is continuous with
respect to locally uniform convergence of convex functions [15]. Consequently, the
limit function u0 is a minimizer in the extended class. This in turn implies further
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regularity of u0, including boundary continuity, and we may finally conclude that
u0 belongs to the class X defined at the beginning. The method also applies to func-
tionals of the form

F [u] =
∫ b

a

f
(
u(x)

)√
1 + (

u′(x)
)2

dx (2)

where f is any positive, non-decreasing function of class C1 blowing up at some
finite y0 ∈R. More precisely, we have:

Theorem 1 (Brachistochrone) Let ua,ub be prescribed real numbers, and define
y0 = max{ua,ub}. Let f ∈ C1((−∞, y0)) be a positive, non-decreasing function
such that lim

y→y−
0

f (y) = +∞ and satisfying

∫ y0−1

−∞
f (y)dy = +∞ and

∫ y0

y0−1
f (y)dy < +∞.

Then, the functional F in (2) has a minimizer u0 in the class X of all functions u ∈
W 1,1(I ) such that u(x) < y0 for x ∈ I , u(a) = ua , u(b) = ub. Furthermore, every
minimizer in X is a convex function belonging to the class C2(I ) and satisfying the
associated Euler equation.

Details on the special case when ua = 0, ub ≤ 0 and f (y) = |y|−1/2 are given
in Sect. 3. A further application of the procedure is the following. Recall that if
f (y) = 2πy then the minimization problem of the functional (2) can be interpreted
as the problem of minimizing the area of the surface of revolution generated by the
graph of u > 0 around the x-axis. The boundary of the surface is prescribed, and it
is composed of the two circles lying on the planes x = a and x = b, respectively,
centered on the x-axis and whose radii are ua and ub . It is well known that if such
radii are small enough in comparison with b − a, then the solution is the discon-
nected surface made up of the two discs bounded by those circles. In order to take
such a case into account, we proceed as follows.

As mentioned before, each function in W 1,1(I ) is extended by continuity up to
the endpoints. Thus, we make a distinction between ua,ub (the prescribed bound-
ary values) and the values u(a),u(b) (defined by continuity). Let X− be the class of
all functions u ∈ W 1,1(I ) satisfying u ≥ 0 in I , u(a) ≤ ua , u(b) ≤ ub . A rotational
surface is obtained from a function u ∈ X− by rotating around the x-axis the portion
of the graph of u lying in the open half-plane y > 0, and then by adding to it two
annuli: the annulus lying in the plane x = a whose radii are u(a),ua , and the one
lying in the plane x = b whose radii are u(b),ub . Finally, we take the closure in R

3

of the set constructed that way (this is to recover any points belonging to the surface
but lying on the x-axis). In particular, the couple of discs mentioned before is asso-
ciated to the function u0 ≡ 0. Consequently, we are led to extend the functional F

as follows: for every u ∈ X− define

F [u] =
∫ ua

u(a)

f (y) dy + F [u] +
∫ ub

u(b)

f (y) dy. (3)
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It is readily seen that if f (y) = 2πy, and if u0 vanishes identically, then F [u0] is
the sum of the areas of the two mentioned discs. It is also apparent that if, instead,
u(a) = ua and u(b) = ub, then F [u] = F [u]. The same extension enters in the proof
of Theorem 1 (given in Sect. 3) and has also been used in [15] in connection with the
convex rearrangement. Concerning the minimization problem of the functional F ,
we have:

Theorem 2 (Minimal surface of revolution) Let ua,ub > 0 be prescribed real num-
bers, and let f ∈ C1((0,+∞)) ∩ C0([0,+∞)) be a non-decreasing function such
that f (0) = 0 and f (y) > 0 for y > 0. Then, the extended functional F in (3) has
a minimizer u0 in the class X− of all non-negative functions u ∈ W 1,1(I ) such that
u(a) ≤ ua and u(b) ≤ ub . Furthermore, every minimizer either vanishes identically,
or it is a positive, convex function belonging to the class C2([a, b]), attaining the
boundary values u(a) = ua and u(b) = ub, and satisfying the Euler equation asso-
ciated to the functional F in (2).

The proof of the stated theorems is found in Sect. 3. In the next section we prove
that the convex envelope reduces the functionals under consideration. The definition
and some properties of the cycloid are recalled in the Appendix. Further results
on the existence of minimizers of non-coercive functionals are found, for instance,
in [6, 7, 9, 10].

2 Convex Envelope

Let u be a (continuous) function in W 1,1(I ), extended by continuity up to the end-
points. Following [2], let us denote by u∗∗ the convex envelope (also called the
convex hull) of u, i.e., the largest convex function on [a, b] not exceeding u at any
point. Assuming monotonicity of the function f in (2), this section is devoted to
the proof of the fundamental inequality (5) below, which allows us to transform
any minimizing sequence into a sequence of convex functions that still minimizes
the functional F . Some characterizations of u∗∗ are found in [2, 8, 19]. Here, it
suffices to recall that u∗∗ coincides with u at a, b, and for every x0 ∈ I such that
u∗∗(x0) < u(x0) there exist suitable endpoints a ≤ α(x0) < x0 < β(x0) ≤ b such
that the restriction of u∗∗ to the closed interval [α(x0), β(x0)] is the affine function

u∗∗(x) = u
(
α(x0)

) + u(β(x0)) − u(α(x0))

β(x0) − α(x0)

(
x − α(x0)

)
. (4)

In particular, u∗∗ is continuous in the closed interval [a, b] and satisfies min[a,b] u∗∗
= min[a,b] u.

Theorem 3 Take u ∈ W 1,1(I ) and define y0 = max[a,b] u and μ = min[a,b] u. Let
f : [μ,y0) → [0,+∞) be a continuous, non-negative, non-decreasing function
(whose limit f (y−

0 ) = limy→y−
0

f (y) is allowed to be +∞). Then

F [u∗∗] ≤ F [u] (5)
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Fig. 1 The change of
variables

where one or both sides may be infinite.

Proof By definition we have u∗∗ ≤ u in [a, b], therefore for almost every x in the
contact set K = {x ∈ [a, b] | u∗∗(x) = u(x)} the derivatives u′, u′∗∗ (exist and) co-
incide. Here and in the sequel, u′∗∗ stands for (u∗∗)′, for shortness. Hence the func-
tion under the sign of integral in F [u] coincides with that in F [u∗∗] almost every-
where in K , and may restrict our attention to the contribution of the complement
Kc = [a, b] \ K = {x ∈ I | u∗∗(x) < u(x)}, assuming that it is nonempty. In this
case, Kc is the union of a finite, or at most countable, number of open intervals
(αn,βn), in which u∗∗ has the form (4), and it is enough to show that in every inter-
val (αn,βn) we have

∫ β

α

f
(
u∗∗(x)

)√
1 + m2 dx ≤

∫ β

α

f
(
u(x)

)√
1 + (

u′(x)
)2

dx (6)

where we have written α,β in place of αn,βn for simplicity, and the constant m

is given by m = u′∗∗(x) for x ∈ (α,β). The proof of (6) is based on some suitable
change of variables, depicted in Fig. 1. In order to include in the argument the case
when f (y−

0 ) = +∞, observe that if u∗∗ = y0 at both α and β , then by convexity we
have u∗∗ ≡ u ≡ y0 in all of I , and (5) trivially holds with equality. Thus, we may
assume that u∗∗ < y0 in the interval (α,β), and possibly u∗∗ = y0 at most at one
of the two endpoints (in which case, that endpoint coincides with the corresponding
endpoint of I ). Without loss of generality, let us assume u(α) < y0, and let us give
the first integral in (6) a more convenient expression. First of all, we denote the
variable of integration by z for reasons that will be clear in a moment. Secondly, by
considering the abscissa ξ = z

√
1 + m2 running on the straight line � containing the

graph of u∗∗, we may transform that integral as follows:

∫ β

α

f
(
u∗∗(z)

)√
1 + m2 dz =

∫ β
√

1+m2

α
√

1+m2
f

(
u∗∗

(
ξ/

√
1 + m2

))
dξ. (7)



136 A. Greco

Denoting by q the value u(α) − mα = u(β) − mβ , the equation of the line � is
y = mz + q , and we may rewrite (7) in the following form:

∫ β

α

f
(
u∗∗(z)

)√
1 + m2 dz =

∫ β
√

1+m2

α
√

1+m2
f

(
mξ/

√
1 + m2 + q

)
dξ. (8)

Finally, we interpret the point ξ on the line � as the orthogonal projection onto � of
some point (there may be many) belonging to the graph of u. More precisely, we
intend to perform the change of variable

ξ(x) = x + mu(x) − mq√
1 + m2

for x ∈ [α,β]. (9)

The change of variable above requires some care for two reasons: firstly, the function
ξ(x) may be non-invertible. Secondly, although the endpoints α, β are transformed
into ξ(α) = α

√
1 + m2 and ξ(β) = β

√
1 + m2, it is not told that the interval [α,β]

is transformed into
√

1 + m2 [α,β]. Indeed, if m �= 0, and if not only u(α) < y0, but
also u(β) < y0, it may well happen that the image ξ([α,β]) contains the interval√

1 + m2 [α,β] strictly. This is also seen in Fig. 1 letting x approach β from below.
These difficulties are overcome because in dimension 1 the change-of-variable

formula is a consequence of the chain rule and the fundamental theorem of cal-
culus. First of all, we need to ensure that when x varies in [α,β], the values of
mξ(x)/

√
1 + m2 + q , to be inserted in (8), keep inside the domain of the func-

tion f . To ensure this, recall that mx + q ≤ u(x) for all x ∈ [α,β]. Hence by (9) we
get

mξ(x)/
√

1 + m2 + q ≤ u(x) < y0 for all x ∈ [α,β), (10)

and therefore the quantity mξ(x)/
√

1 + m2 + q can be inserted as argument of f

in (8), as claimed. Next, observe that since f is continuous in [μ,y0) the integral
function

Φ(ξ) =
∫ ξ

α
√

1+m2
f

(
mt/

√
1 + m2 + q

)
dt

is well defined over the interval J = ξ([α,β)) and belongs to the class C1(J ). Fur-
thermore, the composite function Φ(ξ(x)) is of class W

1,1
loc ([α,β)) and for almost

every x ∈ [α,β) we have
(
Φ

(
ξ(x)

))′ = f
(
mz(x) + q

)
ξ ′(x),

where we have written z(x) = ξ(x)/
√

1 + m2, for shortness. By integrating both
sides in dx over the interval (α,β) we obtain:

∫ β
√

1+m2

α
√

1+m2
f

(
mξ/

√
1 + m2 + q

)
dξ =

∫ β

α

f
(
mz(x) + q

)1 + mu′(x)√
1 + m2

dx.

It remains to check that the last integral does not exceed the right-hand side of (6).
Observe that the inequality

1 + mu′(x)√
1 + m2

≤
√

1 + (
u′(x)

)2 (11)
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follows immediately from the Cauchy inequality in R
2. In view of the next remark,

observe, further, that the inequality in (11) becomes strict whenever u′(x) �= m, and
the set {x ∈ (α,β) | u′(x) �= m} has positive Lebesgue measure. Using (11), since f

is non-negative and non-decreasing, and by (10), we arrive at (6) and the proof is
complete. �

Remark 1 (The equality case) A glance at the last part of the proof shows that if
both sides in (5) are finite, and if f (y) > 0 for y ∈ (μ,y0), then equality holds in (5)
if and only if u = u∗∗, i.e., if and only if u is convex.

3 Proofs of the Main Theorems

Proof of Theorem 1 The scheme of the proof is the following. Firstly, we prove that
the extended functional F in (3) admits a minimizer in the class X− of all func-
tions u ∈ W 1,1(I ) such that u(x) < y0 for x ∈ I , u(a) ≤ ua , u(b) ≤ ub . Secondly,
we prove that every minimizer attains the prescribed boundary values and complete
the proof of the theorem. Before proceeding into details, observe that infF < +∞
because there are admissible functions u such that F [u] < +∞: indeed, since∫ y0
y0−1 f (y)dy < +∞ we may let u be any constant less than min{ua,ub}. Now

let (un)n≥1 be a minimizing sequence in X−, and proceed as follows. By Theo-
rem 3 we may assume that each un is a convex function.

Step 1. Uniform boundedness from below. Since f > 0 we have
∫ ua

un(a)
f (y)dy <

F [un] for all n, and the last term is bounded from above because (un)n≥1 is a min-
imizing sequence. Consequently, since

∫ y0−1
−∞ f (y)dy = +∞, we get that un(a) is

bounded from below. A uniform bound on un(x) follows from the following esti-
mate, which is obtained by the change of variable y = un(x):

∣∣∣∣

∫ un(a)

un(x)

f (y) dy

∣∣∣∣ ≤
∫ x

a

f
(
un(t)

)∣∣u′
n(t)

∣∣dt ≤ F [un].

Step 2. There exists a subsequence converging to a convex function u0 locally uni-
formly, and the functional F is continuous under such a convergence. The first claim
is a known result in convex analysis [19, Theorem 10.9] whose proof is also recalled
in [15, Sect. 3]. Continuity was proved in Theorem 4.2 of the last paper. The same
theorem implies that the subsequence cannot converge to the constant function y0
(nor can converge to y0 at any interior point) because F would tend to +∞. Hence
u0 is a minimizer belonging to the class X−.

Step 3. Regularity. Let u0 be any minimizer of the extended functional F in the
class X−. Clearly, the same u0 also minimizes the original functional F in the sub-
class of X− composed of all functions coinciding with u0 at the endpoints, and
therefore u0 satisfies the Euler equation in integral form associated to F :

f
(
u(x)

) u′(x)
√

1 + (u′(x))2
−

∫ x

x0

f ′(u(t)
)√

1 + (
u′(t)

)2
dt = const. (12)
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The formula above is obtained following the usual procedure to derive the Euler
equation of a functional, apart from the fact that Du Bois-Reymond’s lemma [5,
Lemma 1.8] replaces the fundamental lemma of the calculus of variations (which
requires more regularity of the minimizer).

Of course, any minimizer of the functional F in X also satisfies (12). Since f is
of class C1 and satisfies f (u0(x)) ∈ (0,+∞) for all x ∈ I , and since the function
t 
→ t/

√
1 + t2 is invertible, it follows that u0 is of class C2(I ) and satisfies the

Euler equation in strong form

f (u)u′′ = f ′(u)
(
1 + (

u′)2) (13)

which in turn has the prime integral
√

1 + (
u′)2 = Cf (u) (14)

where C is a positive constant. This is relevant in order to prove that any mini-
mizer u0 of F in X− attains the prescribed boundary values. Indeed, if we assume
u0(a) < ua then we have u0 ∈ C2([a, b)) and we reach the contradiction described
in the next step.

Step 4. Boundary continuity. Let u0 be any minimizer in the extended class X−,
and let us prove that u0(a) = ua . Supposing u0(a) < ua we now construct a func-
tion uε ∈ X− such that F [uε] < F [u0], a contradiction. The argument is taken from
the proof of Theorem 1.2 in [15], where the more restrictive condition f ′ > 0 was
required (and the sharper conclusion u′′

0 > 0 was obtained). By Step 3, the assump-
tion u0(a) < ua implies that u′

0(a) is finite. Fix y1 ∈ (u0(a), ua), and for ε > 0 so
small that u0(a + ε) < y1 define

uε(x) =
{

y1 + (u0(a + ε) − y1)(x − a)/ε, x ∈ [a, a + ε),

u0(x), x ∈ [a + ε, b].
By the (affine) change of variable y = uε(x) in the integral

∫ a+ε

a

f
(
uε(x)

)√
1 + (

u′
ε(x)

)2
dx

we arrive at

F [uε] =
∫ ua

y1

f (y)dy +
√

1 +
(

ε

u0(a + ε) − y1

)2 ∫ y1

u0(a+ε)

f (y) dy

+
∫ b

a+ε

f
(
u0(x)

)√
1 + (

u′
0(x)

)2
dx +

∫ ub

u0(b)

f (y) dy.

Observe that the preceding equality extends continuously to ε = 0. We may also
differentiate at ε = 0 and find

(
d

dε
F [uε]

)

ε=0
= −f

(
u0(a)

)(
u′

0(a) +
√

1 + (
u′

0(a)
)2

)
.
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Since f > 0, it follows that F [uε] < F [u0] for small ε > 0, as claimed. This con-
tradiction proves that u0(a) = ua , and by a similar argument u0(b) = ub . Conse-
quently, every minimizer in the extended class X− does indeed belong to the smaller
class X, and the proof is complete. �

Proof of Theorem 2 Let us denote by (un)n≥1 a minimizing sequence of the func-
tional F in the class X−, and let us follow the same steps as before. By Theorem 3
we may assume that each un is a convex function. Step 1 is now trivial because
all functions in X− are non-negative. Step 2 leads to the existence of a minimizer.
Since f (y) > 0 for y > 0, by Theorem 3 and Remark 1 it follows that every min-
imizer u0 is a convex function. Suppose, now, that some minimizer u0 is positive
at an interior point x0 ∈ (a, b), and let (c, d) ⊂ (a, b) be the largest open interval
containing x0 and such that u0 > 0 in all of (c, d). Then, u0 satisfies the prime
integral (14) in (c, d), and therefore f (u0(x)) ≥ 1/C for every x ∈ (c, d). Since
both f and u0 are continuous, and since f (0) = 0 by assumption, this prevents u0
from vanishing at the endpoints c, d . But since the interval (c, d) is maximal, we
deduce (c, d) = (a, b). Therefore, every minimizer that does not vanish identically
must be positive in the whole interval [a, b]. In the last case, the claimed properties
of the minimizer follow by Step 3 and Step 4 in the proof of Theorem 1. In addi-
tion, from (13) we see that every positive minimizer belongs to the class C2([a, b])
because f does not blow up at a finite point. �

Acknowledgements I wish to thank the two referees, whose careful reports have helped me to
improve the paper.

Appendix: The Cycloid

For the reader’s convenience, a parametric representation and some basic properties
of this celebrated curve are recalled here. We also prove the following

Proposition 1 When ua = 0, ub ≤ 0 and f (y) = |y|−1/2, the minimizer whose ex-
istence is assured by Theorem 1 is unique and it is given by the unique cycloid con-
necting the points (a,0) and (b,ub) and having the parametric representation (20)–
(21) below.

The proof is found at the end of the section. To construct a cycloid, consider
the circumference of radius R in the plane xy whose center C = (xC, yC) moves
along the line y = −R according to the law

xC(t) = λt, yC(t) = −R (15)

where λ is a positive constant and t the time variable. If the circumference rolls
without slipping under the x-axis, then each of its points describes a cycloid. In
particular, let P be the point of the circumference that coincides with O at t = 0.
Then, the coordinates (x, y) of P for all t ∈R are found as follows:
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Fig. 2 Construction of a cycloid

x(t) = xC(t) − R sinϑ(t) (16)

y(t) = yC(t) + R cosϑ(t) (17)

where ϑ(t) is the angle between the ray
→
CP and the unit vector e2 = (0,1). Since

the circumference rolls frictionless on the x-axis, the abscissa λt of the contact
point equals the arc Rϑ . Hence from (15) and (16)–(17) we finally get a parametric
representation of the path of P :

x = R(ϑ − sinϑ) (18)

y = R(−1 + cosϑ). (19)

The construction above is represented in Fig. 2. Animated pictures are found over
the Internet, and in some cases the user may perform interactive experiments (see,
for instance, [16]).

From the kinematical point of view it is interesting to observe that if the cir-
cumference rotates uniformly with λ = √

gR in (15), then the velocity v of P , ob-
tained by differentiation of (x(t), y(t)), satisfies 1

2v2 + gy = 0, hence P moves
just like a point mass constrained to the cycloid and put initially at O with speed
v0 = 0. In particular, we may easily compute the period p, i.e., the time needed
by the particle to reach the point (2πR,0) and then to come back to the origin:
p = 4πR/

√
gR = 4π

√
R/g.

The curve given by (18)–(19) for ϑ ∈ [0,2π] is strictly convex in the sense that
the angle α between the tangent vector (dx/dϑ,dy/dϑ) and the unit vector e1 =
(1,0) is a strictly increasing function of ϑ : more precisely, by giving α the same sign
as dy/dϑ we have α = (ϑ −π)/2. This also shows that the cycloid is orthogonal to
the x-axis at its endpoints.

Note that two cycloids given by (18)–(19) for two values of R are homothetic:
this is apparent since R may be interpreted as a scale factor [1, pp. 181–182].

Strict convexity and homotheticity, together with the orthogonality of the cycloid
to the x-axis at the origin, imply that for every x > 0 and y ≤ 0 there exist a unique
R = R(x, y) > 0 and a unique ϑ ∈ (0,2π] such that (18)–(19) hold, i.e. there ex-
ists a unique cycloid of the given form passing through the point (x, y). The value
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of R as a function of (x, y) may be interpreted as the gauge function, also called
the Minkowski functional of the convex set bounded by the x-axis and the cycloid
determined by letting R = 1 in (18)–(19). More generally, by admitting translations
in the direction of the x-axis, we come to the following known proposition:

Proposition 2 For every couple of points A = (xA, yA) and B = (xB, yB) such that
xA < xB and yA,yB ≤ 0 there exist a unique x0 ≤ xA and a unique R > 0 such that
the cycloid γ (x0,R) whose parametric representation is

x = x0 + R(ϑ − sinϑ) (20)

y = R(−1 + cosϑ) (21)

connects them.

Proof By a suitable translation, we may assume xA = 0. The case when also yA = 0
has been just discussed: in this case, x0 = 0 and R = R(xB, yB) (see above). It
remains to consider yA < 0. By homotheticity, we may assume yA = 2. Consider the
cycloid γ (−π,1), which has its lowest point at A. From the mentioned discussion
it follows that for every x0 < 0 there exists a unique R, which we now denote by
R = R(x0), such that the cycloid γ (x0,R(x0)) passes through A. In particular, we
have R(−π) = 1. Now we move x0 passing from x0 = −π to −∞, and then from
x0 = −π to 0. When x0 ↘ −∞ ranging in the interval (−∞,−π], the continuous,
strictly decreasing function R(x0) tends to +∞, and the arc of γ (x0,R(x0)) lying
in the half-plane x > 0 tends to the vertical line-segment from the origin to A. If,
instead, we let x0 vary in [−π,0) and tend to 0, then R(x0) tends again to +∞,
and the plane region bounded by γ (x0,R(x0)) and the x-axis invades continuously
and monotonically the quadrant x > 0, y ≤ 0. Since xB > 0 = xA and yB ≤ 0 by
assumption, the lemma follows. �

Now we can prove the statement made at the beginning.

Proof of Proposition 1 The uniqueness of the minimizer follows from the fact that
any minimizer is a classical solution, negative in the interval I , to the Euler equa-
tion (13). Indeed, if the difference w = u − v of two solutions coinciding at the
endpoints does not vanish identically, then it has at least an interior, positive maxi-
mum, or an interior negative minimum. Without loss of generality we may assume
we are in the last case, and there exists x0 ∈ I such that w(x0) = minx∈I w(x) < 0.
But then u′(x0) = v′(x0) and u(x0) < v(x0) < 0. Since f (y) = |y|−1/2 and f ′(y) =
− 1

2 sgn(y)|y|−3/2, from (13) we get w′′(x0) < 0, which is impossible at a minimum.
Therefore the minimizer is unique, as claimed.

To complete the proof, observe that by Proposition 2 there exists a unique
R > 0 such that the cycloid γ (a,R), whose parametric representation is (20)–
(21) and which starts from the point (a,0), also passes through (b,ub). By com-
putation, we find that γ (a,R) is the graph of a function y(x) which satisfies
y′(x) = −(1 − cosϑ)−1 sinϑ and y′′(x) = (1 − cosϑ)−2R−1, where x is related
to ϑ by (20), and ϑ ∈ (0,2π). Hence such a function satisfies the Euler equa-
tion (13), and the conclusion follows. �
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Existence of Minimizers for Some Coupled
Nonlinear Schrödinger Equations

Norihisa Ikoma

Abstract The existence and nonexistence of minimizers for two minimizing
problems are considered. These problems are related to three coupled nonlinear
Schrödinger equations which appear in the field of nonlinear optics. We observe
the relationship between two minimizing problems and also study the asymptotic
behavior when the coefficient standing for the nonlocal nonlinearity tend to 0.

Keywords Minimization problem · Two constraints conditions · Nonlocal
nonlinearity

1 Introduction

In this paper, we are interested in minimizing problems (see (3) and (4) below)
related to the following coupled nonlinear Schrödinger equations:

⎧
⎪⎨

⎪⎩

i∂tψ1 + Δψ1 + μ1ψ1ψ3 = 0 in R × RN,

i∂tψ2 + Δψ2 + μ2ψ2ψ3 = 0 in R × RN,

−ε2Δψ3 + ωψ3 = μ1|ψ1|2 + μ2|ψ2|2 in R × RN

(1)

where ∂t = ∂/∂t , μ1,μ2, ε,ω > 0 are constants, ψ1,ψ2 : R × RN → C and
ψ3 : R × RN → R are unknown functions. Since (1) is symmetric with respect to
the indices 1 and 2, we may suppose 0 < μ2 ≤ μ1 without loss of generality.

Equation (1) appears in the filed of nonlinear optics to describe the propagation
of two mutually incoherent laser beams in the media which has a nonlocal nonlin-
earity [15]. The functions ψ1 and ψ2 stand for light field amplitudes, and the term
ψ3 the effect of nonlocal nonlinearity. For details, see [15] and references therein.

In [15], the authors studied the existence of standing wave solution of (1) and
its profiles by the numerical method. Here the standing wave solution of (1) is

N. Ikoma (B)
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a solution of form ψ1(t, x) = eiλ1t u1(x), ψ2(t, x) = eiλ2t u2(x), ψ3(t, x) = u3(x)

where λ1, λ2 ∈ R and u1, u2, u3 are solutions of
⎧
⎪⎨

⎪⎩

−Δu1 + λ1u1 = μ1u1u3 in RN,

−Δu2 + λ2u2 = μ2u2u3 in RN,

−ε2Δu3 + ωu3 = μ1|u1|2 + μ2|u2|2 in RN.

(2)

In the present paper we have two aims. The first one is to give a rigorous proof
of the existence of standing wave solutions of (1). Secondly, we observe asymptotic
behaviors of standing wave solutions as ε → 0.

In order to find a solution of (2), we note that (1) has the following three con-
served quantities: ‖ψ1(t)‖L2 = ‖ψ1(0)‖L2 , ‖ψ2(t)‖L2 = ‖ψ2(0)‖L2 and E(ψ(t)) =
E(ψ(0)). Here ψ(t, x) = (ψ1(t, x),ψ2(t, x),ψ3(t, x)) is a solution of (1) and for
u = (u1, u2, u3) the functional E(u) is defined by

E(u) := 1

2

∫

RN

(|∇u1|2 + |∇u2|2
)
dx + 1

4

∫

RN

(
ε2|∇u3|2 + ωu2

3

)
dx

− 1

2

∫

RN

(
μ1|u1|2 + μ2|u2|2

)
u3 dx.

We consider the following minimizing problems: For each α1, α2 > 0,

d1(ε,α1, α2) := inf
{
E(u) : u ∈ H, ‖u1‖2

L2 = α1, ‖u2‖2
L2 = α2

}
(3)

where H := H 1 × H 1 × H 1
R and H 1 := H 1(RN,C), H 1

R := H 1(RN,R). Remark
that any minimizer of (3) is a solution of (2) with some λ1, λ2 ∈ R, i.e., standing
wave solution of (1).

Henceforth, we consider the solvability of (3). We define a set of minimizers:

M1(ε,α1, α2) := {
u ∈ H : ‖u1‖2

L2 = α1, ‖u2‖2
L2 = α2, E(u) = d1(ε,α1, α2)

}
.

Our first result is concerned with the existence and nonexistence result of mini-
mizing problem (3).

Theorem 1 Let ε,ω > 0 and μ1 ≥ μ2 > 0. Then

(i) When N = 1, M1(ε,α1, α2) �= ∅ for each α1, α2 > 0.
(ii) When N = 2, there exist 0 < α ≤ α < ∞ such that M1(ε,α1, α2) �= ∅ if α <

max{α1, α2}, and M1(ε,α1, α2) = ∅ if max{α1, α2} < α.
(iii) When N = 3, there exist 0 < α ≤ α < ∞ such that M1(ε,α1, α2) �= ∅ if α <

min{α1, α2}, and M1(ε,α1, α2) = ∅ if max{α1, α2} < α.

Furthermore, for any α1, α2 > 0 (with α < max{α1, α2} when N = 2 and α <

min{α1, α2} when N = 3), there holds

M1(ε,α1, α2)

= {(
eiθ1w1(x − y), eiθ2w2(x − y),w3(x − y)

)
: θ1, θ2 ∈ R, y ∈ RN,

wj (j = 1,2,3) is positive and radial solution of (2) with some λ1, λ2 > 0
}
.
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Remark 1 (i) We remark that in the existence result of Theorem 1, there is a slight
difference between the cases N = 2 and N = 3. Indeed, we suppose that both of α1

and α2 are large when N = 3. On the contrary, when N = 2, we assume that one of
α1 and α2 is large. This difference comes when we show that a minimizing sequence
has a strongly convergence subsequence. See Proposition 4.

(ii) In [10], the authors consider another type of minimizing problem related to
the nonlinear Schrödinger equations with nonzero conditions at infinity. They also
study the existence and nonexistence result of minimizers and show that there is no
minimizer if the minimum value is linear. For more precise statements, see [10].

(iii) In [28] the author studied a minimizing problem of nonlinear Schrödinger
equations with general nonlinear terms and showed the orbital stability of the set of
minimizers. He also studied the nonexistence of minimizers.

Next, we introduce another minimizing problem: For any α > 0,

d2(ε,α) := inf
{
E(u) : u ∈ H, ‖u1‖2

L2 + ‖u2‖2
L2 = α

}
,

M2(ε,α) := {
u ∈ H : ‖u1‖2

L2 + ‖u2‖2
L2 = α, E(u) = d2(ε,α)

}
.

(4)

We remark that any minimizer for d2(ε,α) is also a solution of (2) with some λ1 =
λ2 ∈ R. By definition, d2(ε,α) ≤ d1(ε,α1, α2) holds for every α,α1, α2 > 0 with
α = α1 + α2.

First we state the solvability of (4).

Proposition 1 Let ε,ω > 0 and μ1 ≥ μ2 > 0. Then:

(i) (N = 1) M2(ε,α) �= ∅ for all α > 0.
(ii) (N = 2,3) There exist 0 < α ≤ α < ∞ such that M2(ε,α) �= ∅ if α < α and

M2(ε,α) = ∅ if α < α.

Next we state the relationship between (3) and (4).

Theorem 2

(i) Let μ1 = μ2. Then there exists an α0 ≥ 0 such that if α > α0 then d1(ε,α1, α2) =
d2(ε,α) holds for any α1, α2 > 0 with α = α1 + α2. In particular,
M1(ε,α1, α2) ⊂ M2(ε,α) and

M2(ε,α)

= {(
eiθ2w1(x − y) cos θ1, e

iθ3w1(x − y) sin θ1,w3(x − y)
)
: θ1, θ2, θ3 ∈ R,

y ∈ RN, w1,w3 are positive and radial solution of (5) below with some

λ > 0
}
.

{−Δu1 + λu1 = μ1u1u3 in RN,

−ε2Δu3 + ωu3 = μ1|u1|2 in RN.
(5)
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(ii) Let μ1 > μ2. Then there exists an α0 ≥ 0 such that for any α > α0,

M2(ε,α) = {(
eiθw1(x − y),0,w3(x − y)

)
: θ ∈ R, y ∈ RN,

w1,w3 are positive and radial solution of (5) with some λ > 0
}
.

In particular, if μ1 > μ2 and α1, α2 satisfy α = α1 + α2 > α0, then d2(ε,α) <

d1(ε,α1, α2) holds.

Remark 2 When N = 1, we can choose α0 = 0 in Theorem 2. On the other hand,
when N = 2,3, d1(ε,α1, α2) = 0 = d2(ε,α) hold for sufficiently small α1, α2 > 0
even though μ1 > μ2. See Corollary 1.

Lastly we consider the behavior of d1(ε,α1, α2) and M1(ε,α1, α2) as ε → 0. In
this case, we assume N = 1 and the following equation plays an important role:

{
i∂tψ1 + ∂2

xψ1 + (
μ̃1|ψ1|2 + β̃|ψ2|2

)
ψ1 = 0 in R × R,

i∂tψ2 + ∂2
xψ2 + (

β̃|ψ1|2 + μ̃2|ψ2|2
)
ψ2 = 0 in R × R

(6)

where μ̃1, μ̃2, β̃ > 0 are constants. Equation (6) with μ̃j = (μ2
j /ω) and β̃ =

(μ1μ2/ω) appears formally when we set ε = 0 in (1) and substitute ψ3 =
(μ1/ω)|ψ1|2 + (μ2/ω)|ψ2|2 into the first and second equations in (1). Recently,
many researchers have studied (6) regarding the existence of standing wave solu-
tions and its stability. For instance, see [1–4, 6, 11, 13, 14, 18, 20–22, 24, 26, 29]
and references therein.

We remark that (6) has also three conserved quantities: ‖ψ1(t)‖L2 = ‖ψ1(0)‖L2 ,
‖ψ2(t)‖L2 = ‖ψ2(0)‖L2 and G(ψ(t)) = G(ψ(0)) where ψ(t, x) = (ψ1(t, x),

ψ2(t, x)) is a solution of (6) and for u = (u1, u2) the functional G(u) is defined
by

G(u) := 1

2

∫

R

(∣
∣u′

1

∣
∣2 + ∣

∣u′
2

∣
∣2)

dx − 1

4

∫

R

(
μ̃1|u1|4 + 2β̃|u1u2|2 + μ̃2|u2|4

)
dx.

In a similar way to (3), we introduce the following minimizing problem: For any
α1, α2 > 0,

d3(α1, α2) := inf
{
G(u) : u ∈ H 1 × H 1, ‖u1‖2

L2 = α1, ‖u2‖2
L2 = α2

}
,

and denote sets of minimizers for d3(α1, α2) by M3(α1, α2).
The existence of a minimizer to d3(α1, α2) is studied in [9]. See also [22, 24, 26].

In [9], the authors showed d3(α1, α2) < 0 and M3(α1, α2) �= ∅ for all α1, α2 > 0.
Note that when N = 1, by Theorem 1, M1(ε,α1, α2) �= ∅ holds for all ε,α1, α2 >

0. As asymptotic behaviors of d1(ε,α1, α2) and M1(ε,α1, α2) as ε → 0, we have
the following.

Theorem 3 Let N = 1, μ̃1 := μ2
1/ω, μ̃2 := μ2

2/ω, β̃ = μ1μ2/ω and α1, α2 > 0.
Then
(i) As ε → 0, d1(ε,α1, α2) → d3(α1, α2).
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(ii) For any η > 0, there exists an εη > 0 such that if ε ≤ εη, then

distH 1×H 1

(
(u1, u2),M3(α1, α2)

)

+ ∥
∥u3 − [

(μ1/ω)|u1|2 + (μ2/ω)|u2|2
]∥
∥

H 1 ≤ η

for all (u1, u2, u3) ∈ M1(ε,α1, α2).

In Sect. 2, we shall show basic properties of (3) and (4), and the nonexistence
result. In Sect. 3, we prove Theorem 1 and Proposition 1. Section 4 is devoted to
proving Theorem 2 and Theorem 3 is shown in Sect. 5.

2 Preliminaries

In this section, we prove basic properties related to the minimizing problems (3)
and (4), and the nonexistence result.

In what follows, we use the following abbreviation: Lp(RN) = Lp for 1 ≤
p ≤ ∞.

Next we introduce some notations. For any f ∈ (H 1
R)∗, the equation −ε2Δu +

ωu = f in RN has a unique solution u ∈ H 1
R. We denote it by Φε,ω[f ] ∈ H 1

R. Since
1 ≤ N ≤ 3, for any u1, u2 ∈ H 1, μ1|u1|2 + μ2|u2|2 ∈ (H 1

R)∗ holds. Moreover, Φε,ω

has the following expression:

Φε,ω

[
μ1|u1|2 + μ2|u2|2

]
(x) =

∫

RN

GN,ε,ω(x − y)
(
μ1

∣
∣u1(y)

∣
∣2 + μ2

∣
∣u2(y)

∣
∣2)

dy

where

GN,ε,ω(x) :=

⎧
⎪⎨

⎪⎩

(2ε
√

ω)−1 exp(−√
ω |x|/ε) if N = 1,

(2πε2)−1K0(
√

ω |x|/ε) if N = 2,

(4πε2|x|)−1 exp(−√
ω |x|/ε) if N = 3

and K0 is the modified Bessel function defined by

K0
(|x|) := e−|x|(2|x|)−1/2

∫ ∞

0
e−t t−1/2

(

1 + t

2|x|
)−1/2

dt > 0,

and K0(|x|) ∼ − log |x| as |x| → 0. For instance, see [12]. Note that GN,ε,ω ∈ Lp

for 1 ≤ p ≤ ∞ (N = 1), 1 ≤ p < ∞ (N = 2) and 1 ≤ p < 3 (N = 3).
We remark that Φε,ω[μ1|u1|2 + μ2|u2|2](x) is characterized as the unique mini-

mizer of

inf
{
Iu1,u2(ϕ) : ϕ ∈ H 1

R

}
,

Iu1,u2(ϕ) := 1

2

∫

RN

(
ε2|∇ϕ|2 + ωϕ2)dx −

∫

RN

(
μ1|u1|2 + μ2|u2|2

)
ϕ dx.

Hence we obtain
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E(u1, u2, u3) = 1

2

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

) + 1

2
Iu1,u2(u3)

≥ E
(
u1, u2,Φε,ω

[
μ1|u1|2 + μ2|u2|2

])
(7)

for every (u1, u2, u3) ∈ H . Thus setting F(u1, u2) := E(u1, u2,Φε,ω[μ1|u1|2 +
μ2|u2|2]) ∈ C1(H 1 × H 1,R), by (7) we have E(u1, u2, u3) ≥ F(u1, u2) for each
(u1, u2, u3) ∈ H . Since Φε,ω[μ1|u1|2 + μ2|u2|2] is a solution of −ε2Δu + ωu =
μ1|u1|2 + μ2|u2|2 in RN , we also have

F(u1, u2) = 1

2

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

)

− 1

4

∫

RN

(
μ1|u1|2 + μ2|u2|2

)
Φε,ω

[
μ1|u1|2 + μ2|u2|2

]
dx. (8)

Moreover, the following hold:

Lemma 1 Let (vn)
∞
n=1 ⊂ H satisfy ‖vn,1‖2

L2 = α1, ‖vn,2‖2
L2 = α2 and E(vn) →

d1(ε,α1, α2). Then ‖vn,3 − Φε,ω[μ1|vn,1|2 + μ2|vn,2|2]‖H 1 → 0. Similarly,
if (vn) is a minimizing sequence for d2(ε,α), then ‖vn,3 − Φε,ω[μ1|vn,1|2 +
μ2|vn,2|2]‖H 1 → 0.

Proof We only consider for d1(ε,α1, α2). We argue by contradiction and suppose
that there is an η0 > 0 such that

∥
∥vn,3 − Φε,ω

[
μ1|vn,1|2 + μ2|vn,2|2

]∥
∥

H 1 ≥ η0 for all n ∈ N. (9)

Next, we consider a family of functionals defined by

In(ϕ) := 1

2

∫

RN

(
ε2|∇ϕ|2 + ωϕ2)dx

−
∫

RN

(
μ1|vn,1|2 + μ2|vn,2|2

)
ϕ dx ∈ C1(H 1

R,R
)
.

Note that I ′
n(Φε,ω[μ1|vn,1|2 + μ2|vn,2|2]) = 0 and I ′′

n (u)[ϕ,ϕ] = ∫

RN (ε2|∇ϕ|2 +
ωϕ2) dx for all u,ϕ ∈ H 1

R. Since Φε,ω[μ1|vn,1|2 + μ2|vn,2|2] is a unique min-
imizer of In in H 1

R, it follows from (9) that there exists an η1 > 0 such that
In(vn,3) ≥ In(Φε,ω[μ1|vn,1|2 + μ2|vn,2|2]) + η1 for all n ∈ N. Therefore, E(vn) ≥
F(vn,1, vn,2) + η1/2 holds for every n ∈ N, which implies d1(ε,α1, α2) ≥
d1(ε,α1, α2) + η1/2. This is a contradiction and Lemma 1 holds. �

Next, we prove that any minimizing sequence of (3) (resp. (4)) is bounded in H .

Proposition 2 For any η > 0, there exists an Mη,α > 0 such that if (u1, u2, u3) ∈ H

satisfies E(u1, u2, u3) ≤ η and ‖u1‖2
L2 + ‖u2‖2

L2 = α, then ‖u1‖H 1 + ‖u2‖H 1 +
‖u3‖H 1 ≤ Mη,α . Especially, −∞ < d1(ε,α1, α2) and −∞ < d2(ε,α) hold for every
α,α1, α2 > 0.
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Proof Since E is bounded on any bounded set, we only show the boundedness of
(u1, u2, u3). Secondly, we remark that it is sufficient to show ‖u1‖H 1 + ‖u2‖H 1 ≤
Mη,α for all u1, u2 ∈ H 1 with E(u1, u2, u3) ≤ η and ‖u1‖2

L2 + ‖u2‖2
L2 = α. In fact,

from E(u) ≤ η, we infer that

1

4

∫

RN

(
ε2|∇u3|2 + ωu2

3

)
dx

≤ η + 1

2

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

) + 1

2

∫

RN

(
μ1|u1|2 + μ2|u2|2

)
u3 dx. (10)

Thus, if we take an Mη,α > 0 sufficiently large, then ‖u3‖H 1 ≤ Mη,α follows from
(10).

Henceforth, we shall prove the boundedness for u1 and u2. First note that by
Gagliardo-Nirenberg’s inequality and Young’s inequality, we have

‖ϕ‖Lp1 ≤ C‖∇ϕ‖a
L2‖ϕ‖1−a

Lq1 , (11)
∥
∥(f ∗ g)h

∥
∥

L1 ≤ ‖f ‖Lp2 ‖g‖Lq2 ‖h‖Lr2 (12)

where f ∗ g stands for the convolution, 1/p1 = a(1/2 − 1/N) + (1 − a)/q1 and
1/p2 + 1/q2 + 1/r2 = 2.

Let ‖u1‖2
L2 +‖u2‖2

L2 = α and E(u1, u2, u3) ≤ η. Then by (8), (11) and (12) with
p1 = 3, q1 = 2 and p2 = q2 = r2 = 3/2, one obtains

η ≥ E(u1, u2, u3) ≥ F(u1, u2)

≥ 1

2

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

) − ‖GN,ε,ω‖L3/2

4

(
μ1‖u1‖2

L3 + μ2‖u2‖2
L3

)2

≥ 1

2

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

)

− C
(‖∇u1‖2N/3

L2 ‖u1‖4−2N/3
L2 + ‖∇u2‖2N/3

L2 ‖u2‖4−2N/3
L2

)
.

When N = 1,2, noting 2N/3 < 2 and ‖uj‖2
L2 ≤ α for j = 1,2, it holds that

η ≥
2∑

j=1

(‖∇uj‖2
L2

2
− α2−N/3C‖∇uj‖2N/3

L2

)

.

Thus there is an M̃η,α > 0 satisfying ‖∇u1‖L2 +‖∇u2‖L2 ≤ M̃η,α for every u1, u2 ∈
H 1 with ‖u1‖2

L2 + ‖u2‖2
L2 = α and E(u1, u2, u3) ≤ η.

In the case where N = 3, we use the argument in [16]. For R > 0, we set GR,1 :=
χBR(0)GN,ε,ω and GR,2 := (1 − χBR(0))GN,ε,ω where χBR(0) is the characteristic
function of BR(0). Then we see GR,1 ∈ Lp with 1 ≤ p < 3 and GR,2 ∈ L∞ from
the property of GN,ε,ω .

For each u1, u2 ∈ H 1, we also set

IR,j :=
∫

R6

∣
∣u1(x)

∣
∣2

GR,j (x − y)
∣
∣u2(y)

∣
∣2

dx dy for j = 1,2.

For IR,2, it follows that IR,2 ≤ ‖GR,2‖L∞‖u1‖2
L2‖u2‖2

L2 . On the other hand, by (12)

with p2 = 1, q2 = 3/2 and r2 = 3, one has IR,1 ≤ ‖u1‖2
L2‖GR,1‖L3/2‖u2‖2

L6 . Thus it
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follows from Sobolev’s inequality that IR,1 ≤ C‖GR,1‖L3/2‖u1‖2
L2‖∇u2‖2

L2 . Hence

noting ‖uj‖2
L2 ≤ α for j = 1,2 we have

∫

R3
|u1|2Φε,ω

[|u2|2
]
dx = IR,1 + IR,2 ≤ C‖GR,1‖L3/2α‖∇u2‖2

L2 + ‖GR,2‖L∞α2.

Thus we obtain

F(u1, u2) ≥ 1

2

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

)

− C
{‖GR,1‖L3/2α

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

) + ‖GR,2‖L∞α2}.

Choosing an R > 0 so small that C‖GR,1‖L3/2α ≤ 1/4, one has

η ≥ E(u1, u2, u3) ≥ F(u1, u2) ≥ 1

4

(‖∇u1‖2
L2 + ‖∇u2‖2

L2

) − C‖GR,2‖L∞α2.

Hence, we have ‖u1‖H 1 + ‖u2‖H 1 ≤ Mη,α for every u1, u2 ∈ H 1 with ‖u1‖2
L2 +

‖u2‖2
L2 = α and E(u1, u2, u3) ≤ η. This completes the proof. �

Next for any ρ > 0 and ϕ ∈ H 1, we set ϕρ(x) := ρN/2ϕ(ρx). Remark that
‖ϕρ‖L2 = ‖ϕ‖L2 holds.

Lemma 2 For all ϕ1, ϕ2 ∈ C∞
0 (RN), it holds that

lim
ρ→0

1

ρN

∫

RN

Φε,ω

[|ϕ1,ρ |2](x)
∣
∣ϕ2,ρ(x)

∣
∣2

dx

= ‖GN,ε,ω‖L1

∫

RN

∣
∣ϕ1(x)

∣
∣2∣∣ϕ2(x)

∣
∣2

dx.

Proof Let ϕ1, ϕ2 ∈ C∞
0 (RN). Then, one has

1

ρN

∫

RN

Φε,ω

[|ϕ1,ρ |2](x)
∣
∣ϕ2,ρ(x)

∣
∣2

dx

= 1

ρN

∫

R2N

∣
∣ϕ1(y)

∣
∣2

GN,ε,ω

(
x − y

ρ

)
∣
∣ϕ2(x)

∣
∣2

dx dy.

Thus it is sufficient to prove

lim
ρ→0

1

ρN

∫

RN

GN,ε,ω

(
x − y

ρ

)
∣
∣ϕ1(y)

∣
∣2

dy

= ‖GN,ε,ω‖L1

∣
∣ϕ1(x)

∣
∣2 uniformly w.r.t. x ∈ RN. (13)

Since

1

ρN

∫

RN

GN,ε,ω

(
x − y

ρ

)
∣
∣ϕ1(y)

∣
∣2

dy =
∫

RN

GN,ε,ω(y)
∣
∣ϕ1(x − ρy)

∣
∣2

dy,

we have
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∣
∣
∣
∣

1

ρN

∫

RN

GN,ε,ω

(
x − y

ρ

)
∣
∣ϕ1(y)

∣
∣2

dy − ‖GN,ε,ω‖L1

∣
∣ϕ1(x)

∣
∣2

∣
∣
∣
∣

≤
∫

RN

GN,ε,ω(y)
∣
∣
∣
∣ϕ1(x − ρy)

∣
∣2 − ∣

∣ϕ1(x)
∣
∣2∣∣dy.

Noting ϕ1 is uniformly continuous in RN , one sees that (13) holds. �

Next we define ej (ε,αj ) by

ej (ε,αj ) := inf
{
Ej(u) : u ∈ H 1, ‖u‖2

L2 = αj

}
,

Ej (u) := 1

2
‖∇u‖2

L2 − μ2
j

4

∫

RN

|u|2Φε,ω

[|u|2]dx.
(14)

From (8), we have F(u1, u2) ≤ E1(u1) + E2(u2) for each u1, u2 ∈ H 1, which im-
plies

d1(ε,α1, α2) ≤ e1(ε,α1) + e2(ε,α2). (15)

Next, we show some properties of ej (ε,αj ).

Lemma 3

(i) When N = 1, −∞ < ej (ε,αj ) < 0 for any αj > 0.
(ii) When N = 2,3, there is an α0,j > 0 such that ej (ε,αj ) = 0 if 0 < αj ≤ α0,j

and −∞ < ej (ε,αj ) < 0 if α0,j < αj .

Proof First we remark that we can show −∞ < ej (ε,αj ) in a similar way to Propo-
sition 2.

Next we show ej (ε,αj ) ≤ 0 for all αj > 0. Let ϕ ∈ C∞
0 (RN) and ‖ϕ‖2

L2 = αj .

Then it follows from Lemma 2 that ‖∇ϕρ‖2
L2 = ρ2‖∇ϕ‖2

L2 and
∫

RN |ϕρ |2 ×
Φε,ω[|ϕρ |2]dx = O(ρN). Hence Ej(ϕρ) → 0, which implies ej (ε,αj ) ≤ 0. More-
over, when N = 1, we can see ej (ε,αj ) < 0 for all αj > 0.

Next we consider the case where N = 2,3. First we show ej (ε,αj ) = 0 for suffi-
ciently small αj > 0. Choose p1 = 2N/(N −1), q1 = 2 in (11) and p2 = r2 = p1/2,
q2 = N/2 in (12). Then by (11) and (12), for all uj ∈ H 1 with ‖uj‖2

L2 = αj , one
has

Ej(uj ) ≥ ‖∇uj‖2
L2

2
− μ2

j

4
‖GN,ε,ω‖Lq2 ‖uj‖4

Lp1

≥ ‖∇uj‖2
L2

2
− Cμ2

j‖GN,ε,ω‖Lq2 ‖∇uj‖2
L2‖uj‖2

L2

=
(

1

2
− Cμ2

j‖GN,ε,ω‖Lq2 αj

)

‖∇uj‖2
L2 .

Hence ej (ε,αj ) = 0 follows provided αj > 0 is sufficiently small.
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Lastly we prove the existence of α0,j > 0 satisfying the desired property and use
the argument in [25]. For any uj ∈ H 1 and t ≥ 1, we have

Ej(tuj ) = t2

2
‖∇uj‖2

L2 − μ2
j t

4

4

∫

RN

|uj |2Φε,ω

[|uj |2
]
dx ≤ t2E(uj ).

Thus noting ej (ε,αj ) ≤ 0, ej (ε, t
2αj ) ≤ t2ej (ε,αj ) ≤ ej (ε,αj ) follows for any

αj > 0 and t ≥ 1, which implies the map αj �→ ej (ε,αj ) is monotone. More-
over, ej (ε,αj ) < 0 holds for all sufficiently large αj > 0. Thus set α0,j := inf{α̃j :
ej (ε,αj ) < 0 for all αj ∈ (α̃j ,∞)}. The above arguments show 0 < α0,j < ∞
and by the continuity of Ej , one can show ej (ε,αj ) = 0 if 0 < αj ≤ α0,j and
ej (ε,αj ) < 0 if α0,j < αj , which completes the proof. �

As a corollary to Lemma 3, we have the following.

Corollary 1

(i) When N = 1, d1(ε,α1, α2) < 0 and d2(ε,α) < 0 hold for every α,α1, α2 > 0.
(ii) When N = 2,3, there exist 0 < α̂1 ≤ α̂2 < ∞ and 0 < α̂3 ≤ α̂4 < ∞ such that

d1(ε,α1, α2) = 0, M1(ε,α1, α2) = ∅ if max{α1, α2} < α̂1,

d2(ε,α) = 0, M2(ε,α) = ∅ if α < α̂3,

d1(ε,α1, α2) < 0
(
resp. d2(ε,α) < 0

)
if α̂2 < max{α1, α2} (resp. α̂4 < α).

Proof The assertion (i) and the existence of α̂2, α̂4 follow from Lemma 3 and (15).
So we prove the existence of α̂1 and α̂3. Repeating the arguments in Lemma 3, we
have

F(u1, u2) ≥
2∑

j=1

(
1

2
− C‖GN,ε,ω‖Lq2 αj

)

‖∇uj‖2
L2 (16)

where q2 = N/2. Thus choose α̂1 > 0 satisfying 0 ≤ 1/2 − C‖GN,ε,ω‖Lq2 α̂1.
Then if max{α1, α2} < α̂1, by (16) we see F(u1, u2) ≥ 0 for all u1, u2 ∈ H 1

with ‖uj‖2
L2 = αj for j = 1,2, which implies d1(ε,α1, α2) = 0. Moreover,

M1(ε,α1, α2) = ∅ holds from d1(ε,α1, α2) = 0 and (16). Similarly we can find
α̂3 > 0 satisfying the desired property. �

3 Proof of Theorem 1 and Proposition 1

3.1 Solvability of (4)

In this subsection, we prove the existence of minimizers for (4). A proof is essen-
tially same to the one in [25], however, for the reader’s sake, we shall give the proof.

We begin with the following lemma which was essentially proven in [25] and we
omit a proof.
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Lemma 4 (Lemma 2.3 in [25]) Assume d2(ε,α) < 0. Then

(i) There exists a δα > 0 such that

d2(ε,α) = inf
{
F(u1, u2) : ‖u1‖2

L2 + ‖u2‖2
L2 = α,

∥
∥Φε,ω

[
μ1|u1|2 + μ2|u2|2

]∥
∥

H 1 ≥ δα

}
.

(ii) For any t > 1, d2(ε, tα) < td2(ε,α) holds.
(iii) For each α̂ ∈ (0, α), d2(ε,α) < d2(ε, α̂) + d2(ε,α − α̂) holds.

Proposition 1 follows from Corollary 1 and

Proposition 3 Suppose that d2(ε,α) < 0. Then every minimizing sequence of (4)
has a strongly convergent subsequence after suitable translations. In particular
d2(ε,α) is attained.

Proof Let (vn)
∞
n=1 ⊂ H satisfy ‖vn,1‖2

L2 + ‖vn,2‖2
L2 = α and E(vn) → d2(ε,α).

Then by Lemma 1, ‖vn,3 − Φε,ω[μ1|vn,1|2 + μ2|vn,2|2]‖H 1 → 0. Therefore, it is
sufficient to prove that (vn,j )

∞
n=1 (j = 1,2) has a strongly convergent subsequence

after suitable translations.
By the Concentration-Compactness Lemma (see [7, 19]), there is a subsequence

(vnk,j ) (j = 1,2) such that one of the following three cases occurs:

(a) (compactness) There exists a sequence (xk)
∞
k=1 ⊂ RN satisfying that for any

ε > 0 there is an R > 0 such that
∫

BR(xk)
|vnk,1(x)|2 + |vnk,2(x)|2 dx ≥ α − ε

for all k ≥ 1.
(b) (vanishing) For all R > 0, limk→∞ supy∈RN

∫

BR(y)
|vnk,1(x)|2 + |vnk,2(x)|2 dx

= 0.
(c) (dichotomy) There exist α̂ ∈ (0, α), (xk)

∞
k=1 ⊂ RN , (Rk,1)

∞
k=1, (Rk,2)

∞
k=1 such

that 3Rk,1 ≤ Rk,2, Rk,1 → ∞ and
∫

|x−xk |≤Rk,1

∣
∣vnk,1(x)

∣
∣2 + ∣

∣vnk,2(x)
∣
∣2

dx → α̂,

∫

|x−xk |≥Rk,2

∣
∣vnk,1(x)

∣
∣2 + ∣

∣vnk,2(x)
∣
∣2

dx → α − α̂.

(17)

If (b) takes place, noting that (vnk,1) and (vnk,2) are bounded in H 1

from Proposition 2, we can show vnk,j → 0 strongly in L4 (see [7]) and
μ1|vnk,1|2 + μ2|vnk,2|2 → 0 strongly in (H 1

R)∗. Thus ‖Φε,ω[μ1|vnk,1|2 +
μ2|vnk,2|2]‖H 1 → 0. Since vnk,3 → 0 strongly in H 1 from Lemma 1, we have
d2(ε,α) = limk→∞ E(vnk

) ≥ 0. This contradicts to d2(ε,α) < 0.
Next suppose that (c) occurs. Then we choose ϕk,1 and ϕk,2 satisfying 0 ≤

ϕk,�(x) ≤ 1, ‖∇ϕk,�‖L∞ → 0 and

ϕk,1(x) =
{

1 if |x − xk| ≤ Rk,1,

0 if |x − xk| ≥ 2Rk,1,
ϕk,2(x) =

{
0 if |x − xk| ≤ 2Rk,1,

1 if |x − xk| ≥ Rk,2.
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For j, � = 1,2, set v�
k,j (x) := ϕk,�(x)vnk,j (x) and v�

k,3(x) := Φε,ω[μ1|v�
k,1|2 +

μ2|v�
k,2|2](x). Then,

‖∇vnk,j‖2
L2 ≥ ∥

∥∇v1
k,j

∥
∥2

L2 + ∥
∥∇v2

k,j

∥
∥2

L2 + o(1),
∥
∥vnk,j − v1

k,j − v2
k,j

∥
∥

Lp → 0
(18)

for all p ∈ [2,2∗) where 2∗ = 6 if N = 3 and 2∗ = ∞ if N = 1,2. Hence we have
‖Φε,ω[μ1|vnk,1|2 + μ2|vnk,2|2] − v1

k,3 − v2
k,3‖H 1 → 0 and

d2(ε,α) = lim
k→∞E(vnk

) ≥ lim
k→∞F(vnk,1, vnk,2) ≥ lim inf

k→∞
(
E

(
v1
k

) + E
(
v2
k

))
. (19)

On the other hand, from (17) and (18), we see ‖v1
k,1‖2

L2 + ‖v1
k,2‖2

L2 → α̂ and

‖v2
k,1‖2

L2 + ‖v2
k,2‖2

L2 → α − α̂. Since (v�
k,j ) is bounded in H 1 and E is Lips-

chitz continuous in bounded sets, we have E(v1
k ) ≥ d2(ε, α̂) + o(1) and E(v2

k ) ≥
d2(ε,α − α̂)+ o(1). So from (19), d2(ε,α) ≥ d2(ε, α̂)+ d2(ε,α − α̂) holds and this
contradicts to Lemma 4.

Thus (a) occurs. Set wk,j (x) := vnk,j (x + xk). Since (vnk,j ) is bounded in H 1,
we may assume wk,j ⇀ w0,j weakly in H 1. From (a), we can show wk,j → w0,j

strongly in L2 and Φε,ω[μ1|wk,1|2 + μ2|wk,2|2] → Φε,ω[μ1|w0,1|2 + μ2|w0,2|2]
strongly in H 1. Using the lower semicontinuity of norm, we have

d2(ε,α) ≥ lim
k→∞F(wk,1,wk,2) ≥ F(w0,1,w0,2).

Noting ‖w0,1‖2
L2 + ‖w0,2‖2

L2 = α, we also obtain d2(ε,α) = F(w0,1,w0,2) and

‖∇wk,j‖2
L2 → ‖∇w0,j‖2

L2 . From the weak convergence in H 1, one has wk,j →
w0,j strongly in H 1. �

3.2 Achievement of d1(ε,α1,α2) and Proof of Theorem 1

Next we shall prove that d1(ε,α1, α2) is attained under some suitable conditions
and show Theorem 1. Here we follow the arguments in [9]. First we approximate
the minimizing problem: for each k ∈ N we consider

d1,k(ε,α1, α2) := inf
{
E(u) : u1, u2 ∈ H 1

0

(
Bk(0),C

)
, u3 ∈ H 1

0

(
Bk(0),R

)
,

‖u1‖2
L2 = α1, ‖u2‖2

L2 = α2
}
.

For d1,k(ε,α1, α2), we have

Lemma 5

(i) For every α1, α2 > 0, d1,k(ε,α1, α2) → d1(ε,α1, α2) as k → ∞.
(ii) For any α1, α2 > 0 and k ∈ N, there exists a minimizer (uk,1, uk,2, uk,3) for

d1,k(ε,α1, α2) which are nonnegative, radially symmetric and decreasing in
Bk(0).
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Proof By d1(ε,α1, α2) ≤ d1,k(ε,α1, α2) for all k ∈ N and the density of C∞
0 (RN)

in H 1, it is easy to see that the assertion (i) holds.
We consider the assertion (ii). Let (um)∞m=1 be a minimizing sequence for

d1,k(ε,α1, α2). Then by H 1
0 (Bk(0)) ⊂ H 1 and Proposition 2, (um,j )

∞
m=1 is bounded

in H 1
0 (Bk(0)) for j = 1,2,3. So we may suppose um,j ⇀ u0,j weakly in

H 1
0 (Bk(0)). By the compactness of the embedding H 1

0 (Bk(0)) ⊂ Lp(Bk(0)) for 1 ≤
p < 2∗, it holds uk,j → u0,j strongly in Lp(Bk(0)), which shows ‖u0,j‖2

L2 = αj

for j = 1,2. By the lower semicontinuity of norm, we get E(u0) ≤ d1,k(ε,α1, α2).
Hence u0 is a minimizer for d1,k(ε,α1, α2).

Next let vj (x) := |u0,j (x)|∗ for j = 1,2,3 where ϕ∗ stands for a Schwarz sym-
metrization of ϕ. Then vj satisfies the following (see [17]): vj ∈ H 1

0 (Bk(0)), vj

is nonnegative, radially symmetric, decreasing, ‖∇vj‖L2 ≤ ‖∇u0,j‖L2 , ‖vj‖L2 =
‖u0,j‖L2 and

∫

Bk(0)

(
μ1|u1|2 + μ2|u2|2

)
u3 dx ≤

∫

Bk(0)

(
μ1v

2
1 + μ2v

2
2

)
v3 dx.

Thus E(v) ≤ E(u0) = d1,k(ε,α1, α2) and we conclude that v is also a minimizer for
d1,k(ε,α1, α2) and satisfies the desired properties. �

Let (uk)
∞
k=1 be a sequence of minimizers for d1,k(ε,α1, α2) obtained in Lemma 5.

Then there are the Lagrange multipliers λk,1, λk,2 ∈ R such that
⎧
⎪⎨

⎪⎩

−Δuk,1 + λk,1uk,1 = μ1uk,1uk,3 in Bk(0),

−Δuk,2 + λk,2uk,2 = μ2uk,2uk,3 in Bk(0),

−ε2Δuk,3 + ωuk,3 = μ1u
2
k,1 + μ2u

2
k,2 in Bk(0).

(20)

From the constraint conditions, we see uk,j �≡ 0 (k ∈ N, j = 1,2,3). Thus the
nonnegativity of uk,j and the maximum principle yield uk,j (x) > 0 in Bk(0) for
j = 1,2,3.

Lemma 6

(i) The sequences (λk,1)
∞
k=1 and (λk,2)

∞
k=1 are bounded.

(ii) Suppose d1(ε,α1, α2) < 0. Then there exist C0 > 0 and k0 ∈ N such that
α1λk,1 + α2λk,2 ≥ C0 for all k ≥ k0.

(iii) For j = 1,2, lim infk→∞ λk,j ≥ 0 holds.

Proof (i) Noting ‖uk,j‖2
L2 = αj , from integration by parts and (20) it holds that

λk,1α1 =
∫

Bk(0)

μ1u
2
k,1uk,3 dx − ‖∇uk,1‖2

L2 ,

λk,2α2 =
∫

Bk(0)

μ2u
2
k,2uk,3 dx − ‖∇uk,2‖2

L2 .

(21)

By Proposition 2 and Lemma 5, (uk,j ) are bounded. Hence (λk,j ) are also bounded
by (21).
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(ii) It follows from (21) that

α1λk,1 + α2λk,2 = −2d1,k(ε,α1, α2) + 1

2

∫

Bk(0)

(
μ1u

2
k,1 + μ2u

2
k,2

)
uk,3 dx.

Using d1,k(ε,α1, α2) → d1(ε,α1, α2) < 0, we infer that the assertion (ii) holds.
(iii) We argue by contradiction and suppose lim infk→∞ λk,1 < 0. Taking a sub-

sequence if necessary, we may assume λk�,1 → λ0,1 < 0. Choose an �0 ∈ N so that
λk�0 ,1 ≤ λ0,1/2.

Next, let (ν�, ϕ�) be the first eigenvalue and eigenfunction of −Δ on Bk�
(0) under

the Dirichlet boundary condition. We remark ν� → 0. Enlarging �0, we may suppose
ν�0 < −λ0,1/4.

Noting uk�0 ,1 = ϕ�0 = 0 on ∂Bk�0
(0) and

−Δuk�0 ,1 + λk�0 ,1uk�0 ,1 = μ1uk�0 ,1uk�0 ,3, −Δϕ�0 − ν�0ϕ�0 = 0 in Bk�0
(0),

from integration by parts, we obtain

(λk�0
+ ν�0)

∫

Bk�0
(0)

ϕ�0uk�0 ,1 dx = μ1

∫

Bk�0
(0)

uk�0 ,1uk�0 ,3ϕ�0 dx.

Since λk�0 ,1 + νk�0 ,1 < 0 and uk�0 ,1, uk�0 ,3, ϕ�0 > 0 in Bk�0
(0), we have a contradic-

tion. Thus lim infk→∞ λk,1 ≥ 0 and we can show for λk,2 similarly. �

By Lemma 6, we extract a subsequence (λk�,j ) (j = 1,2) satisfying λk�,j →
λ0,j ≥ 0. Since (uk,j ) is bounded in H 1 from Proposition 2 and Lemma 5, we may
also assume uk�,j ⇀ u0,j weakly in H 1 for j = 1,2,3.

Lemma 7 If λ0,j0 > 0, then uk�,j0 → u0,j0 strongly in L2.

Proof We only treat the case j0 = 1 and assume λ0,1 > 0. In order to prove our
claim, it is enough to show that there are C1,C2 > 0 such that

uk�,1(x) ≤ C1 exp
(−C2|x|) for all x ∈ RN and � ≥ 1. (22)

Since (uk�
) satisfies (20), by the elliptic regularity, uk�,j → u0,j in C2

loc(R
N)

for j = 1,2,3. Since uk�,j is radial and monotone, so is u0,j . Further, one sees
u0,j (x) → 0 as |x| → ∞. Using these facts, we obtain uk�,j → u0,j strongly in
L∞, which implies uk�,j → u0,j strongly in Lp for p ∈ (2,∞]. Thus by λ0,1 > 0,
there exist R0 > 0 and �0 satisfying

uk�,1(R0) ≤ 1, λk�,1 − μ1uk�,3(x) ≥ λ0,1/2 for all |x| ≥ R0 and � ≥ �0.

On the other hand, it follows from (20) that in (R0, k�) we have

0 = −u′′
k�,1(r) − N − 1

r
u′

k�,1(r) + (λk�,1 − μ1uk�,3)uk�,1

≥ −u′′
k�,1(r) − N − 1

r
u′

k�
(r) + λ0,1

2
uk�,1.

Let δ > 0 satisfy −δ2 + λ0,1/2 > 0 and set ϕ0(x) = exp(−δ(|x| − R0)). A direct
calculation shows −ϕ′′

0 − (N −1)ϕ′
0/r +λ0,1ϕ0/2 > 0 in (R0, k�). By uk�,1(k�) = 0
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and uk�,1(R0) ≤ 1 = ϕ0(R0), the comparison theorem yields uk�,1(x) ≤ ϕ0(x) for
all |x| ≥ R0 and � ≥ �0. Thus (22) holds. �

Now we prove that (uk�
) has a strongly convergent subsequence, which means

d1(ε,α1, α2) is attained.

Proposition 4 Suppose d1(ε,α1, α2) < 0 when N = 1,2 and ej (ε,αj ) < 0 for j =
1,2 when N = 3. Then uk�,j → u0,j strongly in H 1 for j = 1,2,3.

Proof By d1(ε,α1, α2) < 0 and Lemma 6, we see max{λ0,1, λ0,2} > 0. First we treat
the case λ0,1 > 0.

Step 1. uk�,1 → u0,1 and uk�,3 → u0,3 strongly in H 1.

Since (uk�
) is a minimizing sequence for d1(ε,α1, α2), ‖Φε,ω[μ1u

2
k�,1

+
μ2u

2
k�,2

] − uk�,3‖H 1 → 0 by Lemma 1. Furthermore, since uk�,j → u0,j strongly
in Lp for p ∈ (2,∞] and j = 1,2 by the argument in the proof of Lemma 7,
we have Φε,ω[μ1u

2
k�,1

+ μ2u
2
k�,2

] → Φε,ω[μ1u
2
0,1 + μ2u

2
0,2] strongly in H 1. Thus

‖uk�,3 − Φε,ω[μ1u
2
0,1 + μ2u

2
0,2]‖H 1 → 0. Noting uk�,3 ⇀ u0,3 weakly in H 1, we

get u0,3 = Φε,ω[μ1u
2
0,1 + μ2u

2
0,2] and uk�,3 → u0,3 strongly in H 1.

Next, by (20), one has

‖∇uk�,1‖2
L2 = −λk�,1α1 + μ1

∫

RN

u2
k�,1uk�,3 dx → −λ0,1α1 + μ1

∫

RN

u2
0,1u0,3 dx.

(23)

On the other hand, since uk�,1 → u0,1 strongly in L2 by Lemma 7, ‖u0,1‖2
L2 =

α1 holds. Noting also −Δu0,1 + λ0,1u0,1 = μ1u0,1u0,3 in RN and (23), we obtain
‖∇uk�,1‖2

L2 → ‖∇u0,1‖2
L2 . Therefore uk�,1 → u0,1 strongly in H 1 from the weak

convergence of (uk�,1).

Step 2. λ0,2 > 0.

We prove indirectly and assume λ0,2 = 0. Then u0,2 satisfies −Δu0,2 =
μ2u0,2u0,3 in RN , which implies

‖∇u0,2‖2
L2 = μ2

∫

RN

u2
0,2u0,3 dx. (24)

In the case where N = 3, since ‖u0,1‖2
L2 = α1 and u0,3 = Φε,ω[μ1u

2
0,1 +μ2u

2
0,2],

it follows from (24) that

E(u0) = F(u0,1, u0,2) = 1

2
‖∇u0,1‖2

L2 − μ1

4

∫

RN

u2
0,1u0,3 dx + μ2

4

∫

RN

u2
0,2u0,3 dx

= E1(u0,1) + μ2
2

4

∫

RN

u2
0,2Φε,ω

[
u2

0,2

]
dx ≥ E1(u0,1) ≥ e1(ε,α1).
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On the other hand, by the lower semicontinuity of norm and uk�,3 → u0,3
strongly in H 1, one has E(u0) ≤ lim inf�→∞ E(uk�

) = d1(ε,α1, α2). Combin-
ing (15), we see e1(ε,α1) ≤ e1(ε,α1)+e2(ε,α2), which contradicts to the condition
e2(ε,α2) < 0. Hence λ0,2 > 0.

In the case where N = 1,2, we set v�(x) := uk�,2(x)/uk�,2(0). Since uk�,2 is
radially symmetric and decreasing, 0 ≤ v�(x) ≤ 1 = v�(0) for 0 ≤ |x| ≤ k�. Further-
more, v� satisfies −Δv� + λk�,2v� = μ2v�uk�,3 in Bk�

(0). By the elliptic regularity,
taking a subsequence if necessary, we may assume v� → v0 in C2

loc(R
N) where v0

satisfies v0(0) = 1 and −Δv0 = μ2v0u0,3 in RN . We remark that by Liouville’s the-
orem, the inequality −Δu ≥ 0 in RN has no bounded positive solution except for
constant functions when N = 1,2. In fact, when N = 1, it is easy to show. When
N = 2, by Liouville’s theorem, we can prove it. See [27].

By v0(0) = 1, we have v0(x) ≡ 1. However, this contradicts to −Δv0 = μ2v0u0,3
in RN since u0,3(x) > 0 in RN . Therefore λ0,2 > 0.

From Step 2, λ0,2 > 0 holds. Then using Lemma 7, we can show uk�,2 → u0,2
strongly in H 1 as in Step 1. Since other case can be shown in a similar way, we
complete the proof. �

Next we shall prove the characterization of M1(ε,α1, α2).

Proposition 5 Suppose d1(ε,α1, α2) < 0 when N = 1,2 and ej (ε,αj ) < 0 (j =
1,2) when N = 3. Then

M1(ε,α1, α2) = {(
eiθ1w1(x − y), eiθ2w2(x − y),w3(x − y)

)
: θ1, θ2 ∈ R, y ∈ RN,

wj is positive and radially symmetric solution of (2) with some λ1, λ2 > 0
}
.

Proof First we remark that M1(ε,α1, α2) �= ∅ holds from Lemma 5 and Propo-
sition 4. Let u ∈ M1(ε,α1, α2) and set vj (x) := |uj (x)| for j = 1,2,3. Then we
observe v ∈ M1(ε,α1, α2) and v satisfies (2) for some λ1, λ2 ∈ R. By the elliptic
regularity, vj ∈ C2(RN) and vj (x) > 0 in RN for j = 1,2,3 from the nonnegativity
and the maximum principle.

Next we shall prove λ1, λ2 > 0. If λ1 < 0, then let (νR,ϕR) be the first eigenvalue
and eigenfunction of −Δ on BR(0) under the Dirichlet boundary condition. Choose
R > 0 so large that νR < −λ1 holds. From (2), ϕR(R) = 0 and −ΔϕR = νRϕR in
BR(0), we obtain

∫

BR(0)

(∇v1 · ∇ϕR + λ1v1ϕR)dx = μ1

∫

BR(0)

v1v3ϕR dx,

∫

BR(0)

(∇v1 · ∇ϕR − νRv1ϕR)dx =
∫

∂BR(0)

∇ϕR · x

R
v1 dS.

Since ϕ is radial, positive and ∇ϕR(x) · x/R = ϕ′
R(R) < 0 on ∂BR(0), it holds that

0 > (λ1 + νR)

∫

BR(0)

v1ϕR dx = μ1

∫

BR(0)

v1v3ϕR dx −
∫

∂BR(0)

ϕ′(R)v1 dS > 0.

This is a contradiction and λ1 ≥ 0. Similarly, λ2 ≥ 0 holds.



Existence of Minimizers for Some Coupled Nonlinear Schrödinger Equations 159

Next, we show λ1, λ2 > 0. If λ1 = 0, then −Δv1 = μ1v1v3 in RN . Therefore, we
can show that the contradiction occurs as in Step 2 of Proposition 4. Thus λ1, λ2 > 0
hold.

Since λ1, λ2 > 0, we may apply the result of [5] and see that there are radi-
ally symmetric decreasing functions (w1,w2,w3) and y ∈ R such that vj (x) =
wj(x − y) hold for j = 1,2,3. In [5], the authors only consider the case where
N ≥ 2, however, we can apply their result for (2) with λ1, λ2 > 0 in the case N = 1.
See also [14] when N = 1.

Next we prove that if u ∈ M1(ε,α1, α2), then there are θ1, θ2 ∈ R such that
uj (x) = eiθj |uj (x)| for all x ∈ RN . If we can prove this claim, combining the above
argument, Proposition 5 holds. To prove our claim, we follow the argument of [23]
(cf. [7] and [8]). Set uj (x) = uj,1(x) + iuj,2(x) and vj (x) := |uj (x)| for j = 1,2
where uj,� is a real-valued function. Since uj satisfies (2), uj,� are smooth. More-
over, by the above argument, vj (x) > 0 in RN . Thus for all x ∈ RN ,

∇vj (x) = 1

vj (x)

(
uj,1(x)∇uj,1(x) + uj,2(x)∇uj,2(x)

)
,

∣
∣∇vj (x)

∣
∣ ≤ ∣

∣∇uj (x)
∣
∣.

(25)

On the other hand, since (u1, u2, v3), (v1, v2, v3) ∈ M1(ε,α1, α2), it holds that
‖∇uj‖2

L2 = ‖∇vj‖2
L2 for j = 1,2. Therefore, by (25), we get

0 = ∣
∣∇uj (x)

∣
∣2 − ∣

∣∇vj (x)
∣
∣2 = 1

v2
j (x)

∣
∣uj,2(x)∇uj,1(x) − uj,1(x)∇uj,2(x)

∣
∣2

,

which implies uj,2(x)∇uj,1(x) = uj,1(x)∇uj,2(x) for all x ∈ RN .
Next we compute ∂xk

(uj (x)2/vj (x)2). It is easily seen that

Re

(
∂

∂xk

u2
j

v2
j

)

= 4

v4
j

(

−u2
j,1uj,2

∂uj,2

∂xk

+ uj,1u
2
j,2

∂uj,1

∂xk

)

= 0, Im

(
∂

∂xk

u2
j

v2
j

)

= 0.

Hence uj (x)/vj (x) is a constant function and there are θ1, θ2 ∈ R such that u1(x) =
eiθ1v1(x) and u2(x) = eiθ2v2(x) for all x ∈ RN . Thus we complete the proof. �

Proposition 6 Suppose that d2(ε,α) < 0. Then the following hold:

M2(ε,α) = {(
eiθ1w1(x − y), eiθ2w2(x − y),w3(x − y)

)
: θ1, θ2 ∈ R, y ∈ RN,

wj is nonnegative and radially symmetric solution (5) with some

λ1 = λ2 > 0
}
.

Since we can show in a similar way to Proposition 5, we omit a proof.
Now we give a proof for Theorem 1.

Proof of Theorem 1 By Lemma 3 and Corollary 1, there exist 0 < α ≤ ᾱ < ∞ such
that

(i) d1(ε,α1, α2) < 0 holds for any α1, α2 > 0 when N = 1,
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(ii) M1(ε,α1, α2) = ∅ if max{α1, α2} < α when N = 2,3,
(iii) d1(ε,α1, α2) < 0 if ᾱ < max{α1, α2} when N = 2,
(iv) ej (ε,αj ) < 0 for j = 1,2 if ᾱ < min{α1, α2} when N = 3.

Thus from Propositions 4 and 5, Theorem 1 holds. �

4 Proof of Theorem 2

In this section, we shall prove Theorem 2.

Proof of Theorem 2 Choose an α0 > 0 so that ej (ε,α) < 0 for any α > α0 and
j = 1,2. We remark that from Lemma 3 we can choose α0 = 0 when N = 1. Since
d2(ε,α) ≤ min{e1(ε,α), e2(ε,α)} < 0, one sees M2(ε,α) �= ∅ by Proposition 3.
First we show the assertion (ii) and suppose μ1 > μ2 and (u1, u2, u3) ∈ M2(ε,α).
By Proposition 6, we may also suppose uj (x) = eiθj wj (x −y) for some θj ∈ R and
y ∈ RN where wj is a nonnegative solution of (2) with λ1 = λ2 > 0. Furthermore,
by the maximum principle, wj > 0 holds if wj �≡ 0. Multiply the first equation (resp.
the second equation) by w2 (resp. w1) and integrate over RN , we obtain

0 = (μ1 − μ2)

∫

RN

w1w2w3 dx.

Since μ1 > μ2 and w3 > 0, we have either w1 ≡ 0 or w2 ≡ 0. We remark that since
ej (ε,α) < 0, we can prove that ej (ε,α) is attained as in Proposition 3. Thus from
μ1 > μ2, we have e1(ε,α) < e2(ε,α) and conclude that w2 ≡ 0. Thus the assertion
(ii) holds.

Next we show the assertion (i) and suppose μ1 = μ2 = μ. Let (u1, u2, u3) ∈
M2(ε,α) and uj be nonnegative, radially symmetric and decreasing for j = 1,2,3.
This is possible by Proposition 6.

Set v(x) :=
√

u2
1(x) + u2

2(x). Then we can show |∇v(x)|2 ≤ |∇u1(x)|2 +
|∇u2(x)|2 and ‖v‖2

L2 = α. Thus, noting Φε,ω[μv2] = u3, we have d2(ε,α) ≤
E(v,0, u3) ≤ E(u1, u2, u3) = d2(ε,α), which implies (v,0, u3) is also a minimizer
for d2(ε,α).

For each α1, α2 > 0 with α = α1 + α2, we define v1, v2 by v1(x) := √
α1/αv(x)

and v2(x) := √
α2/αv(x). Then it follows that ‖vj‖2

L2 = αj for j = 1,2 and
E(v1, v2, u3) = E(v,0, u3) = d2(ε,α). Hence we have d1(ε,α1, α2) ≤ d2(ε,α), so
d2(ε,α) = d1(ε,α1, α2) holds.

Moreover, using the same arguments in the proof of Proposition 5, we see

∇
(

u2
j (x)

v2(x)

)

= 0 for j = 1,2 and x ∈ RN.

Hence, there exist c1, c2 ≥ 0 such that u1(x) = c1v(x) and u2(x) = c2v(x) for all
x ∈ R. Noting v2(x) = u2

1(x) + u2
2(x), we have c2

1 + c2
2 = 1, which implies c1 =

cos θ and c2 = sin θ for some θ ∈ R. Thus, from Proposition 6, we conclude that
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M2(ε,α) = {(
eiθ2w1(x − y) cos θ1, e

iθ3w1(x − y) sin θ1,w3(x − y)
)
:

θ1, θ2, θ3 ∈ R, y ∈ RN
}
. �

5 Proof of Theorem 3

In this section, we will prove Theorem 3. Throughout this section, we always assume
N = 1, μ̃1 = μ2

1/ω, μ̃2 = μ2
2/ω and β̃ = μ1μ2/ω.

Lemma 8

(i) There exists a C1 > 0 such that −C1 ≤ d1(ε,α1, α2) holds for every ε > 0.
(ii) lim supε→0 d1(ε,α1, α2) ≤ d3(α1, α2) < 0.

Proof First we prove the assertion (ii). Choose ϕj ∈ H 1 so that ‖ϕj‖L2 = αj . Then

it is easy to see G(ϕρ) < 0 for sufficiently small ρ > 0 where ϕρ,j (x) = ρ1/2ϕ(ρx).
Thus d3(α1, α2) < 0.

Next, let η > 0 and ϕ1, ϕ2 ∈ C∞
0 (R) satisfy ‖ϕj‖2

L2 = αj and G(ϕ1, ϕ2) ≤
d3(α1, α2) + η. Then d1(ε,α1, α2) ≤ F(ϕ1, ϕ2). Thus to show the assertion (ii), it is
sufficient to prove

lim
ε→0

Φε,ω

[
μj |ϕj |2

] → μj |ϕj |2/ω strongly in L∞(R) as ε → 0. (26)

In fact, it holds from (26) that F(ϕ1, ϕ2) → G(ϕ1, ϕ2). Hence one obtains
lim supε→0 d1(ε,α1, α2) ≤ d3(α1, α2) + η. Since η > 0 is arbitrary, we get (ii).

We prove (26). Since
∫

R e−|y|dy = 2 and

Φε,ω

[
μj |ϕj |2

]
(x) = μj

2ε
√

ω

∫

R
e−√

ω|y|/ε∣∣ϕj (x − y)
∣
∣2

dy

= μj

2ω

∫

R
e−|y|∣∣ϕj (x − εy/

√
ω )

∣
∣2

dy,

it follows from the uniform continuity of ϕj that
∣
∣
∣
∣Φε,ω

[
μj |ϕj |2

]
(x) − μj

ω

∣
∣ϕj (x)

∣
∣2

∣
∣
∣
∣

≤ μj

2ω

∫

R
e−|y|∣∣∣∣ϕj (x − εy/

√
ω)

∣
∣2 − ∣

∣ϕj (x)
∣
∣2∣∣dy → 0

uniformly with respect to x ∈ R as ε → 0. Thus (26) holds.
Next we show the assertion (i). For all u1, u2 ∈ H 1 with ‖uj‖2

L2 = αj , by
Young’s inequality, one has

∫

R
Φε,ω

[
μ1|u1|2 + μ2|u2|2

](
μ1|u1|2 + μ2|u2|2

)
dx

≤ ‖Gε,ω‖L1

(
μ1‖u1‖2

L4 + μ2‖u2‖2
L4

)2
.
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On the other hand, by Gagliardo-Nirenberg’s inequality, ‖uj‖L4 ≤
C‖u′

j‖1/4
L2 ‖uj‖3/4

L2 . Noting ‖Gε,ω‖L1 = 1/ω and ‖uj‖2
L2 = αj , we obtain

F(u1, u2) ≥ (∥
∥u′

1

∥
∥2

L2 + ∥
∥u′

2

∥
∥2

L2

)
/2 − C

(
α

3/2
1

∥
∥u′

1

∥
∥

L2 + α
3/2
2

∥
∥u′

2

∥
∥

L2

) ≥ −C1 (27)

for some C1 > 0 independent of ε and u1, u2. Hence, −C1 ≤ d1(ε,α1, α2) holds for
any ε > 0. �

For each α1, α2 > 0, let (wε) be a minimizer for d1(ε,α1, α2) and a positive, even
and monotone decreasing solution of

⎧
⎪⎨

⎪⎩

−w′′
ε,1 + λε,1wε,1 = μ1wε,1wε,3,

−w′′
ε,2 + λε,2wε,2 = μ2wε,2wε,3,

−ε2w′′
ε,3 + ωwε,3 = μ1w

2
ε,1 + μ2w

2
ε,2

(28)

in R for some λε,1, λε,2 > 0. Such a pair exists due to Proposition 5. Then we shall
show the following:

Proposition 7 There exist subsequences (wεk
)∞k=1, (λεk,j )

∞
k=1 and (w0,1,w0,2) ∈

M3(α1, α2), λ0,1, λ0,2 > 0 such that wεk,1 → w0,1, wεk,2 → w0,2, wεk,3 →
μ1w

2
0,1/ω + μ2w

2
0,2/ω strongly in H 1 and λεk,1 → λ0,1, λεk,2 → λ0,2 > 0.

Proof First, by Lemma 8 and (27), (wε,1) and (wε,2) are bounded in H 1. Sec-
ondly, by wε,3(x) = Φε,ω[μ1w

2
ε,1 + μ2w

2
ε,2], Young’s inequality yields ‖wε,3‖Lp ≤

‖Gε,ω‖L1(μ1‖wε,1‖2
L2p +μ2‖wε,2‖2

L2p ) for every p ∈ [1,∞]. Combining ‖Gε,ω‖L1

= 1/ω, (wε,3) is bounded in Lp for all p ∈ [1,∞]. Furthermore, it follows from (28)
and the elliptic estimate that (λε,1), (λε,2) are bounded and (wε,j ) is bounded in H 2

for j = 1,2. Using Young’s inequality again, we can show (wε,3) is bounded in
W 1,p for any p ∈ [1,∞]. Using the same procedure, we see that (wε,j ) (j = 1,2)
is bounded in H 3 and (wε,3) in W 2,p for any p ∈ [1,∞].

Now from the boundedness of (wε) and (28), there exist a subsequence (εk),
w0,1,w0,2 ∈ H 2 and λ0,1, λ0,2 ≥ 0 such that λεk,j → λ0,j , wεk,j → w0,j strongly
in C2

loc(R) for j = 1,2. Furthermore, noting the monotonicity of wε,j , one sees
wεk,j → w0,j strongly in L∞ as in Lemma 7. Thus from (28), we see wεk,3 →
μ1w

2
0,1/ω + μ2w

2
0,2/ω strongly in Lp for every p ∈ (1,∞].

By d3(α1, α2) < 0, Lemma 8 and the similar arguments in Lemmas 6 and 7, we
see that one of λ0,1 and λ0,2 is strictly positive and wεk,j → w0,j strongly in L2

provided λ0,j > 0. Now we assume λ0,1 > 0. From the convergence of (wεk,3) and
the maximum principle, w0,1 is a positive solution to −w′′

0,1 +λ0,1w0,1 = μ̃1w
3
0,1 +

β̃w0,1w
2
0,2 in R. Furthermore, by the arguments of Step 2 in the proof of Proposi-

tion 4, λ0,2 > 0 holds. Thus wεk,2 → w0,2 strongly in L2. Therefore, using (28) and
the elliptic estimate again, one has wεk,1 → w0,1 and wεk,2 → w0,2 strongly in H 1.
Since wεk,3(x) = Φε,ω[μ1w

2
εk,1

+ μ2w
2
εk,2

] holds, wεk,3 → μ1w
2
0,1/ω + μ2w

2
0,2/ω

strongly in H 1. If we assume λ0,2 > 0 first, then we can show the same conclusion
similarly.
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Lastly we show that (w0,1,w0,2) is a minimizer for d3(α1, α2). Since
‖w0,j‖2

L2 = αj , we have d3(α1, α2) ≤ G(w0,1,w0,2). On the other hand,
d1(εk,α1, α2) = F(wεk,1,wεk,2) → G(w0,1,w0,2) holds. Thus by Lemma 8,
G(w0,1,w0,2) ≤ d3(α1, α2), which implies that G(w0) = d3(α1, α2) and
(w0,1,w0,2) ∈ M3(α1, α2). �

Now we prove Theorem 3.

Proof of Theorem 3 Since the assertion (i) follows from the assertion (ii), we only
prove the assertion (ii). We argue by contradiction and suppose that there exists a
sequence (uk) such that εk → 0, uk ∈ M1(εk,α1, α2) and

distH 1×H 1

(
(uk,1, uk,2),M3(α1, α2)

)

+ ∥
∥uk,3 − [

(μ1/ω)|uk,1|2 + (μ2/ω)|uk,2|2
]∥
∥

H 1 ≥ η0

for some η0 > 0. Then by Proposition 5, there exist (wk), yk ∈ R and θk,j ∈ [0,2π]
such that uk,j (x) = eiθk,j wk,j (x − yk) for j = 1,2 and uk,3(x) = wk,3(x − yk). Ap-
plying Proposition 7, we may assume that there exists (w0,1,w0,2) ∈ M3(α1, α2)

such that wk,j → w0,j strongly in H 1. Here we remark that (eiθk,1w0,1(x −
yk), e

iθk,2w0,2(x − yk)) ∈ M3(α1, α2) for each k ∈ N. Therefore,

distH 1×H 1

(
(uk,1, uk,2),M3(α1, α2)

)

+ ∥
∥uk,3 − [

(μ1/ω)|uk,1|2 + (μ2/ω)|uk,2|2
]∥
∥

H 1 → 0,

which is a contradiction. Thus (ii) holds. �
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Decay Rate of Lq Norms of Critical Schrödinger
Heat Semigroups

Kazuhiro Ishige and Yoshitsugu Kabeya

Abstract Let H := −Δ + V be a critical Schrödinger operator on L2(RN), where
N ≥ 3 and V is a radially symmetric function decaying quadratically at the space
infinity. We study the optimal decay rate of the operator norm of the Schrödinger
heat semigroup e−tH from L2(RN) to Lq(RN) (2 ≤ q ≤ ∞).

Keywords Schrödinger heat semigroup · Critical Schrödinger operator · L2 − Lq

estimate

1 Introduction

Let H := −Δ + V be a Schrödinger operator on L2(RN), where N ≥ 3 and V ∈
L

p

loc(R
N) with p > N/2. The operator H is said to be nonnegative if

∫
RN

{|∇φ|2 + V φ2}dx ≥ 0 for all φ ∈ C∞
0

(
RN

)
.

In addition, the operator H is said to be

• subcritical if H is nonnegative and for any W ∈ C∞
0 (RN), H −εW is nonnegative

for small enough ε > 0;
• critical if H is nonnegative but not subcritical.

Furthermore the operator H is subcritical if and only if there exists, for any y ∈ RN ,
a positive solution G(x,y) satisfying

(−Δ + V (x)
)
G(x,y) = δ(x − y) in RN,
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where δ is the Dirac function (see for example [10, Sect. 2]). In this paper we fo-
cus on nonnegative Schrödinger operators H = −Δ + V with a radially symmetric
smooth potential V satisfying

V (x) = ω|x|−2(1 + o(1)
)

as |x| → ∞ with −
(

N − 2

2

)2

< ω ≤ 0, (1)

and study the decay rate of

∥∥e−tH
∥∥

q,2 := sup
φ∈L2(RN)\{0}

‖e−tH φ‖Lq(RN)

‖φ‖L2(RN)

(2 ≤ q ≤ ∞),

as t → ∞. Here ‖e−tH‖q,2 means the operator norm of the Scrödinger heat semi-
group e−tH from L2(RN) to Lq(RN).

Nonnegative Schrödinger operators have been studied extensively by many math-
ematicians since the pioneering work due to Simon [14] and [15] (see [1, 3, 5–
13, 16–18], and references therein). Among others, in [10], Murata studied the
structure and the behavior of the positive harmonic functions for nonnegative
Schrödinger operators. In particular, in the case of (1), under some additional
assumptions, he proved that the positive harmonic function U for the operator
H = −Δ + V satisfies

C−1(1 + |x|)A(ω) ≤ U(x) ≤ C
(
1 + |x|)A(ω)

, x ∈ RN,

for some positive constant C, where

A(ω) =
{

α(ω) if H is subcritical,

β(ω) if H is critical,
(2)

with

α(ω) := −(N − 2) + √
(N − 2)2 + 4ω

2
,

β(ω) := −(N − 2) − √
(N − 2)2 + 4ω

2
.

(See also Sect. 2.1.) Subsequently, in [1], Davies and Simon studied the large time
behavior of ‖e−tH ‖q,p for subcritical operators H = −Δ + V by using positive
harmonic functions for the operator H . Their results imply that, if V satisfies (1)
and H = −Δ + V is subcritical, then, for any ε > 0, there exists a positive constant
C such that

C−1(1 + t)−
N
4 − α(ω)

2 −ε ≤ ∥∥e−tH
∥∥∞,2 ≤ C(1 + t)−

N
4 − α(ω)

2 +ε (3)

for all sufficiently large t . Recently, in [3], the authors of this paper considered
nonnegative Schrödinger operators H = −Δ + V under the condition

(V )

⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

(i) V = V (r) ∈ C1
([0,∞)

);
(ii) there exist constants ω ∈ (−ω∗,0] and θ > 0 such that

V (r) = ωr−2 + O
(
r−2−θ

)
as r → ∞, where ω∗ = (N − 2)2/4;

(iii) sup
r≥1

r3
∣∣V ′(r)

∣∣ < ∞,
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and gave the following theorem, which exhibits the large time decay estimates of
‖e−tH ‖q,2 (2 ≤ q ≤ ∞) not only for the subcritical case but also for the critical
case and which improves the estimate (3). Put

ηq(t) :=

⎧⎪⎪⎨
⎪⎪⎩

(1 + t)
− N

2 ( 1
2 − 1

q
) if q < ∞ and qA(ω) + N > 0,

(1 + t)− N
4 − A(ω)

2 [log(2 + t)] 1
q if q < ∞ and qA(ω) + N = 0,

(1 + t)− N
4 − A(ω)

2 if q = ∞ or qA(ω) + N < 0,

for any t > 0, where q ∈ [2,∞]. See Theorem 1.2 in [3].

Theorem 1 Let N ≥ 3. Assume condition (V ) and V ≤ 0. Let H := −Δ + V be
a nonnegative Schrödinger operator on L2(RN). Then, for any q ∈ [2,∞], there
holds the following:

(i) If H is subcritical, then there exists a positive constant C1 such that

C−1
1 ηq(t) ≤ ∥∥e−tH

∥∥
q,2 ≤ C1ηq(t) (4)

for all sufficiently large t .
(ii) If H is critical and β(ω) > −N/2, then there exists a positive constant C2 such

that ∥∥e−tH
∥∥

q,2 ≤ C2ηq(t) (5)

for all sufficiently large t .
(iii) If H is critical and β(ω) ≤ −N/2, then there exists a positive constant C3 such

that
∥∥e−tH

∥∥
q,2 ≤ C3t

− N+2β(ω)
2−N−2β(ω)

( 1
2 − 1

q
)

for all sufficiently large t .

Under condition (V ), Theorem 1 gives the exact decay rate of ‖e−tH ‖q,2 for
the subcritical case, however gives only upper decay estimates of ‖e−tH ‖q,2 for the
critical case. As far as we know, there are no results giving the exact decay rate of
‖e−tH ‖q,2 for critical Schrödinger operators.

In this paper, as a continuation of [3], under condition (V ), we consider again
nonnegative Schrödinger operators H = −Δ+V , in particular, critical Schrödinger
operators for the case β(ω) > −N/2, and prove the following theorem. Theorem 2
can give the exact decay rate of ‖e−tH ‖q,2 (2 ≤ q ≤ ∞) as t → ∞ for critical
Schrödinger operators and implies that the decay estimate (5) is optimal.

Theorem 2 Let N ≥ 3. Assume condition (V ), and let H := −Δ + V be a non-
negative Schrödinger operator on L2(RN) such that A(ω) > −N/2. Then, for any
q ∈ [2,∞], there holds

C−1
1 ηq(t) ≤ ∥∥e−tH

∥∥
q,2 ≤ C1ηq(t) (6)

for all sufficiently large t .
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We remark that, if H is subcritical, then automatically A(ω) = α(ω) > −N/2.
Furthermore we remark that Theorem 2 does not require the nonpositivity of the
potential V (compare with Theorem 1).

The main difficulty of proving Theorem 2 is to prove the left hand side of the in-
equality (6) for the critical case. In [3] the authors of this paper obtained the precise
large time behavior of e−tH φ with φ ∈ L2(RN, e|x|2/4 dx), and proved the left hand
of the inequality (4). However the argument is based on the one in [2] and is not
applicable to the critical case since β(ω) < −(N − 2)/2 (see the proof of Propo-
sition 3.1 in [2] and Proposition 4.1 in [3]). Let u(t) = e−tH φ. In order to prove
Theorem 2, we first use the parabolic Harnack inequality and the property∫

RN

u(x, t)U(x)dx =
∫

RN

φ(x)U(x)dx, t > 0

(see (22)), and obtain some upper bounds of e−tH φ. Then we can find positive
constants L and ε satisfying∫

ε(1+t)1/2≤|x|≤L(1+t)1/2
u(x, t)U(x)dx ≥ 1

2

∫
RN

φ(x)U(x)dx > 0

for all sufficiently large t (see Lemma 3). Next, by using the parabolic Harnack
inequality again, we obtain some lower estimates of u (see (44)). Then, applying
an argument used in [3] with the aid of the comparison principle, we obtain lower
estimates of ‖u(t)‖Lq(RN), and complete the proof of Theorem 2.

The rest of this paper is organized as follows. In Sect. 2 we recall some prelimi-
nary results on the positive harmonic functions and the Schrödinger heat semigroups
e−tH . In Sect. 3 we prove the inequality (6), and complete the proof of Theorem 2.

2 Preliminaries

In this section we give some notation used in this paper. Furthermore we consider
nonnegative Schrödinger operators H = −Δ + V under condition (V ), and recall
some preliminary results on the positive harmonic functions and the properties of
e−tH .

We introduce some notation. Let

‖ · ‖p := ‖ · ‖Lp(RN) and ‖ · ‖ := ‖ · ‖L2(RN ,ρ dx),

where p ∈ [1,∞] and ρ(x) = e|x|2/4. On the other hand, for any sets Λ and Σ , let
f = f (λ,σ ) and h = h(λ,σ ) be maps from Λ × Σ to (0,∞). Then we say

f (λ,σ ) � h(λ,σ )

for all λ ∈ Λ if, for any σ ∈ Σ , there exists a positive constant C such that f (λ,σ ) ≤
Ch(λ,σ ) for all λ ∈ Λ. In addition, we say f (λ,σ ) � h(λ,σ ) for all λ ∈ Λ if
f (λ,σ ) � h(λ,σ ) and f (λ,σ ) 
 h(λ,σ ) for all λ ∈ Λ.
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2.1 Positive Harmonic Functions

We first consider the ordinary differential equation

z′′ + N − 1

r
z′ − V (r)z = 0 in (0,∞). (7)

It is known that there exists a positive solution U of (7) satisfying

0 < lim
r→0

U(r) < ∞, U(r) = rA(ω)
(
1 + o(1)

)
as r → ∞, (8)

where A(ω) is the constant given in (2). See Theorem 5.7 in [10]. (See also The-
orem 1.1 in [3].) Then the function U(|x|) is a positive harmonic function for the
operator H := −Δ + V , that is, there hold

U
(|x|) > 0 and − ΔU + V

(|x|)U = 0 (9)

for all x ∈ RN .
Next we consider the ordinary differential equation

U ′′ + N − 1

r
U ′ − V (r)U = f (r) in (0,∞), (10)

where f ∈ C([0,∞)). Then, by [3, Lemma 2.2], we see that, for any solution v of
(10) satisfying lim supr→0 |v(r)| < ∞, there exists a constant c such that

v(r) = cU(r) + F [f ](r)
for all r ≥ 0, where

F [f ](r) := U(r)

∫ r

0
s1−N

[
U(s)

]−2
(∫ s

0
τN−1U(τ)f (τ) dτ

)
ds.

2.2 Preliminary Results

Let φ ∈ C0(RN) such that φ ≥ (�≡)0 in RN , and put u(t) = e−tH φ. We first give
some estimates of u(t) by using the explicit representation of etΔφ and the parabolic
Harnack inequality. The function u = u(x, t) satisfies{

∂tu = Δu − V
(|x|)u in RN × (0,∞),

u(x,0) = φ(x) in RN,
(11)

and by the comparison principle we have

0 ≤ u(x, t) ≤ et‖V ‖∞(
etΔφ

)
(x)

for all (x, t) ∈ RN × (0,∞). Then, since

(
etΔφ

)
(x) = (4πt)−

N
2

∫
RN

e− |x−y|2
4t φ(y) dy, (12)
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we have

0 ≤ u(x, t) � t−
N
4 et‖V ‖∞‖φ‖2 (13)

for all (x, t) ∈ RN × (0,∞). Put

w(y, s) := (1 + t)
N
2 u(x, t), y := (1 + t)−

1
2 x, s := log(1 + t). (14)

Then, by (11) we see that the function w satisfies⎧⎪⎪⎪⎪⎨
⎪⎪⎪⎪⎩

∂sw = Δw + y

2
· ∇yw − Ṽ (y, s)w + N

2
w

= 1

ρ
div(ρ∇yw) − Ṽ (y, s)w + N

2
w in RN × (0,∞),

w(y,0) = φ(y) in RN,

(15)

where Ṽ (y, s) = esV (e
s
2 y). Furthermore, by (12) and (13) we have

sup
0<s<S

∥∥w(s)
∥∥ < ∞ (16)

for any S > 0.
On the other hand, by condition (V ) we have

∣∣Ṽ (y, s)
∣∣ � |y|−2, (17)∣∣∣∣Ṽ (y, s) − ω

|y|2
∣∣∣∣ � es

(es/2|y|)2+θ
≤ |y|−(2+θ)e− θ

2 s (18)

for all (y, s) ∈ RN × (0,∞), where θ is the constant given in condition (V ) (ii).
Then, by (17), applying the parabolic Harnack inequality to (15), we see that, for
any 0 < ε < R, there exists a constant C such that

max
ε≤|y|≤R

w(y, s) ≤ C min
ε≤|y|≤R

w(y, s + 1) (19)

for all s ≥ 2. Remark that, due to (17) and the term (y/2) · ∇yw in (15), the constant
C possibly depends on ε and R. The inequality (19) together with (14) implies that

max
ε(1+t)1/2≤|x|≤R(1+t)1/2

u(x, t) ≤ C min
ε(1+t)1/2≤|x|≤R(1+t)1/2

u
(
x, e(t + 1) − 1

)
(20)

for all t ≥ e2 − 1.

Next we recall the following two lemmas given in [3] (see Lemmas 3.1 and 3.2
in [3]). For any ε > 0 and T ≥ 0, let

Dε(T ) := {
(x, t) ∈ RN × (T ,∞) : |x| < ε(1 + t)1/2},

Γε(T ) := {
(x, t) ∈ RN × (T ,∞) : |x| = ε(1 + t)1/2}
∪ {

(x, T ) ∈ RN × {T } : |x| < ε(1 + t)1/2}.
Lemma 1 Assume the same conditions as in Theorem 2. For any γ ≥ 0, put

ζ(t) := (1 + t)−γ− A(ω)
2 .
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Then, for any T > 0 and any sufficiently small ε > 0, there exist a constant C and a
function W(x, t) such that

∂tW ≥ ΔW − V
(|x|)W in RN × (0,∞),

W(x, t) ≤ Cζ(t)U
(|x|) in Dε(T ),

W(x, t) ≥ (1 + t)−γ in Γε(T ).

(21)

Lemma 2 Assume the same conditions as in Theorem 2. Fix T > 0 and ε being a
sufficiently small positive constant. Let u = e−tH φ be a solution of (1) satisfying∥∥u(t)

∥∥
2 ≤ C1(1 + t)−d‖φ‖2, t > 0,

for some constants C1 > 0 and d ≥ 0. Then there exists a constant C2 such that∣∣u(x, t)
∣∣ ≤ C2(1 + t)−d− N

4 ‖φ‖2

for all x ∈ RN and t > T with |x| ≥ ε(1+ t)1/2. Furthermore there exists a constant
C3 such that ∣∣u(x, t)

∣∣ ≤ C3(1 + t)−d− N
4 − A(ω)

2 ‖φ‖2U
(|x|)

for all (x, t) ∈ Dε(T ).

3 Proof of Theorem 2

In this section we prove the inequality (6), and complete the proof of Theorem 2.
The right hand side of the inequality (6) is proved by the same argument as in the
proof of Theorem 1.2 in [3] with the aid of Lemma 2.2. So it suffices to prove the
left hand side of the inequality (6).

Let φ be a radially symmetric, nonnegative function such that φ ∈ C0(RN) and
‖φ‖ = 1. Put u(t) = e−tH φ and

M :=
∫

RN

φ(x)U
(|x|)dx > 0.

Then, by (9) we have

d

dt

∫
RN

u(x, t)U
(|x|)dx = 0,

and obtain ∫
RN

u(x, t)U
(|x|)dx = M (22)

for all t > 0. Then, due to (22) and the parabolic Harnack inequality, we have:

Lemma 3 Assume the same conditions as in Theorem 2. Then there exist positive
constants C, T , and ε0 such that

0 < u(x, t) < C(1 + t)−
N
2 −A(ω)U

(|x|) (23)

for all (x, t) ∈ Dε0(T ).
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Proof By (8) and the positivity of U we have

U(r) � (1 + r)A(ω) (24)

for all r ≥ 0. Then, by (14), (22), and (24) we have

M =
∫

RN

u(x, t)U
(|x|)dx ≥

∫
(1+t)1/2<|x|<2(1+t)1/2

u(x, t)U
(|x|)dx


 (1 + t)
A(ω)

2

∫
(1+t)1/2<|x|<2(1+t)1/2

u(x, t) dx


 (1 + t)
N
2 + A(ω)

2 min
(1+t)1/2≤|x|≤2(1+t)1/2

u(x, t) = e
A(ω)

2 s min
1≤|y|≤2

w(y, s) (25)

for all t ≥ 1 and s ≥ log 2 with s = log(1+ t). Let ε0 be a sufficiently small constant.
Then, by (19) we have

max
ε0≤|y|≤2

w(y, s) ≤ C1 min
ε0≤|y|≤2

w(y, s + 1)

for all s ≥ 2, where C1 is a constant. This together with (14) and (25) implies that

(1 + t)
N
2
∣∣u(x, t)

∣∣ ≤ max
ε0≤|y|≤2

w(y, s) � min
ε0≤|y|≤2

w(y, s + 1)

� e− A(ω)
2 (s+1) � (1 + t)−

A(ω)
2 (26)

for all (x, t) ∈ RN × (T ,∞) with |x| = ε0(1+ t)1/2, where T = e2 −1. On the other
hand, since ‖φ‖2 ≤ ‖φ‖ = 1, by (13) we have∥∥u(T )

∥∥∞ ≤ C2‖φ‖2 ≤ C2 (27)

for some constant C2.
Let W be a function defined in Lemma 1 such that ε = ε0, γ = N/2 +A(ω) > 0.

By (21), (26), and (27) we take a sufficiently large constant C3 so that

u(x, t) ≤ C3W(x, t)

for all (x, t) ∈ Γε0(T ). Then, by Lemma 1 we apply the comparison principle to
obtain

0 < u(x, t) ≤ C4(1 + t)−
N
2 −A(ω)U

(|x|), (x, t) ∈ Dε0(T )

for some constant C4. Thus we have (23), and Lemma 3 follows. �

Next we prove the following lemma.

Lemma 4 Assume the same conditions as in Theorem 2. Then there exists a con-
stant C such that ∥∥w(s)

∥∥ ≤ Ce− A(ω)
2 s (28)

for all sufficiently large s.
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Proof For the subcritical case, the inequality (28) is given in Proposition 4.1 in [3].
So it suffices to prove the inequality (28) for the critical case.

Let H be a critical Schrödinger operator. Then

A(ω) = β(ω) < α(ω). (29)

Let ε0 and T be constants given in Lemma 3 and R > 0. Lemma 3 implies
∣∣w(y, s)

∣∣ � e− β(ω)
2 s |y|β(ω) for all y ∈ B(0, ε0), s ≥ S,∣∣w(y, s)

∣∣ � e−β(ω)s for all y ∈ B
(
0,Re−s/2

)
, s ≥ S,

(30)

where S = log(1 + T ). By (15), (18), and (30) we apply the regularity theorems for
parabolic equations (see [4]), and obtain

∣∣(∇ l
yw

)
(y, s)

∣∣ + ∣∣(∂sw)(y, s)
∣∣ � e− β(ω)

2 s , l = 0,1,2, (31)

for all (y, s) with ε0/4 ≤ |y| ≤ ε0/2 and s ≥ S + 1.
Let ε0 be the constant given in Lemma 3. Put ε = ε0/8 and

I (s) :=
∫

|y|≥2ε

|w|2ρ dy.

Then, by (15), (18), and (31) we have

I ′(s) = 2
∫

|y|≥2ε

w

[
div(ρ∇w) − esV

(
es/2y

)
wρ + N

2
wρ

]
dy

= 2
∫

|y|=2ε

w∂νwρ dσ − 2
∫

|y|≥2ε

[
|∇w|2 + ω

|y|2 w2
]
ρ dy

+ NI (s) − 2
∫

|y|≥2ε

[
esV

(
es/2y

) − ω

|y|2
]
w2ρ dy

≤ −2
∫

|y|≥2ε

[
|∇w|2 + ω

|y|2 w2
]
ρ dy

+ O
(
e−β(ω)s

) + NI (s) + O
(
e− θ

4 s
)
I (s) (32)

for all s ≥ S + 1. Let ξ be a smooth function on [0,∞) such that

0 ≤ ξ(r) ≤ 1 on [0,∞), ξ(r) = 1 on [0,3ε), ξ(r) = 0 on [4ε,∞).

Since ω > −(N − 2)2/4, we can take a sufficiently small δ > 0 so that

ωδ := 1 + δ

1 − δ
ω > − (N − 2)2

4
. (33)

By (31) we have∫
|y|≥2ε

|∇w|2ρ dy =
∫

|y|≥2ε

∣∣∇[
w(1 − ξ) + wξ

]∣∣2
ρ dy

≥ (1 − δ)

∫
|y|≥2ε

∣∣∇[
w(1 − ξ)

]∣∣2
ρ dy − C1

∫
|y|≥2ε

∣∣∇[wξ ]∣∣2
ρ dy

≥ (1 − δ)

∫
RN

∣∣∇[
w(1 − ξ)

]∣∣2
ρ dy − C2e

−β(ω)s (34)
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for all s ≥ S + 1, where C1 and C2 are constants. Similarly, since ω < 0, by (31) we
have ∫

|y|≥2ε

ω

|y|2 w2ρ dy

≥ (1 + δ)

∫
|y|≥2ε

ω

|y|2
[
w(1 − ξ)

]2
ρ dy − C3

∫
|y|≥2ε

1

|y|2 [wξ ]2ρ dy

≥ (1 + δ)

∫
RN

ω

|y|2
[
w(1 − ξ)

]2
ρ dy − C4e

−β(ω)s (35)

for all s ≥ S + 1, where C3 and C4 are constants. Therefore, by (32), (34), and (35)
we have

I ′(s) ≤ −2(1 − δ)

[∫
RN

∣∣∇[
w(1 − ξ)

]∣∣2
ρ dy +

∫
RN

ωδ

|y|2
[
w(1 − ξ)

]2
ρ dy

]

+ NI (s) + O
(
e− θ

4 s
)
I (s) + O

(
e−β(ω)s

)
(36)

for all s ≥ S + 1. On the other hand, by Lemma 4.2 in [3] and (33) we have∫
RN

∣∣∇[
w(1 − ξ)

]∣∣2
ρ dy +

∫
RN

ωδ

|y|2
[
w(1 − ξ)

]2
ρ dy

≥
(

α(ωδ)

2
+ N

2

)∫
RN

∣∣w(1 − ξ)
∣∣2

ρ dy.

This together with (31) and (36) implies that

I ′(s) ≤ −(1 − δ)
[
α(ωδ) + N

] ∫
RN

∣∣w(1 − ξ)
∣∣2

ρ dy

+ NI (s) + O
(
e− θ

4 s
)
I (s) + O

(
e−β(ω)s

)
≤ −(1 − δ)

[
α(ωδ) + N

]
I (s) + O

(
e− θ

4 s
)
I (s) + NI (s) + O

(
e−β(ω)s

)
= [−(1 − δ)α(ωδ) + δN

]
I (s) + O

(
e− θ

4 s
)
I (s) + O

(
e−β(ω)s

)
(37)

for all s ≥ S + 1. Taking a sufficiently small δ if necessary, by (29) we have

−(1 − δ)α(ωδ) + δN < −β(ω) − δ,

and by (37) we obtain

I ′(s) ≤ [−β(ω) − δ + C5e
− θ

4 s
]
I (s) + C5e

−β(ω)s, s ≥ S + 1,

for some constant C5 > 0. This together with (16) yields

I (s) ≤ C6e
−β(ω)s−δsI (S + 1) + C6e

−β(ω)s ≤ C7e
−β(ω)s (38)

for all s ≥ S + 1, where C6 and C7 are constants. On the other hand, since β(ω) >

−N/2, by (30) we have∫
|y|≤2ε

w(y, s)2 dy � e−β(ω)

∫
|y|≤2ε

|y|2β(ω) dy � e−β(ω) (39)
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for all s ≥ S + 1. Therefore, by (38) and (39) we have
∥∥w(s)

∥∥2 = O
(
e−β(ω)s

)
for all sufficiently large s, and obtain (28). Thus Lemma 4 follows. �

By Lemma 4 with (14) we have
∥∥u(t)

∥∥
2 = O

(
t−

N
4 − A(ω)

2
)

(40)

for all sufficiently large t . This implies that
∥∥∂tu(t)

∥∥
2 = O

(
t−

N
4 − A(ω)

2 −1)
for all sufficiently large t (see Lemma 4.1 in [3]). Then, since

(∂tu)(t) = e−(t−1)H (∂tu)(1),

due to Lemma 4, there exist positive constants T and ε such that
∣∣(∂tu)(x, t)

∣∣ � (1 + t)−
N
2 −β(ω)−1U

(|x|)
for all (x, t) ∈ Dε(T ). Furthermore, by Lemma 3.2 we have:

Lemma 5 Assume the same conditions as in Theorem 2. Then there exist positive
constants L and ε such that∫

ε(1+t)1/2≤|x|≤L(1+t)1/2
u(x, t)U

(|x|)dx ≥ M

2
> 0 (41)

for all sufficiently large t .

Proof For any L > 0, by (14) and (28) we have∫
|x|≥L(1+t)1/2

u(x, t)U
(|x|)dx

=
∫

|y|≥L

w(y, s)U
(
es/2|y|)dy ≤ ∥∥w(s)

∥∥
(∫

|y|≥L

U
(
es/2|y|)2

ρ−1(y) dy

)1/2

� e
A(ω)

2 s
∥∥w(s)

∥∥
(∫

|y|≥L

|y|2A(ω)ρ−1(y) dy

)1/2

�
(∫

|y|≥L

|y|2A(ω)ρ−1(y) dy

)1/2

for all sufficiently large t . Then we can take a sufficiently large L so that∫
|x|≥L(1+t)1/2

u(x, t)U
(|x|)dx ≤ M

4
(42)

for all sufficiently large t . On the other hand, since A(ω) > −N/2, by Lemma 3 we
take a sufficiently small ε > 0 so that
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∫
|x|≤ε(1+t)1/2

u(x, t)U
(|x|)dx

≤ C1(1 + t)−
N
2 −A(ω)

∫
|x|≤ε(1+t)1/2

U
(|x|)2

dx

≤ C2(1 + t)−
N
2 −A(ω)

∫
|x|≤ε(1+t)1/2

|x|2A(ω) dx

≤ C3ε
2A(ω)+N ≤ M

4
(43)

for all sufficiently large t . Then, by (22), (42), and (43) we have (41), and Lemma 5
follows. �

Now we are ready to complete the proof of Theorem 2.

Proof Due to Lemma 5 and (24), there exist positive constants ε and L such that

M

2
≤

∫
ε(1+t)1/2≤|x|≤L(1+t)1/2

u(x, t)U
(|x|)dx

� (1 + t)
N
2 + A(ω)

2 max
ε(1+t)1/2≤|x|≤L(1+t)1/2

u(x, t)

for all sufficiently large t . Then, by (20) we can find positive constants C1 and T

satisfying

min
ε(1+t)1/2≤|x|≤L(1+t)1/2

u(x, t) ≥ C1(1 + t)−
N
2 − A(ω)

2 (44)

for all t ≥ T . Put

H(x, t) := (1 + t)−
N
2 −A(ω)U

(|x|).
By (24) we have

H(x, t) � (1 + t)−
N
2 − A(ω)

2

for all x ∈ RN and t > T with |x| = ε(1 + t)1/2. This together with (44) and the
positivity of the solution u implies that

C2H(x, t) ≤ u(x, t), (x, t) ∈ Γε(T ), (45)

for some positive constant C2. Furthermore, by (9) and A(ω) > −N/2 we have

∂tH − ΔH + V
(|x|)H =

(
−N

2
− A(ω)

)
(1 + t)−

N
2 −A(ω)−1U

(|x|) < 0 (46)

in RN × (0,∞). Therefore, by (45) and (46) we apply the comparison principle to
obtain

u(x, t) ≥ C2H(x, t) = C2(1 + t)−
N
2 −A(ω)U

(|x|) (47)

for all (x, t) ∈ Dε(T ). This together with (24) implies that
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∥∥u(t)
∥∥

q
≥

(∫
|x|≤ε(1+t)1/2

∣∣u(x, t)
∣∣q dx

)1/q


 (1 + t)−
N
2 −A(ω)

(∫
|x|≤ε(1+t)1/2

U
(|x|)q

dx

)1/q


 (1 + t)−
N
2 −A(ω)

(∫
|x|≤ε(1+t)1/2

(
1 + |x|)qA(ω)

dx

)1/q




⎧⎪⎪⎨
⎪⎪⎩

(1 + t)
− N

2 (1− 1
q
)− A(ω)

2 if q < ∞ and qA(ω) + N > 0,

(1 + t)− N
2 −A(ω)(log t)

1
q if q < ∞ and qA(ω) + N = 0,

(1 + t)− N
2 −A(ω) otherwise,

(48)

for all sufficiently large t , where q ∈ [2,∞). Then, by (40) and (48) we have

∥∥e−tH
∥∥

q,2 ≥ ‖e−2tH φ‖q

‖e−tH φ‖2
= ‖u(2t)‖q

‖u(t)‖2

 ηq(t) (49)

for all sufficiently large t , where q ∈ [2,∞). Similarly, by (40) and (47) we have

∥∥e−tH
∥∥∞,2 ≥ ‖e−2tH φ‖∞

‖e−tH φ‖2
≥ u(0,2t)

‖u(t)‖2

 t−

N
4 − A(ω)

2 � η∞(t) (50)

for all sufficiently large t . Therefore, by (49) and (50), for any q ∈ [2,∞], we have
the left hand side of the inequality (6), and the proof of Theorem 2 is complete. �
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Hadamard Variation for Electromagnetic
Frequencies

Shuichi Jimbo

Abstract A regular variation of a bounded domain in the Euclidean space is con-
sidered. The perturbation formula for the eigenvalue of an operator arising in the
Maxwell equation under this type of domain variation is given.

Keywords Hadamard variation · Eigenvalues · Perturbation formula · Maxwell
equation

1 Introduction

In this paper we deal with the harmonic oscillation in the Maxwell equation in a
bounded domain (under a certain boundary condition) and consider the smooth de-
pendency of the eigenfrequency under the domain perturbation. The set of the eigen-
frequencies of the oscillation depends on the geometric feature of the domain and
it is one of the important quantities of the domain. The purpose of this paper is to
consider the regular deformation of the domain and to give a perturbation formula
for each eigenfrequency.

Such kind of studies are called a problem of Hadamard variation or a domain
variation problem. The most famous work is the Hadamard’s variational formula
for eigenvalues of Laplacian (and Green function). After Hadamard’s pioneering
work (cf. [6]), there have been a lot of studies for the case of the Laplace operator
and other elliptic operator (cf. [4, 16, 18, 20] for related works). As well as regular
perturbation of domains, there are a lot of studies on singularly perturbed domains
concerning the eigenvalues of elliptic operators in many different situations (see the
references or those of [8, 10, 11]). The Courant-Hilbert book [1] gave a study on
global properties of the set of the eigenvalues with their continuous dependence on
the domains.

We study the perturbation of the eigenvalues of the elliptic operator which arises
in the Maxwell equation for regular variation of the domain. Hirakawa, a Japanese
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physicist raised this problem in [7] and carried out a heuristic calculation and de-
duced some variational formula (it is of different type from our result). It seems that
there have been only a few results for this subject from PDE point of view. This is
one of the motivations of our study.

The electric-magnetic phenomena is modeled by the Maxwell equation (with
an appropriate boundary condition) in the classical theory of Electromagnetism.
The Maxwell equation is a coupled system of the electric field E and the magnetic
field H . Let Ω be a bounded domain in R

3 with C3 boundary and consider the
Maxwell equation

ε0
∂E

∂t
− rotH = 0, μ0

∂H

∂t
+ rotE = 0, divE = 0, divH = 0 (1)

with some boundary condition (cf. (2)). Here ε0 > 0 is the dielectric constant and
μ0 > 0 is the magnetic permeability of the space where the electric-magnetic wave
occurs (cf. [7]). We impose the boundary condition so that the space is surrounded
by a perfect conductor. It gives the following condition

E × ν = 0, H · ν = 0 on ∂Ω. (2)

Here ν is the outward unit normal vector on the boundary and the dot · is the standard
inner product.

Time harmonic solutions are very fundamental in the sense that general solutions
can be expressed by superposition (infinite linear combination) of the time harmonic
solutions which are written in the following form

E(t, x) = exp(iωt)˜E(x), H(t, x) = exp(iωt)˜H(x) (3)

where ω > 0 is a parameter. Substitute these functions into (1) and get

iε0ω˜E − rot ˜H = 0, iμ0ω˜H + rot ˜E = 0, div ˜E = 0, div ˜H = 0.

(4)

Applying the operator rot on the second equation and use the first equation, we get

−μ0ε0ω
2
˜E + rot rot ˜E = 0 in Ω, ˜E × ν = 0 on ∂Ω. (5)

The eigenfrequency is the value ω, for which (5) allows a nontrivial solution ˜E. By
a scale transform of the space variable, we can assume μ0ε0 = 1 without loss of a
mathematical generality. Replace the symbol of the variable of the vector field ˜E by
Φ and put λ = ω2. Thus we get the following eigenvalue problem,

rot rotΦ − λΦ = 0, divΦ = 0 in Ω, Φ × ν = 0 on ∂Ω. (6)

Here the unknown function Φ is R3-valued in Ω .
It is easy to see that any eigenvalue is a nonnegative real number. Actually, take

the inner product of (6) and Φ , and integrate in Ω , we have

0 =
∫

Ω

〈rot rotΦ,Φ〉dx − λ

∫

Ω

〈Φ,Φ〉dx

=
∫

∂Ω

〈ν × rotΦ,Φ〉dS +
∫

Ω

〈rotΦ, rotΦ〉dx − λ

∫

Ω

〈Φ,Φ〉dx

=
∫

∂Ω

〈rotΦ,Φ × ν〉dS +
∫

Ω

| rotΦ|2 dx − λ

∫

Ω

〈Φ,Φ〉dx.



Hadamard Variation for Electromagnetic Frequencies 181

Using the boundary condition Φ × ν = 0 on ∂Ω , we get
∫

Ω

∣

∣rotΦ(x)
∣

∣

2
dx = λ

∫

Ω

∣

∣Φ(x)
∣

∣

2
dx. (7)

This implies that λ is nonnegative if Φ �≡ 0 in Ω . Hence we see that any eigenvalue
is non-negative.

Zero Eigenspace We consider Eq. (6) for λ = 0. From (7), if Φ �≡ 0 in Ω , we
have rotΦ = 0 in Ω . This implies that Φ has an expression Φ(x) = ∇η. Here we
should note that the function η could be multi-valued function (in the case Ω is
not simply connected). From the boundary condition Φ × ν = ∇η × ν = 0, ∇η is
parallel to the normal vector ν at any boundary point. This implies that η is constant
in any connected component of ∂Ω . So η is necessarily single-valued function. On
the other hand, take any function η ∈ H 1(Ω) which is constant on any connected
component of ∂Ω and put Φ = ∇η and then it becomes an eigenfunction for λ = 0.

Summing up the above arguments, we know that the zero eigenspace is the fol-
lowing:

X0 = {∇η
∣

∣ η ∈ C2(Ω), Δη = 0 in Ω, η is constant in each component of ∂Ω
}

.

(8)

Existence of Eigenvalues We define a basic function space for the argument to
prove the existence of the eigenvalues. Put

X = {Φ ∈ H 1(Ω;R3)
∣

∣ divΦ = 0 in Ω, Φ × ν = 0 on ∂Ω
}

. (9)

It is easy to see that dimX0 = �(components of ∂Ω) − 1. It is known that X is a
closed subspace of H 1(Ω;R3) and X is also closed in the sense of weak conver-
gence in H 1(Ω;R3) (because X is linear).

As we know about the zero eigenvalue and the corresponding eigenfunctions, we
deal with the positive eigenvalues from now.

Proposition 1 The eigenvalue problem (6) has the positive eigenvalues {Λk}∞k=1
with limk→∞ Λk = ∞.

Proof To prove the existence of the eigenvalues, we can carry out a completely sim-
ilar argument as the case of the Laplacian and the Schrödinger operator (cf. [2, 3]).
So we only give a sketch of the argument. Hereafter the symbol ⊥ means the or-
thogonality in L2(Ω;R3). Put

Λ1 = inf
{

R(φ)
∣

∣ φ ∈ X, φ ⊥ X0
}

, where R(φ) =
∫

Ω

∣

∣rotφ
∣

∣

2
dx/

∫

Ω

|φ|2 dx.

R attains the minimum Λ1 with a minimizer Φ(1) ∈ X which is an eigenfunction
corresponding to the eigenvalue Λ1. This is proved as follows. Take a minimizing
sequence {φ
}∞
=1 with ‖φ
‖L2(Ω;R3) = 1. It is bounded also in H 1(Ω;R3) due to
Lemma 2 and Lemma 3 below. This sequence contains a weakly convergent sub-
sequence in H 1(Ω;R3) which is also strongly convergent in L2(Ω;R3). Since X
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is closed, the limit Φ(1) of the subsequence belongs to X and satisfies Φ(1) ⊥ X0.
From the lower semicontinuity of R in X, Φ(1) becomes a minimizer in X⊥

0 ∩ X.
Taking the variation of R at Φ(1) (minimizer), we get

rot rotΦ(1) − Λ1Φ
(1) = 0 in Ω.

Carry out this argument in the space X ∩ (X0 ⊕ L.H.[Φ(1)])⊥, we get the second
positive eigenvalue Λ2 as the minimum of R with the eigenfunction (minimizer)
Φ(2) ∈ X with Φ(2) ∈ (X0 ⊕L.H.[Φ(1)])⊥. We can repeat this argument and get the
sequence 0 < Λ1 � Λ2 � Λ3 � · · · . We also note that this sequence is unbounded.
The eigenfunctions obtained above are sufficiently regular if ∂Ω is regular. This
can be proved by the arguments in Chap. 7 in [13], where the harmonic forms in
the smooth manifold with a boundary, are studied. The regularity of Φ(k) inside Ω

is proved by the argument in [5] for each component. For the regularity near the
boundary, the technique in [13] is applied. The higher regularity estimates of the
eigenfunction are also obtain in this process. �

Lemma 1 (Trace inequality) For any η > 0, there exists c(η) > 0 such that
∫

∂Ω

φ(x)2 dS � η

∫

Ω

∣

∣∇φ(x)
∣

∣

2
dx + c(η)

∫

Ω

φ(x)2 dx
(

φ ∈ H 1(Ω)
)

.

See Mizohata [12, Chap. 3] for the proof.

Lemma 2 If Ψ ∈ H 1(Ω;R3) and Ψ × ν = 0 on ∂Ω , then
∫

Ω

| rotΨ |2 dx +
∫

Ω

|divΨ |2 dx =
∫

Ω

|∇Ψ |2 dx +
∫

∂Ω

H(x)
∣

∣Ψ (x)
∣

∣

2
dS.

Here H(x) is the mean curvature at x ∈ ∂Ω with respect to the unit outward normal
vector ν.

Proof The proof is carried out through the straightforward calculation. �

Proposition 2 (Max-min principle) The k-th positive eigenvalue Λk is character-
ized by the following formula:

Λk = sup
E⊂X⊥

0 ,dimE�k−1

inf
{

R(Φ)
∣

∣Φ ∈ X, Φ ⊥ X0, Φ ⊥ E
}

. (10)

Here E is a subspace of L2(Ω;R3).

For Max-Min principle for more general frame work of selfadjoint elliptic oper-
ators in Hilbert spaces (cf. [1–3, 17]).

Formulation of the Domain Variation and Eigenvalue Problem Assume that
Ω ⊂ R

3 is a bounded domain with C3 boundary ∂Ω . Let ρ = ρ(ξ) be a C1 function
in ∂Ω . Put the set

∂Ω(ε) = {ξ + ερ(ξ)ν(ξ) ∈R
3
∣

∣ ξ ∈ ∂Ω
}

(11)
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when |ε| is small, there exists a unique bounded domain such that Ω(ε) is homeo-
morphic to Ω and its boundary agrees to ∂Ω(ε).

For this domain Ω(ε), we consider the following eigenvalue problem,
{ rot rotΦ − λΦ = 0,

divΦ = 0 in Ω(ε),

Φ × ν = 0 on ∂Ω(ε).

(12)

From the formula rot rot = ∇ div−Δ, the eigenvalue problem (12) is also written as
{

ΔΦ + λΦ = 0,

divΦ = 0 in Ω(ε),

Φ × ν = 0 on ∂Ω(ε).

(13)

The set of the eigenvalues is a discrete unbounded sequence of real (nonnegative)
values.

Definition 1 Let {λk(ε)}∞k=1 be the set of positive eigenvalues (of (12)) which are
arranged in increasing order with counting multiplicity.

Definition 2 Let {Φ(k)
ε }∞k=1 be the corresponding system of the eigenfunctions,

which is orthonormal as
(

Φ(p)
ε ,Φ(q)

ε

)

L2(Ω(ε);R3)
= δ(p, q) (p, q � 1).

We note that Λk = λk(0).

Theorem 1 Assume that the k-th eigenvalue Λk in (6) is simple. Then λk(ε) is
differentiable at ε = 0 and its derivative is given by the following formula:

dλk(ε)

dε

∣

∣

∣

∣

ε=0
=
∫

∂Ω

(

∣

∣∇Φ
(k)
0

∣

∣

2 − 2

∣

∣

∣

∣

∂Φ
(k)
0

∂ν

∣

∣

∣

∣

2

+ (2K(x) − Λk

)∣

∣Φ
(k)
0

∣

∣

2
)

ρ dS

+ 2
∫

∂Ω

〈

Φ
(k)
0 , ν

〉〈

rotΦ(k)
0 × ∇ρ, ν

〉

dS. (14)

Here K(x) is the Gaussian curvature of ∂Ω at x. ∇ρ is the gradient vector in the
tangent space of ∂Ω .

2 Transformation of the Problem

The method of the proof is to make a transformation (diffeomorphism) γε : Ω −→
Ω(ε) and to transform the problem to one on the fixed domain (through the change
of the variable x = γε(y)). So the problem on the ε-dependent variable domain
reduces to the equations which includes ε in the coefficients.

So we prepare the transformation map and calculate the equation in a fixed do-
main Ω .
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Lemma 3 There exists δ0 > 0 and a smooth diffeomorphism map

γε : Ω −→ Ω(ε)

such that γε depends smoothly on ε ∈ (−δ0, δ0) and

γε

(

ξ + tν(ξ)
)= ξ + (t + ε)ρ(ξ)ν(ξ) for ξ ∈ ∂Ω, |t | < δ0, |ε| < δ0. (15)

Proof Prepare a coordinate near the boundary ∂Ω and consider the map which
moves a point of the δ0-neighborhood of ∂Ω as in (15). We can construct a smooth
map γε with this property using a smooth cut-off and extension up to the whole Ω . �

We prepare some notation. The variation of the map γε under perturbation by ε

is given by a vector field g as follows,

g(y) = (g1(y), g2(y), g3(y)
)t = ∂γε(y)

∂ε

∣

∣

∣

∣

ε=0
(y ∈ Ω).

From the condition (15), we have

dγε

dε

(

ξ + tν(ξ)
)

ε=0 = ρ(ξ)ν(ξ) for ξ ∈ ∂Ω, |t | < δ0. (16)

This formula is also written as

g
(

ξ + tν(ξ)
)= ρ(ξ)ν(ξ) (ξ ∈ ∂Ω, |t | < δ0).

Take the derivative of the both side of this expression with respect to t and put t = 0,
we have the following property of g.

Lemma 4 (∂g/∂y)ν = 0 on ∂Ω .

We start the calculation of the variational equation. We denote the unknown vari-
able by Φ and the transformed unknown variable by ˜Φ . Their relation is

˜Φ(y) = (Φ ◦ γε)(y) (y ∈ Ω).

We express the unknown variable Φ by its components as follows:

Φ(x) = (Φ1(x),Φ2(x),Φ3(x)
)t

, ˜Φ(y) = (˜Φ1(y), ˜Φ2(y), ˜Φ3(y)
)t

.

Accordingly we have

˜Φi(y) = (Φi ◦ γε)(y) (y ∈ Ω, i = 1,2,3).

We calculate the system of equations for ˜Φ with the boundary condition. ν =
(ν1, ν2, ν3) is the unit outward normal vector on ∂Ω . We extend this field ν up
to some neighborhood of ∂Ω for later convenience such that ν(x) = ν(ξ) for
x = ξ + tν(ξ) with ξ ∈ ∂Ω , |t | < δ0. A direct calculation gives

∇y
˜Φi(y) = ∇xΦi(x)

(

∂γε

∂y
(y)

)

, ∇xΦi =
(

∂Φi

∂x1
,
∂Φi

∂x2
,
∂Φi

∂x3

)

,

∇y
˜Φi =

(

∂ ˜Φi

∂y1
,
∂ ˜Φi

∂y2
,
∂ ˜Φi

∂y3

)

.
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γε(y) = (γ1,ε(y), γ2,ε(y), γ3,ε(y)
)t

,

∂γε

∂y
(y) =

(

∂γ1,ε/∂y1 ∂γ1,ε/∂y2 ∂γ1,ε/∂y3
∂γ2,ε/∂y1 ∂γ2,ε/∂y2 ∂γ2,ε/∂y3
∂γ3,ε/∂y1 ∂γ3,ε/∂y2 ∂γ3,ε/∂y3

)

.

We get the transformed equation. For i = 1,2,3,

divy

(

det

(

∂γε

∂y

)

∇y
˜Φi

[

∂γε

∂y

]−1([
∂γε

∂y

]−1)t)

+ λdet

(

∂γε

∂y

)

˜Φi = 0 in Ω.

(17)

The “div-free” condition is written as

3
∑

k=1

3
∑


=1

∂ ˜Φk

∂y


([

∂γε

∂y
(y)

]−1)


k

= 0 in Ω. (18)

Here, for the matrix M , M
k denotes the (
, k) component of M and Mt is the
transpose of M .

We calculate the boundary condition for ˜Φ on ∂Ω . The unit outward normal
vector νε at x = γε(y) on ∂Ω(ε) is given by

νε

(

γε(y)
)= [(∂γε/∂y)t (y)

]−1
ν(y)/

∣

∣

[

(∂γε/∂y)t (y)
]−1

ν(y)
∣

∣ for y ∈ ∂Ω.

Since Φ(γε(y)) = ˜Φ(y) at y ∈ ∂Ω is parallel to νε(γε), [(∂γε/∂y)t (y)]˜Φ(y) is par-
allel to ν(y) due to the above expression of νε(γε(y)). So we get the following
boundary condition for ˜Φ .

[

(∂γε/∂y)t (y)
]

˜Φ(y) × ν(y) = 0 on ∂Ω.

We write each component as follows.

˜Φ1

(

−ν2(y)
∂γ1,ε

∂y1
+ ν1(y)

∂γ1,ε

∂y2

)

+ ˜Φ2

(

−ν2(y)
∂γ2,ε

∂y1
+ ν1(y)

∂γ2,ε

∂y2

)

+ ˜Φ3

(

−ν2(y)
∂γ3,ε

∂y1
+ ν1(y)

∂γ3,ε

∂y2

)

= 0 on ∂Ω, (19)

˜Φ1

(

ν3(y)
∂γ1,ε

∂y1
− ν1(y)

∂γ1,ε

∂y3

)

+ ˜Φ2

(

ν3(y)
∂γ2,ε

∂y1
− ν1(y)

∂γ2,ε

∂y3

)

+ ˜Φ3

(

ν3(y)
∂γ3,ε

∂y1
− ν1(y)

∂γ3,ε

∂y3

)

= 0 on ∂Ω, (20)

˜Φ1

(

−ν3(y)
∂γ1,ε

∂y2
+ ν2(y)

∂γ1,ε

∂y3

)

+ ˜Φ2

(

−ν3(y)
∂γ2,ε

∂y2
+ ν2(y)

∂γ2,ε

∂y3

)

+ ˜Φ3

(

−ν3(y)
∂γ3,ε

∂y2
+ ν2(y)

∂γ3,ε

∂y3

)

= 0 on ∂Ω. (21)

The above system (17)–(21) is the equation in Ω .
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3 The Perturbation in the Eigenvalue Problem as a Toy Model

The main purpose of this paper is study the ε-dependence of the system (17)–(21).
We explain the line of the proof for the perturbation formula of the eigenvalue λk(ε)

by using a simple toy model, which is a similar finite dimensional problem. Pertur-
bation theory for linear operators with analysis on the spectra is extensively studied
in [9]. The continuous dependence of the eigenvalue on the operator is studied in a
rather general framework.

Let W be a finite dimensional space with an inner product (·,·). Let A (ε) be a
linear transformation in W which depends on the parameter ε ∈ R smoothly. We
assume that A (ε) is self-adjoint for each ε. Assume also that A (0) has a simple
eigenvalue μ(0) with an eigenvector v0. From [9], there exists exactly one eigen-
value μ(ε) of A (ε) when |ε| is small and it approaches μ(0) for ε → 0. We study
the differentiability of μ(ε) at ε = 0.

We consider the eigenvalue problem

A (ε)v + μv = 0. (22)

Formal Calculus First we carry out a heuristic argument. Denote vε ∈ X be the
eigenvector corresponding to an eigenvalue μ(ε) and assume that μ(ε) and vε are
differentiable in ε.

A (ε)vε + μ(ε)vε = 0. (23)

Differentiate the both sides and we get

A (ε)v̇ε + Ȧ(ε)vε + μ(ε)v̇ε + μ̇(ε)vε = 0.

Here the dot means the derivative with respect to ε. Put ε = 0 and we have
(

A (0) + μ(0)
)

v̇0 = − ˙A (0)v0 − μ̇(0)v0. (24)

Regard this equation for the unknown variable v̇0 and then we get the condition for
the right hand side term. We see that the kernel of A (0) + μ(0)I is orthogonal to
the right hand side from the self-adjointness of the operator. This is saying

( ˙A (0)v0 + μ̇(0)v0
)⊥ v0 ⇒ μ̇(0)‖v0‖2 = −(Ȧ(0)v0,v0

)

.

This consideration gives the candidate for μ̇(0) which is the necessary condition of
the existence of v̇0. The heuristic argument is finished.

Justification First we put

d = −( ˙A (0)v0,v0
)

/‖v0‖2 (25)

and consider the following equation (with the unknown variable w)
(

A (0) + μ(0)
)

w = − ˙A (0)v0 + dv0.

We recall that A (ε) is self-adjoint. From the definition of d (orthogonality condition
of the right hand side), it has a solution and it is unique if the condition w ⊥ v0
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is prescribed. We consider the following vector as an approximate eigenvector for
“ε-problem”

ṽε = v0 + εw. (26)

Take the inner product of ṽε and the eigenvalue equation (23) and get
(

A (ε)vε + μ(ε)vε,v0 + εw
)= 0,

(

A (ε)vε,v0
)+ μ(ε)(vε,v0) + ε

(

A (ε)vε + μ(ε)vε,w
)= 0.

Here we assume that the eigenvector is normalized ‖vε‖ = 1. Consider the Taylor
expansion of A (ε) in ε at 0

A (ε) = A (0) + εȦ(0) + o(ε) (Taylor expansion),

and we calculate the quantity
(

A (ε)vε,v0
)= (vε,A (ε)v0

)= (vε,A (0)v0
)+ ε

(

vε, ˙A (0)v0
)+ (vε, o(ε)v0

)

= −μ(0)(vε,v0) + ε
(

vε, ˙A (0)v0
)+ (vε, o(ε)v0

)

,
(

A (ε)vε,w
)= (vε,A (ε)w

)= (vε,A (0)w
)+ ε

(

vε, ˙A (0)w
)+ (vε, o(ε)w

)

= − (vε,
( ˙A (0) + d

)

v0
)− μ(0)(vε,w) + ε

(

vε, ˙A (0)w
)

+ (vε, o(ε)w
)

.

Substitute it to the equation and get

μ(ε) − μ(0)

ε
(vε,v0) = −(vε, ˙A (0)v0

)− (vε, o(1)v0
)

− (μ(ε) − μ(0)
)

(vε,w) + (vε,
( ˙A (0) + d

)

v0
)

− ε
(

vε, ˙A (0)w
)− (vε, o(ε)w

)

.

Take any sequence {ε(m)}∞m=1 which approaches 0 for m → ∞. Then there exists a
subsequence {ε(m(p))}∞p=1 and a unit vector v′ ∈ X such that

lim
p→∞vε(m(p)) = v′, A (0)v′ + μ(0)v′ = 0.

As we assumed that the eigenvalue μ(0) is simple, we have v′ = v0 or v′ = −v0.

lim
p→∞

μ(ε(m(p))) − μ(0)

ε(m(p))

(

v′,v0
)= d

(

v′,v0
)

.

The sequence {ε(m)}∞m=1 was arbitrary and d is defined independently of the choice
of this sequence and so we conclude the formula

lim
ε→0

μ(ε) − μ(0)

ε
= d = − ( ˙A (0)v0,v0)

‖v0‖2
.

This implies that μ(ε) is differentiable in ε at 0 and the derivative agrees exactly to
the value d in (25).
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4 Analysis of the Perturbation of the Electromagnetic Eigenvalue

We consider the positive eigenvalues {λk(ε)}∞k=1 and the corresponding eigenfunc-

tions {Φ(k)
ε }∞k=1 of (12), which are orthonormal in L2(Ω(ε);R3) and satisfy

(

Φ(p)
ε ,Φ(q)

ε

)

L2(Ω(ε);R3)
= δ(p, q),

(

rotΦ(p)
ε , rotΦ(q)

ε

)

L2(Ω(ε);R3)
= δ(p, q)λp(ε).

(27)

By the aid of the max-min principle (Proposition 2) for λk(ε) in (12) with the (al-
most) test functions Φ

(k)
0 (γ −1

ε (x)) (k � 1), we can derive an upper estimate

λk(ε) � Λk + O(ε). (28)

To obtain the lower estimate, we first note that there exists a constant δk > 0 and
ck > 0 (from (27), (28)) such that

∥

∥Φ(k)
ε

∥

∥

H 1(Ω(ε);R3)
� ck for |ε| � δk. (29)

Recall ˜Φ
(k)
ε (y) = (Φ

(k)
ε ◦ γε)(y). As the transformation x = γε(y) smoothly ap-

proach the identity map, we have the following estimates (with the aid of Lemmas 1
and 2).

Lemma 5 For each k ∈N, there exists a constant c(k) > 0 such that
∥

∥˜Φ
(k)
ε

∥

∥

H 1(Ω;R3)
� c(k) for small ε > 0.

As Ω(ε) depends smoothly on ε, we can apply the regularity argument for Φ
(k)
ε

in the boundary value problem (13) which is developed in the famous Morrey’s book
[13]. We can have the following regularity.

Lemma 6 For each k ∈N, there exists a constant c′(k) > 0 such that
∥

∥˜Φ
(k)
ε

∥

∥

C2(Ω;R3)
� c′(k) for small ε > 0.

Take an arbitrary sequence {ε(p)}p�1 such that limp→∞ ε(p) = 0. Then, there

exists a subsequence {ε(p(m))}∞m=1 and an orthonormal system {Θ(k)}∞k=1 in
L2(Ω;R3) such that

˜Φ
(k)
ε(p(m)) −→ Θ(k) (m → ∞) (30)

strongly in L2(Ω;R3) and weakly in H 1(Ω;R3) and divΘ(k) = 0 in Ω , Θ(k) ×ν =
0 on ∂Ω . From (28), (30), we have

Λk � lim inf
m→∞ λk

(

ε
(

p(m)
))= lim inf

m→∞

∫

Ω(ε(p(m)))

∣

∣rotΦ(k)
ε(p(m))

(x)
∣

∣

2
dx

= lim inf
m→∞

∫

Ω

∣

∣rot˜Φ
(k)
ε(p(m))(y)

∣

∣

2
dy �

∫

Ω

∣

∣rotΘ(k)(y)
∣

∣

2
dy. (31)
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From the orghogonality of {Θ(k)}∞k=1 in L2(Ω;R3) ∩ X⊥
0 with (31), we have

∫

Ω
| rotΘ(k)|2 dy = Λk for k � 1. This implies Θ(k) is necessarily a k-th eigenfunc-

tion. Eventually we get the convergence limm→∞ λk(ε(p(m))) = Λk . Since {ε(p)}
was arbitrary, we have the following result.

Proposition 3 limε→0 λk(ε) = Λk (k � 1).

We study the detailed asymptotics of λk(ε) for ε → 0. We follow the line of
argument given in the previous section. By a formal perturbation argument, we first
find a candidate of (dλk(ε)/dε)|ε=0 by a formal calculus.

To calculate the derivative of the equation of (17)–(18) and the boundary condi-
tion (19)–(21), we prepare some formulas.

Lemma 7 Let A(ε) be an invertible square matrix which is differentiable in ε. Then
we have

d

dε
A(ε)−1 = −A(ε)−1 d

dε
A(ε)A(ε)−1. (32)

Moreover, if A(0) = I (Identity matrix), then

d

dε
detA(ε)

∣

∣

∣

∣

ε=0
= Tr

(

dA(ε)

dε

∣

∣

∣

∣

ε=0

)

. (33)

Proof This is proved by a direct calculation. �

Since γ0(y) = y (Identity map), it follows (∂γ0/∂y) = I . Hence we can apply
the above formulas (32), (33) to the Jacobian matrix ∂γε/∂y, we have

d

dε

(

∂γε

∂y

)−1∣
∣

∣

∣

ε=0
= −∂g(y)

∂y
. (34)

d

dε
det

(

∂γε

∂y

)∣

∣

∣

∣

ε=0
= divy g(y) =

3
∑

j=1

∂gj (y)

∂yj

. (35)

Variational Equation Fix a natural number k hereafter. Drop the index k and

denote Φε = Φ
(k)
ε , ˜Φε = ˜Φ(k)

ε , λ(ε) = λk(ε). Note that ˜Φ0 = Φ0 because γ0 is the
identity map. Assume that ˜Φε , λ(ε) is differentiable in ε at 0 and put

Ψ (y) = (Ψ1(y),Ψ2(y),Ψ3(y)
)t = (∂˜Φ(k)

ε /∂ε
)

ε=0, κ = (dλk(ε)/dε
)

(0).

(36)

We seek for the relation which Ψ and κ should satisfy if they exist. Take the deriva-
tive of (17), (18), (19), (20), (21) and put ε = 0 and calculate by the formula (34)
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and (35) and substitute ε = 0, we get

div(∇Ψi) + divy

(

(divg)∇yΦ0i

)− div

(

∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t))

+ κΦ0i + λ(0)(divg)Φ0i + λ(0)Ψi = 0 (y ∈ Ω, i = 1,2,3), (37)

divΨ =
3
∑

i=1

3
∑


=1

∂Φ0i

∂y


∂g


∂yi

in Ω. (38)

From (19), (20), (21), we have the boundary condition for Ψ which gives the values
of ν × Ψ on ∂Ω ,

Ψ2ν1 − Ψ1ν2 = Φ01

(

ν2
∂g1

∂y1
− ν1

∂g1

∂y2

)

+ Φ02

(

ν2
∂g2

∂y1
− ν1

∂g2

∂y2

)

+ Φ03

(

ν2
∂g3

∂y1
− ν1

∂g3

∂y2

)

, (39)

Ψ1ν3 − Ψ3ν1 = Φ01

(

ν1
∂g1

∂y3
− ν3

∂g1

∂y1

)

+ Φ02

(

ν1
∂g2

∂y3
− ν3

∂g2

∂y1

)

+ Φ03

(

ν1
∂g3

∂y3
− ν3

∂g3

∂y1

)

, (40)

Ψ3ν2 − Ψ2ν3 = Φ01

(

ν3
∂g1

∂y2
− ν2

∂g1

∂y3

)

+ Φ02

(

ν3
∂g2

∂y2
− ν2

∂g2

∂y3

)

+ Φ03

(

ν3
∂g3

∂y2
− ν2

∂g3

∂y3

)

. (41)

For the domain derivative of solution of Poisson equations, we can learn a lot of
things in [14, 15]. For convenience we define the vector field ψ0 by

ψ0 = −
(

∂g

∂y

)t

Φ0 in Ω.

Using ψ0, the boundary condition for Ψ (i.e. (39), (40), (41)) is written by

Ψ × ν = ψ0 × ν on ∂Ω. (42)

We multiply both sides of Eq. (37) by Φ0i and sum for i = 1,2,3.

3
∑

i=1

∫

Ω

{

Φ0iΔΨi + Φ0i div
(

(divg)∇Φ0i

)− Φ0i div

(

∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t))}

dy

+
3
∑

i=1

∫

Ω

(

κΦ2
0i + λ(0)(divg)Φ2

0i + λ(0)ΨiΦ0i

)

dy = 0.

Denote the left hand side by J . Substitute ΔΨ = − rot rotΨ + ∇ divΨ into J with
(38) and integrate by parts, we get
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J =
∫

Ω

〈

Φ0,∇
(

3
∑

i,
=1

∂Φ0i

∂y


∂g


∂yi

)〉

dy +
∫

∂Ω

〈

Φ0, (−ν) × rotΨ
〉

dS

−
∫

Ω

〈rotΦ0, rotΨ 〉dy

+
3
∑

i=1

∫

Ω

{

Φ0i div
(

(divg)∇Φ0i

)− Φ0i div

(

∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t))}

dy

+
3
∑

i=1

∫

Ω

(

κΦ2
0i + λ(0)(divg)Φ2

0i + λ(0)ΨiΦ0i

)

dy

=
∫

∂Ω

〈Φ0, ν〉
(

3
∑

i,
=1

∂Φ0i

∂y


∂g


∂yi

)

dS −
∫

Ω

(divΦ0)

(

3
∑

i,
=1

∂Φ0i

∂y


∂g


∂yi

)

dy

−
∫

∂Ω

〈rotΨ ,Φ0 × ν〉dS −
∫

∂Ω

〈rotΦ0, ν × Ψ 〉dS −
∫

Ω

〈rot rotΦ0,Ψ 〉dy

+
3
∑

i=1

∫

∂Ω

Φ0i (divg)〈ν,∇Φ0i〉dS −
3
∑

i=1

∫

Ω

(divg)|∇Φ0i |2 dy

−
3
∑

i=1

∫

∂Ω

Φ0i

〈

ν,∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t)〉

dS

+
3
∑

i=1

∫

Ω

〈

∇Φ0i ,∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t)〉

dy

+
3
∑

i=1

∫

Ω

(

κΦ2
0i + λ(0)(divg)Φ2

0i + λ(0)ΨiΦ0i

)

dy.

Using Φ0 × ν = 0 on ∂Ω and rot rotΦ0 −λ(0)Φ0 = 0 and divΦ0 = 0 in Ω , we can
simplify this expression and get

J =
∫

∂Ω

〈Φ0, ν〉
(

3
∑

i,
=1

∂Φ0i

∂y


∂g


∂yi

)

dS −
∫

∂Ω

〈rotΦ0, ν × Ψ 〉dS

+
3
∑

i=1

∫

∂Ω

Φ0i (divg)〈ν,∇Φ0i〉dS −
3
∑

i=1

∫

Ω

(divg)|∇Φ0i |2 dy

−
3
∑

i=1

∫

∂Ω

Φ0i

〈

ν,∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t)〉

dS
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+
3
∑

i=1

∫

Ω

〈

∇Φ0i ,∇Φ0i

(

∂g

∂y
+
(

∂g

∂y

)t)〉

dy

+
3
∑

i=1

∫

Ω

(

κΦ2
0i + λ(0)(divg)Φ2

0i

)

dy,

J = −
∫

∂Ω

AdS +
∫

∂Ω

B dS −
3
∑

i=1

∫

∂Ω

〈g, ν〉|∇Φ0i |2 dS

+ 2
3
∑

i=1

∫

∂Ω

〈g,∇Φ0i〉〈ν,∇Φ0i〉dS

+ λ(0)

3
∑

i=1

∫

∂Ω

〈g, ν〉Φ2
0i dS + κ

3
∑

i=1

∫

Ω

Φ2
0i dy.

Here A, B are given as follows. Note that the expression of ν × Ψ is substituted.

A = 〈rotΦ0, ν × Ψ 〉
=
(

∂Φ03

∂y2
− ∂Φ02

∂y3

)[

Φ01

(

ν3
∂g1

∂y2
− ν2

∂g1

∂y3

)

+ Φ02

(

ν3
∂g2

∂y2
− ν2

∂g2

∂y3

)

+ Φ03

(

ν3
∂g3

∂y2
− ν2

∂g3

∂y3

)]

+
(

∂Φ01

∂y3
− ∂Φ3

∂y1

)[

Φ01

(

ν1
∂g1

∂y3
− ν3

∂g1

∂y1

)

+ Φ02

(

ν1
∂g2

∂y3
− ν3

∂g2

∂y1

)

+ Φ03

(

ν1
∂g3

∂y3
− ν3

∂g3

∂y1

)]

+
(

∂Φ02

∂y1
− ∂Φ1

∂y2

)[

Φ01

(

ν2
∂g1

∂y1
− ν1

∂g1

∂y2

)

+ Φ02

(

ν2
∂g2

∂y1
− ν1

∂g2

∂y2

)

+ Φ03

(

ν2
∂g3

∂y1
− ν1

∂g3

∂y2

)]

,

B = 〈Φ0, ν〉
3
∑

i,
=1

∂Φ0i

∂y


∂g


∂yi

+
3
∑

i=1

(divg)Φ0i

∂Φ0i

∂ν

−
3
∑

i,j,
=1

ν


(

∂g


∂yj

+ ∂gj

∂y


)

Φ0i

∂Φ0i

∂yj

.

We mention some useful property for the boundary condition of rotΦ0.

Lemma 8 We have 〈rotΦ0, ν〉 = 0 on ∂Ω .

Proof From the direct calculation near ∂Ω , the boundary condition Φ0 × ν = 0 on
∂Ω gives this property of rotΦ0. �
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Evaluation of A, B We see the values A and B in terms of Ω , Φ0, ρ. For that
purpose, we take an arbitrary point of ∂Ω and a special coordinate around the point
to calculate A and B . Take any point O ∈ ∂Ω and take the orthogonal coordinate
y = (y1, y2, y3) centered at O such that ν(O) = (1,0,0). We express ∂Ω by a graph
y1 = h(y2, y3) near O . There exists a δ > 0 and C2 function such that

Ω ∩ U(O,δ) = {(y1, y2, y3) ∈R
3
∣

∣ |y| < δ, y1 < h(y2, y3)
}

.

It holds that (∂h/∂y2)(0,0) = 0, (∂h/∂y2)(0,0) = 0. We can assume that two vec-
tors (0,1,0) and (0,0,1) are principal directions in the tangent space of ∂Ω at O .
In this case

∂ν

∂y2
(O) = α(0,1,0),

∂ν

∂y3
(O) = β(0,0,1),

where α and β are the principal curvatures of ∂Ω at O . Put φ(y) = 〈Φ0(y), ν(y)〉
for y ∈ ∂Ω for simplicity. We note that

ν1(O) = 1, ν2(O) = 0, ν3(O) = 0, Φ01(O) = 〈Φ0(O), ν(O)
〉

,

Φ02(O) = 0, Φ03(O) = 0,
∂g1

∂y1
(O) = 0,

∂g2

∂y1
(O) = 0,

∂g3

∂y1
(O) = 0,

∂g1

∂y2
(O) = ∂ρ

∂y2
(O),

∂g1

∂y3
(O) = ∂ρ

∂y3
(O),

∂g2

∂y2
(O) = ρ(O)

∂ν2

∂y2
(O) = ρ(O)α,

∂g2

∂y3
(O) = ∂g3

∂y2
(O) = 0,

∂g3

∂y3
(O) = ρ(O)

∂ν3

∂y3
(O) = ρ(O)β.

From the condition Φ0 × ν = 0 on the boundary, we have

Φ0i (ξ)νj (ξ) − Φ0j (ξ)νi(ξ) = 0 (ξ ∈ ∂Ω, 1 � i, j � 3).

We can operate ∂/∂y2, ∂/∂y3 (tangential derivative) on the above equations at O

and get the following properties,

∂Φ02

∂y2
(O) = αΦ01(O),

∂Φ03

∂y3
(O) = βΦ01(O),

∂Φ01

∂y1
(O) = −(α + β)Φ01(O),

∂Φ02

∂y3
(O) = ∂Φ03

∂y2
(O) = 0.

Substituting these quantities into A and B , we have

A(O) =
(

∂Φ01

∂y3
− ∂Φ03

∂y1

)

φ(O)
∂ρ

∂y3
(O) +

(

∂Φ02

∂y1
− ∂Φ01

∂y2

)

φ(O)(−1)
∂ρ

∂y2
(O)

= 〈rotΦ0 × ∇ρ, ν〉〈Φ0, ν〉,
B(O) = ∂ρ

∂y2
(O)φ(O)

(

∂Φ02

∂y1
− ∂Φ01

∂y2

)

+ ∂ρ

∂y3
(O)φ(O)

(

∂Φ03

∂y1
− ∂Φ01

∂y3

)

+ α2φ(O)2ρ(O) + β2φ(O)2ρ(O) − ρ(O)φ(O)2(α + β)2

= φ(O)〈∇ρ × rotΦ0, ν〉 − 2K(O)ρ(O)φ(O)2.
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Note that K(O) = αβ is the Gaussian curvature of ∂Ω at O . Summing up these
quantities A(O), B(O) and put them into J = 0 (recall Φ0(y) = Φ

(k)
0 (y)), we get

κ

∫

Ω

∣

∣Φ
(k)
0

∣

∣

2
dx

=
∫

∂Ω

(

∣

∣∇Φ
(k)
0

∣

∣

2 − 2

∣

∣

∣

∣

∂Φ
(k)
0

∂ν

∣

∣

∣

∣

2

+ (2K(x) − λk(0)
)∣

∣Φ
(k)
0 (x)

∣

∣

2
)

ρ dS

+ 2
∫

∂Ω

〈

Φ
(k)
0 , ν

〉〈

rotΦ(k)
0 × ∇ρ, ν

〉

dS. (43)

Thus we have obtained the candidate of (dλk(ε)/dε)(0) which is the value κ .

5 Justification of the Formula

In this section, we justifies the formula limε→0(λk(ε) − λk(0))/ε = κ . First we pre-
pare some perturbation properties of γε for the later calculation.

Lemma 9

∂γε

∂y
(y) = I + ∂g

∂y
(y)ε + O

(

ε2),

(

∂γε

∂y
(y)

)−1

= I − ∂g

∂y
(y)ε + O

(

ε2),

(44)

det

(

∂γε

∂y

)

= 1 + (divg)ε + O
(

ε2). (45)

Proof These formulas are just the Taylor expansion in ε. �

Lemma 10 The map γε : Ω −→ Ω(ε) (sufficiently smooth up to ∂Ω) induces the
following transformation of the surface element and the unit outward normal vector
field as follows,

dSε = (1 + ερH + O
(

ε2))dS,

νε(x) =
([

∂γε

∂y

]−1)t

ν(y)
/

∣

∣

∣

∣

([

∂γε

∂y

]−1)t

ν(y)

∣

∣

∣

∣

(

for x = γε(y), y ∈ ∂Ω
)

. (46)

See [14, 15, 19] for the proofs of these formulas.

Proof of the main result We consider the variational equation (37)–(41). First define
the value κ by the relation (43). We use an approximate eigenfunction in the problem
(17)–(21) in the following form

˜Φ
∗
ε(y) = Φ0(y) + εΨ 0(y) in Ω (47)
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where Ψ 0 is a solution of (37)–(41) (the variational equation). Existence of Ψ 0 is
seen from the following arguments. To obtain Ψ 0, we consider the new unknown
variable Γ . For that purpose we prepare the followings.

Define the vector valued functions ψ0(y),ψ1(y) by

ψ0(y) = −
(

∂g

∂y

)t

Φ0(y), ψ1(y) =
(

3
∑


=1

∂Φ0i

∂y


g


)

1�i�3

.

Then we have the following result.

Lemma 11

divψ1(y) =
3
∑


=1

3
∑

i=1

∂Φ0i

∂y


∂g


∂yi

in Ω.

Proof This is deduced by a direct calculation. �

Lemma 12 There exists a solution ψ2(y) to the equation,

divψ2 = −divψ0 in Ω, ψ2(y) = ψ1(y) − 〈ψ1(y), ν(y)
〉

ν(y) on ∂Ω.

(48)

Proof Existence of ψ2 in (48) follows from the property
∫

Ω

(−1)divψ0 dy =
∫

∂Ω

〈(

∂g

∂y

)t

Φ0(y), ν

〉

dS =
∫

∂Ω

〈

Φ0(y),
∂g

∂y
ν

〉

dS = 0

(cf. Lemma 4) and the boundary value of ψ2 is imposed to be a tangential field. So
we can apply the existence theorem in [21]. �

Here we give a new unknown variable as follows:

Γ (y) = Ψ (y) − ψ0(y) − ψ1(y) − ψ2(y). (49)

Through this change of variable from Ψ to Γ with Lemma 11, Lemma 12, we have
following equation which is equivalent to (37)–(41).

rot rotΓ − λ(0)Γ = F , divΓ = 0 in Ω, Γ × ν = 0 on ∂Ω, (50)

where

F = κΦ0 − div

(

∇Φ0

(

∂g

∂y
+
(

∂g

∂y

)t))

+ ∇(divg) · ∇Φ0

+ Δ(ψ0 + ψ1 + ψ2) + λ(0)(ψ0 + ψ1 + ψ2). (51)

For the proof of the existence of a solution to (50), it suffices to show that F is
orthogonal to the kernel of the operator rot rot (with the conditions: “div-free” and
the boundary condition). This is justified by an alternative theorem for a linear in-
homogeneous equation including a self-adjoint operator. So it is necessary to show
F ⊥ Φ0 because that kernel is spanned by Φ0 from the assumption of the theorem.
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However this condition holds due to the calculation in the definition of κ and we
already justified this condition. So we know the existence of Ψ 0.

Recall Φε = Φ
(k)
ε (x) is the k-th eigenfunction of (12) and Ψ 0 is the function

constructed above. For later arguments, we define

̂Φε(x) = Φ0
(

γ −1
ε (x)

)

, ̂Ψ ε(x) = Ψ 0
(

γ −1
ε (x)

)

.

As the assumption that the eigenvalue λ(0) = λk(0) is simple, we can assume (with-
out loss of generality) that ˜Φε(y) = Φε(γε(y)) approaches Φ0 for ε → 0 (strongly
in L2(Ω;R3) and weakly in H 1(Ω;R3)) because we can multiply ˜Φε by −1 for
each ε if necessary. As in the standard regularity argument of elliptic equation the-
ory (cf. [13]), we can prove the convergence in higher norm (like Cm). Multiply
both sides of the eigenvalue equation (12) by ̂Φε(x) + ε̂Ψ ε(x) and integrate, we
have

∫

Ω(ε)

〈

rot rotΦε − λ(ε)Φε, (̂Φε + ε̂Ψ )
〉

dx = 0. (52)

By the partial integration, we have

∫

∂Ω(ε)

〈νε × rotΦε,̂Φε + ε̂Ψ ε〉dSε +
∫

∂Ω(ε)

〈

νε × Φε, rot(̂Φε + ε̂Ψ ε)
〉

dSε

+
∫

Ω(ε)

〈

Φε, rot rot(̂Φε + ε̂Ψ ε)
〉

dx − λ(ε)

∫

Ω(ε)

〈

Φε, (̂Φε + ε̂Ψ ε)
〉

dx = 0.

(53)

We use the boundary condition Φε × νε = 0 on ∂Ω(ε) and see the second term
vanishes. Using rot rot = grad div−Δ, we have

J1(ε) + J2(ε) − J4(ε) − λ(ε)J3(ε) = 0, (54)

where

J1(ε) =
∫

∂Ω(ε)

〈

rotΦε, (̂Φε + ε̂Ψ ε) × νε

〉

dSε,

J2(ε) =
∫

Ω(ε)

〈

Φε,∇ div(̂Φε + ε̂Ψ ε)
〉

dx,

J4(ε) =
∫

Ω(ε)

〈

Φε,Δ(̂Φε + ε̂Ψ ε)
〉

dx, J3(ε) =
∫

Ω(ε)

〈Φε,̂Φε + ε̂Ψ ε〉dx.

We change the variable from x to y by x = γε(y) and express Jj (ε) (j = 1,2,3,4)

in the form of integration in the domain Ω and calculate the ε-expansion to the first
order. Later we use the Landau’s symbols. As well as the standard cases, if it is the
case for a function hε like hε = O(εp), it implies ‖hε‖C2(Ω) = O(εp). To deal with
J3(ε), J4(ε), J2(ε), we will use Lemma 6 and Lemma 9 below.
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J3(ε) =
∫

Ω

〈˜Φε,Φ0 + εΨ 0〉det

(

∂γε

∂y

)

dy

=
∫

Ω

〈˜Φε,Φ0 + εΨ 0〉
(

1 + (divg)ε + O
(

ε2))dy

=
∫

Ω

〈˜Φε,Φ0〉dy + ε

∫

Ω

(〈˜Φε,Ψ 0〉 + 〈˜Φε,Φ0〉(divg)
)

dy + O
(

ε2),

J4(ε) =
∫

Ω

〈

˜Φε,div

(

∇(Φ0 + εΨ 0)

(

∂γε

∂y

)−1[(
∂γε

∂y

)−1]t

det

(

∂γε

∂y

))〉

dy

=
∫

Ω

〈

˜Φε,div

[

∇(Φ0 + εΨ 0)

(

I − ∂g

∂y
ε

)(

I −
(

∂g

∂y

)t

ε

)

× (1 + (divg)ε
)

]〉

dy + O
(

ε2)

=
∫

Ω

〈˜Φε,ΔΦ0〉dy

+ ε

∫

Ω

{

〈˜Φε,ΔΨ 0〉 −
〈

˜Φε,div

[

∇Φ0

(

∂g

∂y
+
(

∂g

∂y

)t)]〉}

dy

+ ε

∫

Ω

〈

˜Φε,div
(∇Φ0(divg)

)〉

dy + O
(

ε2),

J2(ε) =
3
∑


=1

∫

Ω

˜Φε,


3
∑

p,j,i=1

∂

∂yp

((

∂Φ0i

∂yj

+ ε
∂Ψ0i

∂yj

)[(

∂γε

∂y

)−1]

ji

)

×
[(

∂γε

∂y

)−1]

pl

dy

=
3
∑


=1

∫

Ω

˜Φε,


3
∑

p,j,i=1

∂

∂yp

((

∂Φ0i

∂yj

+ ε
∂Ψ0i

∂yj

)(

δ(j, i) − ∂gj

∂yi

ε

))

×
(

δ(p, 
) − ∂gp

∂y


ε

)

dy

+ O
(

ε2)=
∫

Ω

〈˜Φε,∇ divΦ0〉dy

+ ε

∫

Ω

〈

˜Φε,∇
(

divΨ 0 −
3
∑

j,i=1

∂Φ0i

∂yj

∂gj

∂yi

)〉

dy

+ ε

∫

Ω

3
∑


,r=1

˜Φε


∂(divΦ0)

∂yr

(

δ(r, 
)(divg) − ∂gr

∂y


)

dy + O
(

ε2).

We used the condition divΦ0 = 0 in Ω and the expression for divΨ 0. We have
J2(ε) = O(ε2). Next we deal with J1(ε).

J1(ε) =
∫

∂Ω

〈

Υε(y), (Φ0 + εΨ 0) × νε

(

γε(y)
)〉(

1 + Hρε + O
(

ε2))dS
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where νε(γε(y)) and Υε(y) are given as follows:

νε

(

γε(y)
)=

[(

∂γε

∂y

)−1]t

ν(y)
/

∣

∣

∣

∣

[(

∂γε

∂y

)−1]t

ν(y)

∣

∣

∣

∣

= ν + ε

[

−
(

∂g

∂y

)t

ν +
〈(

∂g

∂y

)t

ν, ν

〉

ν

]

+ O
(

ε2)

Υε(y) = (rot˜Φε)
(

γε(y)
)=

⎛

⎜

⎜

⎜

⎝

∑3
j=1

∂ ˜Φε3
∂yj

[( ∂γε

∂y
)−1]j2 −∑3

j=1
∂ ˜Φε2
∂yj

[( ∂γε

∂y
)−1]j3

∑3
j=1

∂ ˜Φε1
∂yj

[( ∂γε

∂y
)−1]j3 −∑3

j=1
∂ ˜Φε3
∂yj

[( ∂γε

∂y
)−1]j1

∑3
j=1

∂ ˜Φε2
∂yj

[( ∂γε

∂y
)−1]j1 −∑3

j=1
∂ ˜Φε1
∂yj

[( ∂γε

∂y
)−1]j2

⎞

⎟

⎟

⎟

⎠

(Φ0 + εΨ 0) × νε

(

γε(y)
)

= Φ0 × ν + ε(Ψ 0 × ν) + ε

(

Φ0 ×
[

−
(

∂g

∂y

)t

ν +
〈(

∂g

∂y

)t

ν, ν

〉

ν

])

+ O
(

ε2)= ε(Ψ 0 × ν) − ε

(

Φ0 ×
(

∂g

∂y

)t

ν

)

+ O
(

ε2). (55)

We used the boundary condition Φ0 × ν = 0 on ∂Ω above. We deal with the first
and second term. Again, from the same boundary condition, we have

Φ0(y) = 〈Φ0(y), ν(y)
〉

ν(y) (y ∈ ∂Ω).

We use (42) and calculate on ∂Ω that

Ψ 0(y) × ν(y) − Φ0(y) ×
(

∂g

∂y

)t

ν(y)

= ψ0(y) × ν(y) − 〈Φ0(y), ν(y)
〉

(

ν(y) ×
(

∂g

∂y

)t

ν(y)

)

= ψ0(y) × ν − ν(y) ×
(

∂g

∂y

)t
〈

Φ0(y), ν(y)
〉

ν(y)

= ψ0(y) × ν(y) + ν(y) ×
[

−
(

∂g

∂y

)t

Φ0(y)

]

= ψ0(y) × ν(y) + ν(y) × ψ0(y) = 0.

Using this property in (55), we substitute it into the right hand of J1(ε), we have

J1(ε) = O
(

ε2). (56)

Now we calculate J4(ε) + λ(ε)J3(ε) with the equations for Ψ 0 and Φ0 and get the

J4(ε) + λ(ε)J3(ε) = (λ(ε) − λ(0)
)

∫

Ω

〈˜Φε,Φ0〉dy − κε

∫

Ω

〈˜Φε,Φ0〉dy

+ (λ(ε) − λ(0)
)

ε

∫

Ω

(〈˜Φε,Ψ 0〉 + 〈˜Φε,Φ0〉(divg)
)

dy

+ O
(

ε2). (57)
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We use J1(ε) = O(ε2), J2(ε) = O(ε2) in (54) and get J4(ε) + λ(ε)J3(ε) = O(ε2).
We divide (57) by ε and take the limit ε and we get

lim
ε→0

λ(ε) − λ(0)

ε
= κ .

This completes the proof of the main result (Theorem 1).
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Global Structure of the Solution Set
for a Semilinear Elliptic Problem Related
to the Liouville Equation on an Annulus

Toru Kan

Abstract A semilinear elliptic problem related to the Liouville equation on a two-
dimensional annulus is studied. The problem appears as the limiting problem of the
Liouville equation as the inside radius of the annulus tends to 0, and is derived by
the method of matched asymptotic expansions. Our concern is the solution set of
the problem in the bifurcation diagram. We find explicit solutions including non-
radially symmetric solutions and determine the connected component containing
the solutions. As a consequence, we provide a suggestive evidence for the global
structure of the solution set of the Liouville equation.

Keywords Semilinear elliptic equation · Liouville equation · Bifurcation

1 Introduction

In this paper we study the solution set of the following semilinear elliptic equation:

Δu + Aeu = 0 in R
2 \ {0}, (1)

u(x) =
{

(B − 2) log |x| + o(1) as |x| → 0,

−(B + 2) log |x| + o(1) as |x| → ∞.
(2)

Here A > 0 and B ≥ 2 are (bifurcation) parameters. Our motivation originally
comes from the Dirichlet problem for the Liouville equation{

Δv + λev = 0 in Ω,

v = 0 on ∂Ω,
(3)

where λ > 0 is a parameter and Ω is a bounded domain in R
2. Equation (1)–(2)

is strongly related to (3) for the case of an annular domain defined by Ω = Ωε :=
{x ∈ R

2; ε < |x| < 1}, where 0 < ε < 1. In fact, in the next section, we will show
that (1)–(2) appears as the limit of (3) as ε → 0.
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If the domain Ω is a disk, from the well known result obtained by Gidas, Ni
and Nirenberg [4], there is no non-radially symmetric solution in (3). On the other
hand in the case of an annulus, the existence of non-radially symmetric solutions
is revealed by Lin [7] and Nagasaki and Suzuki [12]. More precisely, Lin showed
that non-radially symmetric solutions appear through a bifurcation from radially
symmetric solutions and Nagasaki and Suzuki proved that for any k ∈N, there exists
a k-mode solution such that

∫
Ω

ev dx is large. Here, by k-mode solution, we mean
a solution which is invariant under the rotation of 2π/k, and is not invariant under
the rotation of 2π/m for m > k. From the subsequent work of Dancer [1], the set
of the bifurcating non-radially symmetric solutions is unbounded in (λ, v) plane.
Additionally, for a general non-simply connected domain, del Pino, Kowalczyk and
Musso [3] obtained a solution which blows up at k different points as λ → 0.

From these results, it is expected that the bifurcating solutions connect to the
large solutions obtained in [3, 12]. The aim of this paper is to provide a suggestive
evidence for this expectation. To accomplish this, we consider the limiting case as
the inside radius ε tends to 0.

First we have to derive an appropriate limiting equation for (3) as ε → 0. Since
(3) has no non-radially symmetric solution when Ω is a disk, it is not suitable for
our purpose to regard a disk as the limit. This indicates that the information on non-
radially symmetric solutions can be obtained only under appropriate scaling. This
problem is discussed in the next section.

Next we need to study the solution set of the limiting equation (1)–(2) in
(A,B,u) space. One of our main results is concerned with the connected component
of the solution set containing all radially symmetric solutions. We find non-radially
symmetric solutions bifurcating from radially symmetric solutions explicitly, and
prove that the union of these solutions and all radially symmetric solutions is the
maximal connected subset of the solution set. Furthermore, to prove this result, we
also study the linearized operator around the solution. More precisely, we deter-
mine the null space and find a fundamental solution for the linearized operator. See
Theorems 1 through 3 in Sect. 3 for precise statements of these results.

The solution set in a bifurcation diagram was also considered in other equations.
Holzmann and Kielhöfer [5] studied positive solutions of Δu + λf (u) = 0 under
the Dirichlet boundary condition on a two-dimensional bounded domain which is
axially symmetric with respect to x-axis, y-axis and is partially convex. They con-
sidered f such that f (u) ≥ 0 for u ≥ 0, and proved that the set of positive solutions
are always parametrized by the amplitude of a solution. See also [6]. Furthermore,
for a general class of f , Miyamoto [9, 10] studied the same equation under the Neu-
mann boundary condition on a disk and obtained the global branch emanating from
the second eigenvalue of the Laplacian. In [11], the case of a more general domain
is also considered for a certain class of f .

This paper is organized as follows. In Sect. 2, by a formal argument, we observe
that Eqs. (1)–(2) is derived as the limit of (3). In Sect. 3 we state the main results
of this paper. Section 4 is devoted to the proofs of the main results and Appendix
presents a lemma often used in the proofs.
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Fig. 1 The outer region and
the inner region

2 Derivation of the Limiting Equation

We begin this section with some important observation before deriving the limit-
ing equation (1)–(2). Let us consider a bifurcation point (λ̃ε, ṽε) of (3) from which
non-radially symmetric solutions bifurcate. Then, by using the explicit representa-
tion of this point obtained by Lin [7], we can show that λ̃ε → 0, ‖ṽε‖L∞ → ∞ as
ε → 0. This fact indicates that if we wish to obtain the informations of non-radially
symmetric solutions in the limit, we have to treat the situation where λ � 1 and
‖v‖L∞ � 1.

Based on this observation, we derive (1)–(2) by using the method of matched
asymptotic expansions. Let (λε, vε) be a solution of (3) and assume that

λε = Aεα
(
1 + o(1)

)
(4)

for some A > 0 and α > 0 as ε → 0. We separate the domain Ωε into the outer
region (|x| ∼ 1 or |x| ∼ ε) and the inner region (|x| ∼ εβ ), where 0 < β < 1, and
assume that vε = O(1) in the outer region and vε � 1 in the inner region (see Fig. 1).

Now we find the expansion of vε in the outer region. First we consider the region
near the outside boundary. In this case from the assumption (4) and vε = O(1), the
second term of the left hand side of (3) is small. Hence we infer that the limiting
equation in this region is {−Δv = 0, 0 < |x| < 1,

v = 0, |x| = 1.

Since the maximum principle implies that vε is a positive function, the limiting
function (the solution of the above equation) must be nonnegative. From this, the
limiting function is expressed as v(x) = C1 log 1/|x| for some nonnegative constant
C1, and the expansion in this region is given by

vε(x) = C1 log
1

|x| + o(1). (5)

This expansion is expected to be valid for δ1 ≤ |x| ≤ 1, where δ1 > 0 is an arbitrary
fixed constant. A similar manner allows us to deduce that the expansion near the
inside boundary is

vε(x) = C2 log
|x|
ε

+ o(1) (6)

for some nonnegative undetermined constant C2. This expansion will be valid for
ε ≤ |x| ≤ δ2ε, where δ2 > 1 is an arbitrary fixed constant.
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Next we find the expansion in the inner region. Since the inner region is |x| ∼ εβ ,
it is convenient to perform the change of variables x �→ εβx. Then we have

Δvε + ε2βλεe
vε = 0, ε1−β < |x| < ε−β.

Notice that λεε
2βevε = A(1 + o(1))evε−(α+2β) log 1/ε . From this, putting uε := vε −

(α + 2β) log 1/ε, we see that uε satisfies

Δuε + A
(
1 + o(1)

)
euε = 0, ε1−β < |x| < ε−β.

Therefore it is expected that the limiting equation for this region is (1) and vε is
expanded as

vε(x) = (α + 2β) log
1

ε
+ u

(
ε−βx

) + o(1), (7)

where u is a solution of (1). For arbitrary fixed 0 < δ3 < δ4, this expansion will be
valid for δ3ε

β ≤ |x| ≤ δ4ε
β .

Finally we determine the undetermined constants and the boundary condition
of (1) by matching the inner expansion and the outer expansion. We first consider
the matching condition for the region between the outside boundary and the inner
region. Substituting x = εβ/2y in (5) and (7), and comparing the expansions, we
have

(α + 2β) log
1

ε
+ u

(
ε−β/2y

) ∼ C1 log
1

εβ/2|y| .

Hence

u
(
ε−β/2y

) ∼ −(α + 2β − C1β) log
1

ε
+ C1 log

1

ε−β/2|y| .

This implies that the constants α,β,C1 and the function u satisfy

α + 2β − C1β = 0, (8)

u(x) = C1 log
1

|x| + o(1) as |x| → ∞. (9)

Similarly, by substituting x = ε(1+β)/2y in (6) and (7), we have

u
(
ε(1−β)/2y

) ∼ −{
α + 2β − C2(1 − β)

}
log

1

ε
+ C2 log ε(1−β)/2|y|,

which gives

α + 2β − C2(1 − β) = 0, (10)

u(x) = C2 log |x| + o(1) as |x| → 0. (11)

Now we observe that constants C1 and C2 are not independent. More precisely,
we can show that if a solution u of (1), (9), (11) exists, constants C1, C2 must satisfy
C1 − 2 = C2 + 2. Indeed, this fact is shown as follows. Let u be a solution of (1),
(9), (11) and put w(s, θ) = u(x) + 2s, x = (es cos θ, es sin θ). Then w satisfies
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Δ(s,θ)w + Aew = 0, (s, θ) ∈ R× S1, (12)

w(s, θ) =
{

B2s + o(1) as s → −∞,

−B1s + o(1) as s → ∞,
(13)

where Δ(s,θ) = ∂2/∂s2 +∂2/∂θ2, S1 = (the unit circle) ∼= R/2πZ, B1 = C1 −2 and
B2 = C2 + 2. We multiply ws by (12) and integrate over R × (0,2π). Then, each
term is formally calculated as

∫ ∞

−∞

∫ 2π

0
wssws dθ ds = 1

2

∫ ∞

−∞

∫ 2π

0

∂

∂s
w2

s dθ ds = π
(
B2

1 − B2
2

)
,

∫ ∞

−∞

∫ 2π

0
wθθws dθ ds = −

∫ ∞

−∞

∫ 2π

0
wθwsθ dθ ds

= −1

2

∫ ∞

−∞

∫ 2π

0

∂

∂s
w2

θ dθ ds = 0,

∫ ∞

−∞

∫ 2π

0
Aewws dθ ds = A

∫ ∞

−∞

∫ 2π

0

∂

∂s
ew dθ ds = 0.

Hence π(B2
2 − B2

1 ) = 0, which gives B1 = B2. The above formal calculation is
verified by Lemma 1 in Appendix.

Consequently, by putting B := C1 − 2 = C2 + 2 (≥ 2), we obtain the condi-
tion (2). Furthermore, from (8) and (10), if we find a solution of the problem (1)–(2),
α and β are determined by

α = 1

2
(B − 2), β = 1

2

(
1 − 2

B

)
.

When B = 2, the formal expansion fails since in this case α = β = 0. This is because
the assumption (4) is incorrect and the range which the inner expansion is valid is
narrow. However, since (1) should have an information of (3) even for B = 2, we
also deal with this case.

3 Main Results

In this section, we consider the limiting equation (1)–(2) and state our main results.
The first half discusses the solution set in (A,B,u) space and the second half deals
with the linearized equations. Hereafter, instead of (1)–(2), we consider the follow-
ing transformed equation:{

Δ(s,θ)u + Aeu = 0, (s, θ) ∈ R× S1,

u(s, θ) = −B|s| + o(1) as |s| → ∞.
(14)

This equation is obtained by the same change of variables as in (12)–(13).



206 T. Kan

Fig. 2 Bifurcation diagram of (14)

3.1 Solution Set of (14)

We first consider radially symmetric solutions. In this case, the problem is reduced to
an autonomous ordinary differential equation, and all radially symmetric solutions
can be found. With a parameter K ≥ 1, they are given by

(A,B,u) = (
8K2,2K,UK

)
,

UK(s) = log
1

(eKs + e−Ks)2
= log

1

4 cosh2 Ks
,

(15)

and there is no other radially symmetric solution.
Next we consider non-radially symmetric solutions. Fortunately, explicit solu-

tions can be found. In fact, it can be checked that the following functions are solu-
tions of (14):

(A,B,u) = (
8k2

(
1 − ρ2

)
,2k,Uk,ρ,γ

)
,

Uk,ρ,γ (s, θ) = log
1

{eks + e−ks − 2ρ cos(kθ + γ )}2

= log
1

4{coshks − ρ cos(kθ + γ )}2
.

(16)

Here k ∈N, ρ ∈ (0,1) and γ ∈ S1. The parameters ρ and γ represent a dilation and
a rotation respectively.

The bifurcation diagram for the above solutions are drawn in Fig. 2. As is seen
from the figure, non-radially symmetric solutions bifurcate from radially symmetric
solutions when (A,B) = (8k2,2k), k = 1,2,3, . . . , and they blow up at the vertices
of k-sided regular polygons as the dilation parameter ρ tends to 1. This suggests
that the bifurcating non-radially symmetric solutions of (3) connect to the solutions
obtained in [12] and [3], as we expected in Sect. 1.

A natural way to get a deeper understanding of the global structure of the solu-
tion set of (14) is to determine the connected component containing the solutions
obtained above. Our result gives an answer to this question.
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Before stating the result, we introduce some notation. What we need to take
care of is the topology of the space of solutions since solutions of (14) diverge as
|s| → ∞ because of the boundary condition. The growth rate which solutions of (14)
have is linear growth, and therefore it is appropriate to take the function 1/(1 + |s|)
as a weight function. Based on this consideration, we define the function space X

by

X :=
{
u ∈ C2(

R× S1); sup
(s,θ)∈R×S1

|u(s, θ)|
1 + |s| < ∞

}

and the norm as

‖u‖X := sup
(s,θ)∈R×S1

|u(s, θ)|
1 + |s| .

(We note that X is not complete.) Let S ⊂ (0,∞) × [2,∞) × X be the set of all
solutions of (14) and C ⊂ S be the union of the set of solutions (15) and (16), that
is,

C := {(
8K2,2K,UK

)}
K≥1 ∪ {(

8k2(1 − ρ2),2k,Uk,ρ,γ

)}
k∈N, ρ∈(0,1), γ∈S1 .

Then it is easily seen that C is connected in (0,∞) × [2,∞) × X.
We are now in a position to state the main result in this subsection. The following

theorem shows that there is no bifurcation point on C except for {(8k2,2k,Uk)}k∈N.
Hence, in particular, it can be concluded that the connected component of S con-
taining C is C itself.

Theorem 1 There do not exist (A0,B0, u0) ∈ C and {(An,Bn,un)}∞n=1 ⊂ S \ C
such that (An,Bn,un) → (A0,B0, u0) in R×R× X as n → ∞.

The main key and also the main difficulty in proving Theorem 1 is to deter-
mine the null space of the linearized operator Δ(s,θ) + Aeu in X. This is be-
cause if (A,B,u) is a bifurcation point, there is a nontrivial function Φ such that
Δ(s,θ)Φ + AeuΦ = 0 and Φ(s, θ) = b|s| + o(1) for some b ∈ R as |s| → ∞. We
discuss this problem in the next subsection.

3.2 Linearized Equations

We consider the following linear homogeneous equation:

Δ(s,θ)Φ + AeuΦ = 0, (s, θ) ∈R× S1. (17)

Here (A,B,u) is a solution of (14). As mentioned in the previous subsection, non-
trivial solutions of (17) play a crucial role to prove the nonexistence of a bifurcation
point in (14).

When (A,B,u) = (8K2,2K,UK), it is easily seen that the functions

ΦK,1(s) = tanhKs, ΦK,2(s) = Ks tanhKs − 1
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are solutions of (17) in X. Moreover, if K = k ∈ N, (17) has the following solutions
coming from the symmetry-breaking bifurcation:

Φk,3(s, θ) = coskθ

cosh ks
, Φk,4(s, θ) = sin kθ

coshks
.

In the case where (A,B,u) = (8k2(1 − ρ2),2k,Uk,ρ,γ ), we can find the following
three solutions:

Φk,ρ,γ,1(s, θ) = sinh ks

coshks − ρ cos(kθ + γ )
,

Φk,ρ,γ,2(s, θ) = cos(kθ + γ ) − ρ coshks

coshks − ρ cos(kθ + γ )
,

Φk,ρ,γ,3(s, θ) = sin(kθ + γ )

coshks − ρ cos(kθ + γ )
.

These solutions represent a translation, a dilation, and a rotation respectively.
The first result in this subsection shows that the solution set of (17) in X is

spanned by the above functions.

Theorem 2 Let Φ ∈ X be a solution of (17). Then Φ is a linear combination of the
following functions:

(i) ΦK,1 and ΦK,2 if (A,B,u) = (8K2,2K,UK), K /∈N;
(ii) Φk,1, Φk,2, Φk,3 and Φk,4 if (A,B,u) = (8k2,2k,Uk), k ∈ N;

(iii) Φk,ρ,γ,1, Φk,ρ,γ,2 and Φk,ρ,γ,3 if (A,B,u) = (8k2(1 − ρ2),2k,Uk,ρ,γ ).

The most difficult case is (iii) since in this case we cannot apply the method
of separation of variables. Our approach to handling this case is to consider the
nonhomogeneous equation

L[Ψ ] := Δ(s,θ)Ψ + 2k2(1 − ρ2)

{coshks − ρ cos(kθ + γ )}2
Ψ = f (s, θ), (s, θ) ∈ R× S1.

(18)

Fortunately, we can obtain a particular solution of this equation. Specifically, a fun-
damental solution for L is found.

Let Γj (j = 0,1,2) be a function defined by

Γ0(s, θ, t, τ ) := 1

4π
log 2(cosh r − cosσ),

Γ1(s, θ, t, τ ) := (
1 − ρ2)Φk,ρ,γ,1(s, θ)Φk,ρ,γ,1(t, τ ) + Φk,ρ,γ,2(s, θ)Φk,ρ,γ,2(t, τ )

+ (
1 − ρ2)Φk,ρ,γ,3(s, θ)Φk,ρ,γ,3(t, τ ),

Γ2(s, θ, t, τ )

:= 1

4π

[
1 − ρksΦk,ρ,γ,2(s, θ)Φk,ρ,γ,1(t, τ )
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− 1 − ρ2

ρ

(
ksΦk,ρ,γ,1(s, θ) − 1

1 − ρ2

)
Φk,ρ,γ,2(t, τ )

+ cosh ks sin(kθ + γ )Φk,ρ,γ,3(t, τ )

+
k−1∑
j=1

{
k

j

cosh jr cos(k − j)σ − ρ cosh(kt + (k − j)r) cos(k − j)σ

{coshks − ρ cos(kθ + γ )}{coshkt − ρ cos(kτ + γ )}
}]

,

where s, t ∈ R, θ , τ ∈ S1, r = s − t and σ = θ −τ . Then Γ0Γ1 +Γ2 is a fundamental
solution for L. In fact, the following theorem holds.

Theorem 3 Suppose that f ∈ C∞(R× S1) has a compact support in R× S1. Then
the function Ψ defined by

Ψ (s, θ) :=
∫ 2π

0

∫ ∞

−∞
{
Γ0(s, θ, t, τ )Γ1(s, θ, t, τ ) + Γ2(s, θ, t, τ )

}
f (t, τ ) dt dτ

is a (classical) solution of (18). Furthermore, if f is perpendicular to Φk,ρ,γ,3 in
L2(R× S1), then Ψ (s, θ) = O(|s|), ∇(s,θ)Ψ (s, θ) = O(1) as |s| → ∞.

This theorem gives us a way to show that a solution of (17) decaying exponen-
tially as |s| → ∞ must be parallel to Φk,ρ,γ,3. For details, see the proof of Theo-
rem 2 in the next section.

Note After Submission

After completing this work, the author learned that solutions of (14) has been al-
ready classified by Prajapat and Tarantello [13]. By their result, it can be con-
cluded that S = C . Furthermore, the author also learned that the homogeneous
equation (17) was considered by del Pino, Esposito and Musso [2]. They showed
Theorem 2(iii) under the condition that Φ ∈ L∞(R× S1).

In our study, a relation between Eqs. (1)–(2) and (3) is found from the view point
of a singular limit of a domain. Moreover, we obtain a fundamental solution for the
linearized operator L and give a proof of Theorem 2(iii) in a different way.

4 Proofs of Theorems

4.1 Proofs of Theorems 2 and 3

First we prove Theorem 3.

Proof of Theorem 3 For the sake of simplicity, we only deal with the case where
γ = 0. Another case can be treated in the same way.
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Put x = (es cos θ, es sin θ) and y = (et cos τ, et sin τ). Then we have Γ0(s, θ, t, τ )

= 1
4π

log |x−y|2
|x||y| , that is, Γ0 corresponds to a fundamental solution of Laplace’s equa-

tion in terms of the original variables. From this, we have

L[Ψ ] = Γ1(s, θ, s, θ)f (s, θ)

+ 2
∫ 2π

0

∫ ∞

−∞
∇(s,θ)Γ0(s, θ, t, τ ) · ∇(s,θ)Γ1(s, θ, t, τ )f (t, τ ) dt dτ

+
∫ 2π

0

∫ ∞

−∞
Γ0(s, θ, t, τ )L

[
Γ1(s, θ, t, τ )

]
f (t, τ ) dt dτ

+
∫ 2π

0

∫ ∞

−∞
L

[
Γ2(s, θ, t, τ )

]
f (t, τ ) dt dτ.

Now we calculate each term of the above equality. Since

Γ1(s, θ, s, θ) = (
1 − ρ2)Φ1(s, θ)2 + Φ2(s, θ)2 + (

1 − ρ2)Φ3(s, θ)2

= (1 − ρ2) sinh2 ks + (coskθ − ρ cosh ks)2 + (1 − ρ2) sin2 kθ

(coshks − ρ coskθ)2

= 1,

the first term equals to f (s, θ). The integrand of the second term is calculated as

∇(s,θ)Γ0(s, θ, t, τ ) · ∇(s,θ)Γ1(s, θ, t, τ )

= sinh r

4π(cosh r − cosσ)

{
(1 − ρ2) sinh kt

cosh kt − ρ coskτ
· k(1 − ρ cosh ks coskθ)

(cosh ks − ρ coskθ)2

− coskτ − ρ coshkt

cosh kt − ρ coskτ
· k(1 − ρ2) sinh ks coskθ

(cosh ks − ρ coskθ)2

− (1 − ρ2) sin kτ

cosh kt − ρ coskτ
· k sinhks sinkθ

(coshks − ρ coskθ)2

}

+ sinσ

4π(cosh r − cosσ)

{
(1 − ρ2) sinh kt

coshkt − ρ coskτ
· −kρ sinhks sin kθ

(cosh ks − ρ coskθ)2

− coskτ − ρ coshkt

cosh kt − ρ coskτ
· k(1 − ρ2) cosh ks sinkθ

(cosh ks − ρ coskθ)2

+ (1 − ρ2) sin kτ

cosh kt − ρ coskτ
· k(coshks coskθ − ρ)

(cosh ks − ρ coskθ)2

}

= k(1 − ρ2) sinh r

4π(cosh r − cosσ)(coshkt − ρ coskτ)(cosh ks − ρ coskθ)2

× {
sinhkt (1 − ρ coshks coskθ)

− (coskτ − ρ coshkt) sinhks coskθ − sin kτ sinhks sin kθ
}

+ k(1 − ρ2) sinσ

4π(cosh r − cosσ)(cosh kt − ρ coskτ)(cosh ks − ρ coskθ)2
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× {−ρ sinhkt sinhks sinkθ

− (coskτ − ρ coshkt) coshks sinkθ + sin kτ(cosh ks coskθ − ρ)
}

= k(1 − ρ2)

4π(cosh r − cosσ)(coshkt − ρ coskτ)(cosh ks − ρ coskθ)2

× (sinh r sinh kt + ρ sinh r sinh kr coskθ − sinh r sinhks coskσ

+ ρ coshkr sin kθ sinσ − coshks sin kσ sinσ − ρ sin kτ sinσ).

The third term vanishes since Φk,ρ,γ,j satisfies L[Φk,ρ,γ,j ] = 0 for j = 1,2,3. Fi-
nally we compute the last term. A straightforward computation yields

L
[
sΦ2(s, θ)

] = 2(Φ2)s(s, θ) = −2k(1 − ρ2) sinhks coskθ

(cosh ks − ρ coskθ)2
,

L

[
ksΦ1(s, θ) − 1

1 − ρ2

]
= 2k(Φ1)s(s, θ) − 2k2

(cosh ks − ρ coskθ)2

= −2k2ρ cosh ks coskθ

(cosh ks − ρ coskθ)2
.

Furthermore,

L

[
cosh jr cos(k − j)σ

coshks − ρ coskθ

]

= Δ(s,θ)

{
cosh jr cos(k − j)σ

} · 1

cosh ks − ρ coskθ

+ 2∇(s,θ)

{
cosh jr cos(k − j)σ

} · ∇(s,θ)

{
1

cosh ks − ρ coskθ

}

+ cosh jr cos(k − j)σ · L
{

1

cosh ks − ρ coskθ

}

= (−k2 + 2kj) cosh jr cos(k − j)σ

cosh ks − ρ coskθ

+ 2ρk(k − j) cosh jr sin kθ sin(k − j)σ − 2kj sinh jr sinhks cos(k − j)σ

(coshks − ρ coskθ)2

+ k2 cosh jr cos(k − j)σ (cosh ks + ρ coskθ)

(cosh ks − ρ coskθ)2

= 2ρk(k − j) cosh jr cos(kτ + jσ ) + 2kj cosh{kt + (k − j)r} cos(k − j)σ

(cosh ks − ρ coskθ)2
,

and in a similar manner,

L

[
cosh{kt + (k − j)r} cos(kτ + jσ )

cosh ks − ρ coskθ

]

= 2k(k − j) cosh jr cos(kτ + jσ ) + 2ρkj cosh{kt + (k − j)r} cos(k − j)σ

(cosh ks − ρ coskθ)2
.
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Hence we have

L
[
Γ2(s, θ, t, τ )

]

= 2k2(1 − ρ2)

(cosh ks − ρ coskθ)2
+ 2k2ρ(1 − ρ2) sinh ks coskθ

(cosh ks − ρ coskθ)2
· sinhkt

coshkt − ρ coskτ

+ 2k2(1 − ρ2) cosh ks coskθ

(cosh ks − ρ coskθ)2
· coskτ − ρ cosh kt

coshkt − ρ coskτ

+ 2k2(1 − ρ2)

(cosh ks − ρ coskθ)2(coshkt − ρ coskτ)

×
k−1∑
j=1

cosh
{
kt + (k − j)r

}
cos(k − j)σ

− 2k2ρ(1 − ρ2)

(cosh ks − ρ coskθ)2(coshkt − ρ coskτ)

k−1∑
j=1

cosh jr cos(kτ + jσ )

= 2k2(1 − ρ2)

(cosh ks − ρ coskθ)2(cosh kt − ρ coskτ)

{
S1(s, t, θ, τ ) − ρS2(s, t, θ, τ )

}
,

where

S1(s, t, θ, τ ) := cosh kt + cosh ks coskσ + 2
k−1∑
j=1

cosh(kt + jr) cos jσ,

S2(s, t, θ, τ ) := coskτ + cosh kr coskθ + 2
k−1∑
j=1

cosh jr cos(kτ + jσ ).

Therefore if we prove the equalities

S1(s, t, θ, τ ) = cosh ks sin kσ sinσ + sinh r sinhks coskσ − sinh r sinhkt

cosh r − cosσ
, (19)

S2(s, t, θ, τ ) = sinh r sinh kr coskθ + coshkr sinkθ sinσ − sinhkτ sinσ

cosh r − cosσ
, (20)

the assertion follows.
(19) and (20) are shown in the following way. From the formula

∑k
j=0 ejz =

(e(k+1)z − 1)/(ez − 1), z ∈C, we have

2
k∑

j=0

cosh jr cos jσ = Re

(
k∑

j=0

ejz +
k∑

j=0

e−jz

)∣∣∣∣∣
z=r+√−1σ

= Re

(
e(k+1)z − 1

ez − 1
+ e−(k+1)z − 1

e−z − 1

)∣∣∣∣
z=r+√−1σ

= Re

(
e(k+1)z − e−kz

ez − 1
+ 1

)∣∣∣∣
z=r+√−1σ
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= (e(k+1)r cos(k + 1)σ − e−kr coskσ )(er cosσ − 1)

e2r + 1 − 2er cosσ

+ (e(k+1)r sin(k + 1)σ + e−kr sin kσ )er sinσ

e2r + 1 − 2er cosσ
+ 1

= sinhkr sinh r coskσ + coshkr sinkσ sinσ

cosh r − cosσ

+ cosh kr coskσ + 1.

A similar calculation gives

2
k∑

j=0

sinh jr cos jσ

= coshkr sinh r coskσ + sinhkr sin kσ sinσ − sinh r

cosh r − cosσ
+ sinhkr coskσ.

Thus

2
k∑

j=0

cosh(kt + jr) cos jσ

= 2 coshkt

k∑
j=0

cosh jr cos jσ + 2 sinhkt

k∑
j=0

sinh jr cos jσ

= sinhks sinh r coskσ + coshks sin kσ sinσ − sinh r sinhkt

cosh r − cosσ

+ coshks coskσ + coshkt,

which implies (19). We can also show (20) in a similar way.
We assume that 〈f,Φk,ρ,γ,3〉 = 0, and show Ψ = O(|s|), ∇(s,θ)Ψ = O(1) as

|s| → ∞. From [8, Theorem 2.1], we see that∣∣∣∣
∫ 2π

0

∫ ∞

−∞
Γ0(s, θ, t, τ )Γ1(s, θ, t, τ )f (t, τ ) dt dτ

∣∣∣∣
≤ C

∫ 2π

0

∫ ∞

−∞
∣∣Γ0(s, θ, t, τ )f (t, τ )

∣∣dt dτ

≤ C
(
1 + |s|)

∫ 2π

0

∫ ∞

−∞
(
1 + |t |)∣∣f (t, τ )

∣∣dt dτ

for large |s|. Here C is a positive constant independent of (s, θ). Moreover,
∣∣4πΓ2(s, θ, t, τ ) − coshks sinkθΦk,ρ,γ,3(t, τ )

∣∣
≤ C

(
1 + |s|) + C

k−1∑
j=1

cosh js cosh j t + ρ cosh(k − j)s cosh j t

(coshks − ρ coskθ)(cosh kt − ρ coskτ)

≤ C
(
1 + |s|),
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and hence, from 〈f,Φk,ρ,γ,3〉 = 0,∣∣∣∣
∫ 2π

0

∫ ∞

−∞
Γ2(s, θ, t, τ )f (t, τ ) dt dτ

∣∣∣∣ ≤ C
(
1 + |s|)

∫ 2π

0

∫ ∞

−∞
∣∣f (t, τ )

∣∣dt dτ.

Thus we have Ψ = O(|s|) as |s| → ∞. Boundedness of the gradient of Ψ is ob-
tained by Lemma 1. �

Remark 1 f does not need to have a compact support since Γ1, Γ2 are smooth and
do not grow as |t | → ∞. It is sufficient to assume that f has exponential decay as
|s| → ∞.

Next we prove Theorem 2.

Proof of Theorem 2 First we show (i) and (ii). Let ϕj (s), ψj (s) denote the Fourier
coefficients of Φ with respect to θ , that is, Φ(s, θ) = ϕ0(s)/2+∑∞

j=1(ϕj (s) cos θ +
ψj(s) sin θ). Then ϕj satisfies

(ϕj )ss +
(

2K2

cosh2 Ks
− j2

)
ϕj = 0, s ∈R. (21)

For j = 0, the functions ΦK,1 and ΦK,2 satisfy (21), and hence they are the funda-
mental system. If j �= 0 and j �= K , we can check that the functions

ϕj,1(s) := (K − j)e(K+j)s − (K + j)e−(K−j)s

coshKs
,

ϕj,2(s) := (K + j)e(K−j)s − (K − j)e−(K+j)s

coshKs

are linearly independent solutions of (21). These functions diverge exponentially as
s → ∞ or s → −∞, and hence ϕj,1, ϕj,2 /∈ X. This implies that ϕj ≡ 0 if j �= 0,
j �= K . Since ψj satisfies the same equation as ϕj , we also have ψj ≡ 0 for j �= 0,
j �= K . Thus (i) holds. In the case where K = k ∈ N, the fundamental solutions of
(21) for j = k are given by

ϕk,1(s) := 1

coshks
, ϕk,2(s) := ks

cosh ks
+ sinhks.

Since ϕk,1 ∈ X and ϕk,2 /∈ X, (ii) follows.
Next we verify (iii). From (17), Δ(s,θ)Φ = −8k2eUk,ρ,γ Φ = O(e−μ0|s|) as

|s| → ∞ for arbitrary fixed 0 < μ0 < 2k. Hence Lemma 1 shows that there are a
positive constant μ and real numbers c+, c−, d+, d− such that Φ(s, θ) − c±s −
d± = O(e−μ|s|), Φs(s, θ) − c± = O(e−μ|s|) as s → ±∞. Furthermore it is eas-
ily seen that Φk,ρ,γ,1(s, θ) = ±1 + O(e−2k|s|), Φk,ρ,γ,2(s, θ) = 1 + O(e−2k|s|),
(Φk,ρ,γ,j )s(s, θ) = O(e−2k|s|) (j = 1,2) as s → ±∞. Therefore multiplying both
sides of (17) by Φk,ρ,γ,j and integrating over R× (0,2π) yield

0 =
∫ 2π

0

[
Φs(s, θ)Φk,ρ,γ,j (s, θ) − Φ(s, θ)(Φk,ρ,γ,j )s(s, θ)

]∞
s=−∞ dθ

=
{

2π(c+ + c−) if j = 1,

2π(c+ − c−) if j = 2.
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From this we have c+ = c− = 0. Let c1, c2 ∈ R satisfy c1 + c2 = d+, −c1 + c2 =
d− and put c3 = 〈Φ − c1Φk,ρ,γ,1 − c2Φk,ρ,γ,2,Φk,ρ,γ,3〉/‖Φk,ρ,γ,3‖L2(R×(0,2π)),

where 〈·, ·〉 denote the inner product in L2(R × (0,2π)). Then Φ̂ := Φ −
c1Φk,ρ,γ,1 − c2Φk,ρ,γ,2 − c3Φk,ρ,γ,3 satisfies Φ̂(s, θ) = O(e−μ|s|) (as |s| → ∞)
and 〈Φ̂,Φk,ρ,γ,3〉 = 0. Now we prove that Φ̂ ≡ 0. To this end we consider the
equation Δ(s,θ)Ψ + 8k2(1 − ρ2)eUk,ρ,γ Ψ = Φ̂ . According to Proposition 3 and Re-
mark 1, this equation has a solution Ψ such that Ψ (s, θ) = O(|s|), Ψs(s, θ) = O(1)

as |s| → ∞. Therefore, by multiplying the above equation by Φ̂ and integrating
over R × (0,2π), we have ‖Φ̂‖2

L2(R×(0,2π))
= 0. Thus we conclude that Φ̂ ≡ 0,

which gives (iii). �

4.2 Proof of Theorem 1

What we have to take care of in the proof of Theorem 1 is the rotational invari-
ance of the equation, that is, the fact that Φ̂ := ∂Uk,ρ,γ /∂γ satisfies Δ(s,θ)Φ̂ +
8k2(1 −ρ2)eUk,ρ,γ Φ̂ = 0. To avoid this difficulty, we decompose the function u ∈ X

which is in a neighborhood of Uk,ρ,γ as u = Uk,ρ̃,γ̃ + V , where (ρ̃, γ̃ ) is taken so
that 〈V, Φ̂〉 = 0, and we consider V instead of u. This approach is based on [10].

Proof of Theorem 1 We prove the theorem by contradiction. Suppose that there exist
a solution (A0,B0, u0) ∈ C and a sequence {(An,Bn,un)}∞n=1 ⊂ S \ C such that
(An,Bn,un) → (A0,B0, u0) in R × R × X as n → ∞. Then the following three
cases are possible:

(i) (A0,B0, u0) = (8K2,2K,UK) for some K ≥ 1, K /∈N;
(ii) (A0,B0, u0) = (8k2,2k,Uk) for some k ∈ N;

(iii) (A0,B0, u0) = (8k2(1 − ρ2),2k,Uk,ρ,γ ) for some k ∈N, ρ ∈ (0,1), γ ∈ S1.

We first consider (i). Let Kn ≥ 1 satisfy An = 8K2
n and put

(bn, vn) = (Bn − 2Kn,un − UKn)

|Bn − 2Kn| + ‖un − UKn‖X

.

Then Kn → K , |bn| + ‖vn‖X = 1 and⎧⎨
⎩

Δ(s,θ)vn + 8K2
neUKn

{∫ 1

0
eη(un−UKn)dη

}
vn = 0, (s, θ) ∈ R× S1,

vn(s, θ) = −bn|s| + o(1) as |s| → ∞.

(22)

From the fact that un − UKn = (un − UK) − (UKn − UK) → 0 in X as n → ∞, we
have, for any fixed 0 < μ0 < 2K ,

|Δ(s,θ)vn| ≤ 8K2
neUKn e|un−UKn ||vn| ≤ Ce−2Kn|s|e‖un−UKn‖X |s|(1 + |s|) ≤ Ce−μ0|s|

provided that n is sufficiently large. Here C denotes a positive constant independent
of s, θ and n. Therefore the Lp estimate for the Laplacian and the Sobolev em-
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bedding theorem show that a subsequence of {vn} converges locally uniformly on
R× S1 to a solution v of the equation

Δ(s,θ)v + 8K2eUK v = 0, (s, θ) ∈ R× S1.

Furthermore, from Lemma 1, there are constants C > 0, μ > 0 such that |vn(s, θ)+
bn|s|| ≤ Ce−μ|s| for all (s, θ) ∈ R × S1 and large n. Hence, by taking a subse-
quence if necessary, we see that |v(s, θ)+b|s|| ≤ Ce−μ|s|, where b := limn→∞ bn ∈
[−1,1]. On the other hand, Proposition 2 implies that v = c1ΦK,1 + c2ΦK,2 for
some c1, c2 ∈ R. In particular, we have v(s, θ) = kc2|s| ± c1 − c2 + o(1) as
s → ±∞. This leads to kc2 = −b, c1 − c2 = −c1 − c2 = 0, and hence b = c1 =
c2 = 0, v ≡ 0. Moreover,

lim sup
n→∞

‖vn‖X ≤ lim sup
n→∞

(
sup

|s|≤R,θ∈S1

|vn(s, θ)|
1 + |s| + sup

|s|≥R,θ∈S1

|vn(s, θ)|
1 + |s|

)

≤ lim sup
n→∞

(
sup

|s|≥R,θ∈S1

|vn(s, θ) + bn|s||
1 + |s| + |bn|

)

≤ Ce−μR → 0 (R → ∞).

Thus limn→∞(|bn| + ‖vn‖X) = 0, which contradicts the fact that |bn| + ‖vn‖X = 1.
Next we consider (ii), which is the most difficult case. We derive a contradiction

in two steps. In Step 1, we show that for some c2 �= 0,

un = Uk + c2(Φk,2 + 1)δn + o(δn) (23)

in X as n → ∞. Here δn := |An − 8k2| + |Bn − 2k| + ‖un − Uk‖X . On the other
hand, in Step 2, we derive another formula

un = Uk + (c3Φk,3 + c4Φk,4)δn + o(δn), (24)

where c3, c4 are some real constants which satisfy (c3, c4) �= (0,0). As a conse-
quence of Steps 1 and 2, we have c2(Φk,2 + 1) = c3Φk,3 + c4Φk,4. From this a
contradiction is derived, because multiplying by Φk,j (j = 3,4) and integrating
over R × (0,2π) yield c2 = c3 = c4 = 0. Therefore what we need to show is (23)
and (24).

Step 1. We first verify (23). For any large n, we can choose ρn ∈ [0,1), γn ∈ S1

such that

〈un − Uk,ρn,γn ,Φk,j 〉 = 0 for j = 3,4 (25)

and |ρn| ≤ C‖un − Uk‖X for some positive constant C independent of n. Indeed,
this can be shown as follows. Let hn : (−1,1) × (−1,1) � (ξ, ζ ) �→ hn(ξ, ζ ) ∈ R

2

be defined by the relation

hn(ξ, ζ ) = (〈Uk,ρ,γ − un,Φk,3〉, 〈Uk,ρ,γ − un,Φk,4〉
)
,

(ξ, ζ ) = (ρ cosγ,−ρ sinγ ).

Then hn is of class C1 near (ξ, ζ ) = (0,0) and we have
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∣∣hn(0,0)
∣∣ = ∣∣(〈Uk − un,Φk,3〉, 〈Uk − un,Φk,4〉

)∣∣
≤ {∥∥(

1 + |s|)Φk,3
∥∥

L1(R×(0,2π))
+ ∥∥(

1 + |s|)Φk,4
∥∥

L1(R×(0,2π))

}
× ‖Uk − un‖X,

lim
ξ,ζ→0
n→∞

∂hn

∂(ξ, ζ )
(ξ, ζ )

=
( 〈 ∂Uk,ρ,γ

∂ξ
,Φk,3〉 〈 ∂Uk,ρ,γ

∂ζ
,Φk,3〉

〈 ∂Uk,ρ,γ

∂ξ
,Φk,4〉 〈 ∂Uk,ρ,γ

∂ζ
,Φk,4〉

)∣∣∣∣∣
(ξ,ζ )=(ρ cosγ,−ρ sinγ )=(0,0)

=
( 〈2Φk,3,Φk,3〉 〈2Φk,4,Φk,3〉

〈2Φk,3,Φk,4〉 〈2Φk,4,Φk,4〉
)

=
(

4π/k 0
0 4π/k

)
.

Since the above matrix is invertible, a similar way to prove the implicit function
theorem shows that for any large n, there exists (ξn, ζn) such that hn(ξn, ζn) = 0
and (|ξn|2 + |ζn|2)1/2 ≤ C|hn(0,0)|. The corresponding (ρn, γn), that is, (ρn, γn)

which satisfies (ξn, ζn) = (ρn cosγn,−ρn sinγn), has the desired properties.
We put δ̃n := |An − 8k2(1 − ρ2

n)| + |Bn − 2k| + ‖un − Uk,ρn,γn‖X and

(an, bn, vn) := δ̃−1
n

(
An − 8k2(1 − ρ2

n

)
,Bn − 2k,un − Uk,ρn,γn

)
.

Then we see at once that (an, bn, vn) satisfies |an| + |bn| + ‖vn‖X = 1 and⎧⎪⎪⎨
⎪⎪⎩

Δ(s,θ)vn + Ane
Uk,ρn,γn

{∫ 1

0
eη(un−Uk,ρn,γn ) dη

}
vn + ane

Uk,ρn,γn = 0,

(s, θ) ∈R× S1,

vn(s, θ) = −bn|s| + o(1) as |s| → ∞.

(26)

Then, as in the case of (i), it can be shown that a subsequence of {(an, bn, vn)} (we
denote it by the same notation) converges to a solution (a, b, v) of{

Δ(s,θ)v + 8k2eUkv + aeUk = 0, (s, θ) ∈R× S1,

v(s, θ) = −b|s| + o(1) as |s| → ∞ (27)

in R × R × X. Since (27) is rewritten as Δ(s,θ)(v + a/(8k2)) + 8k2eUk (v + a/

(8k2)) = 0, we see from Proposition 2 that v + a/(8k2) = c1Φk,1 + c2Φk,2 +
c3Φk,3 + c4Φk,4 for some c1, c2, c3 c4 ∈ R. From (25), v also satisfies 〈v,Φk,j 〉 = 0
for j = 3,4, and therefore c3 = c4 = 0. Furthermore, by considering the limit as
s → ±∞, we have kc2 = −b, c1 − c2 − a/(8k2) = −c1 − c2 − a/(8k2) = 0. This
gives c1 = 0, c2 = −a/(8k2) = −b/k and v = c2(Φk,2 + 1). In particular, this im-
plies that c2 �= 0 since |a| + |b| + ‖v‖X = 1.

Now we show that ρn = (ξ2
n + ζ 2

n )1/2 = o(δ̃n). A simple calculation yields

Uk,ρn,γn = Uk +
(

ξn

∂Uk,ρ,γ

∂ξ
+ ζn

∂Uk,ρ,γ

∂ζ

)∣∣∣∣
(ξ,ζ )=(ρ cosγ,−ρ sinγ )=(0,0)

+o(ρn)

= Uk + 2ξnΦk,3 + 2ζnΦk,4 + o(ρn) (28)

in X as n → ∞. Hence by multiplying both sides of (26) by Φk,3 and integrating
over R× (0,2π), we have
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0 =
〈
Δ(s,θ)vn + Ane

Uk,ρn,γn

{∫ 1

0
eη(un−Uk,ρn,γn ) dη

}
vn + ane

Uk,ρn,γn ,Φk,3

〉

=
〈
−8k2eUkvn + (

8k2 + aδ̃n

)
eUk+2ξnΦk,3+2ζnΦk,4

{∫ 1

0
eηδ̃nv dη

}
vn

+ ane
Uk+2ξnΦk,3+2ζnΦk,4 ,Φk,3

〉
+ o(ρn) + o(δ̃n)

= 〈
eUk

{
(2ξnΦk,3 + 2ζnΦk,4)

(
8k2v + a

) + δ̃n

(
4k2v + a

)
v + an

}
,Φk,3

〉
+ o(ρn) + o(δ̃n)

= 16k2c2ξn

〈
eUkΦk,2Φk,3,Φk,3

〉 + o(ρn) + o(δ̃n)

= −16kπc2ξn + o(ρn) + o(δ̃n).

In a similar way, multiplying by Φk,4 and integrating by parts give 0 = −16kπc2ζn+
o(ρn) + o(δ̃n). Thus ρn = (ξ2

n + ζ 2
n )1/2 = o(δ̃n). Furthermore, from this and (28),

we have∣∣An − 8k2(1 − ρ2
n

)∣∣ = ∣∣An − 8k2
∣∣ + O

(
ρ2

n

) = ∣∣An − 8k2
∣∣ + o(δ̃n),

‖un − Uk,ρn,γn‖X = ‖un − Uk‖X + O(ρn) = ‖un − Uk‖X + o(δ̃n).

This implies that δ̃n = (1 + o(1))δn. Consequently,

un = Uk,ρn,γn + δ̃nv + o(δ̃n) = Uk + c2(Φk,2 + 1)δn + o(δn).

Step 2. We show (24). We take Kn ≥ 1 so that An = 8K2
n and we put δ̂n :=

|Bn − 2Kn| + ‖un − UKn‖X , (bn, vn) = δ̂−1
n (Bn − 2Kn,un − UKn). Then (bn, vn)

satisfies |bn|+‖vn‖X = 1 and the same equation as (22). Moreover, in a similar way
to the case of (i), we may assume that in R×X, (bn, vn) converges to (b, v) ∈ R×X

which satisfies {
Δ(s,θ)v + 8k2eUkv = 0, (s, θ) ∈R× S1,

v(s, θ) = −b|s| + o(1) as |s| → ∞.
(29)

According to Proposition 2, v = c1Φk,1 + c2Φk,2 + c3Φk,3 + c4Φk,4 for some c1,
c2, c3, c4 ∈ R. By comparing the limit as s → ±∞, we have b = c1 = c2 = 0, and
from |b| + ‖v‖X = 1, we see that (c3, c4) �= 0.

We now prove that κn := Kn − k = o(δ̂n). It is a simple manner to show that

UKn = Uk + κn

∂UK

∂K

∣∣∣∣
K=k

+o(κn) = Uk − 2

k
(Φk,2 + 1)κn + o(κn) (30)

in X as n → ∞. From this, multiplying both sides of (22) by Φk,3 and integrating
over R× (0,2π) yields

0 =
〈
Δ(s,θ)vn + 8K2

neUKn

{∫ 1

0
eη(un−UKn) dη

}
vn,Φk,3

〉

=
〈
−8k2eUkvn + (

8k2 + 2kκn

)
eUk−2/k(Φk,2+1)

{∫ 1

0
eηδ̂nv dη

}
vn,Φk,3

〉
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+ o(κn) + o(δ̂n)

= 〈
eUk

(−16kκnΦk,2v + 4k2δ̂nv
2),Φk,3

〉 + o(κn) + o(δ̂n)

= −16kc3κn

〈
eUkΦk,2Φk,3,Φk,3

〉 + o(κn) + o(δ̂n)

= (
16πc3 + o(1)

)
κn + o(δ̂n).

Similarly, by replacing Φk,3 with Φk,4, we have 0 = (16πc4 + o(1))κn + o(δ̂n).
Since either c3 or c4 does not vanish, we obtain κn = o(δ̂n). Furthermore, from this
and (30), ∣∣An − 8k2

∣∣ = 8|Kn + k|κn = o(δ̂n),

‖un − Uk‖X = ‖un − UKn‖X + O(κn) = ‖un − UKn‖X + o(δ̂n).

This gives δ̂n = (1 + o(1))δn. Thus we conclude that

un = UKn + δ̂nv + o(δ̂n) = Uk + (c3Φk,3 + c4Φk,4)δn + o(δn).

As a consequence of Step 1 and Step 2, we see that the case of (ii) is impossible.
Finally we assume (iii) and derive a contradiction. Let ρn ∈ (0,1) satisfy An =

8k2(1 − ρ2
n). Then ρn → ρ as n → ∞. In a similar way to (ii), we can show that for

any large n, there exists γn ∈ S1 such that γn → γ and 〈Uk,ρn,γn −un,Φk,ρ,γ,3〉 = 0.
Indeed, such γn is found in the following way. We define h̃n ∈ C1(R) as h̃n(γ̃ ) :=
〈Uk,ρn,γ̃ − un,Φk,ρ,γ,3〉. Then we have∣∣hn(γ )

∣∣ ≤ ∥∥(
1 + |s|)Φk,ρ,γ,3

∥∥
L1(R×(0,2π))

× (‖Uk,ρn,γ − Uk,ρ,γ ‖X + ‖Uk,ρ,γ − un‖X

)
→ 0 (n → ∞),

lim
γ̃→γ
n→∞

∂hn

∂γ̃
(γ̃ ) =

〈
∂Uk,ρ,γ̃

∂γ̃

∣∣∣∣
γ̃=γ

,Φk,ρ,γ,3

〉
= 〈−2ρΦk,ρ,γ,3,Φk,ρ,γ,3〉

= −4πρ(1 + ρ2)

k(1 − ρ2)2
�= 0.

Thus, in a similar manner to prove the implicit function theorem, we get γn which
we find.

We put

(bn, vn) = (Bn − 2k,un − Uk,ρn,γn)

|Bn − 2k| + ‖un − Uk,ρn,γn‖X

.

As is the case in (i), by taking a subsequence if necessary, we see that (bn, vn) →
(b, v) in R×X as n → ∞, and (b, v) must satisfy |b|+‖v‖X = 1, 〈v,Φk,ρ,γ,3〉 = 0
and the same equation as (29). This is impossible, because Proposition 2 implies that
b = 0, v ≡ 0.

In all the cases a contradiction is derived, and the proof is complete. �
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Appendix

In this appendix, we prove the following lemma which is used in Sect. 4.

Lemma 1 Let Φ̃ ∈ X and suppose that there are positive constants C0, μ0 such
that the inequality |Δ(s,θ)Φ̃(s, θ)| ≤ C0e

−μ0|s| holds for all (s, θ) ∈ R × S1. Then
there exist positive constants C, μ, s0 and real numbers c+, c−, d+, d− such that

∣∣Φ̃(s, θ) − c±s − d±
∣∣ ≤ Ce−μ|s|, (31)∣∣Φ̃s(s, θ) − c±

∣∣ + ∣∣Φ̃θ (s, θ)
∣∣ ≤ Ce−μ|s| (32)

for all ±s ≥ s0 and θ ∈ S1.

Proof Let ϕ̃0(s)/2 + ∑∞
j=1(ϕ̃j (s) cos jθ + ψ̃j (s) sin jθ) be the Fourier series of Φ̃

with respect to θ and put F(s, θ) := Δ(s,θ)Φ̃(s, θ). Then ϕ̃j satisfies

(ϕ̃j )ss − j2ϕ̃j = fj (s), s ∈ R,

where fj (s) = π−1
∫ 2π

0 F(s, τ ) cos jτdτ . In particular, we have (ϕ̃0)ss(s) =
O(e−μ0|s|) as |s| → ∞. From this it follows easily that for some constants c+,
c−, d+, d−, ϕ0(s)/2 − c±s − d± = O(e−μ0|s|), (ϕ0)s(s)/2 − c± = O(e−μ0|s|) as
s → ±∞. We estimate ϕ̃j for j ≥ 1. Since Φ̃ ∈ X, ϕ̃j does not have exponential
growth. Hence ϕ̃j is given by

ϕ̃j (s) = − 1

2j

∫ ∞

−∞
e−j |s−t |fj (t) dt.

From the assumption, we have

∣∣ϕ̃j (s)
∣∣ ≤ C0

j

∫ ∞

−∞
e−j |s−t |−μ0|t | dt = 2C0

j (j2 − μ2
0)

(
je−μ0|s| − μ0e

−j |s|)

= 2C0

j (j + μ0)

(
e−μ0|s| + μ0|s|

∫ 1

0
e−{(1−η)j+ημ0}|s| dη

)

≤ 2C0

j2

(
1 + μ0|s|

)
e−min{μ0,1}|s|.

Therefore we see that for any fixed 0 < μ < min{μ0,1}, there exist a constant C > 0
independent of s and j such that |ϕ̃j (s)| ≤ Cj−2e−μ|s|. Since the same estimate
holds also for ψ̃j , we have |Φ̃(s, θ) − ϕ̃0(s)/2| ≤ C(

∑∞
j=1 j−2)e−μ|s|. Thus (31)

follows.
We verify (32). Since

(ϕ̃j )s(s) = 1

2

∫ 2π

0

∫ ∞

−∞
s − t

|s − t |e
−j |s−t |F(t, τ ) cos jτ dt dτ,

(ψ̃j )s(s) = 1

2

∫ 2π

0

∫ ∞

−∞
s − t

|s − t |e
−j |s−t |F(t, τ ) sin jτ dt dτ
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for j ≥ 1, we have
∣∣∣∣Φ̃s(s, θ) − (ϕ̃0)s(s)

2

∣∣∣∣ =
∣∣∣∣∣

∞∑
j=1

(
(ϕ̃j )s(s) cos jθ + (ψ̃j )s(s) sin jθ

)∣∣∣∣∣

≤ 1

2

∫ 2π

0

∫ ∞

−∞

∣∣∣∣∣
∞∑

j=1

e−j |s−t | cos j (θ − τ)

∣∣∣∣∣
∣∣F(t, τ )

∣∣dt dτ

≤ C0

2

∫ 2π

0

∫ ∞

−∞

∣∣∣∣Re

(
1

ez − 1

)∣∣∣∣e−μ0|t | dt dτ.

Here z = |s − t | + √−1(θ − τ). In a similar way,

∣∣Φ̃θ (s, θ)
∣∣ =

∣∣∣∣∣
∞∑

j=1

j
(−ϕ̃j (s) sin jθ + ψ̃j (s) cos jθ

)∣∣∣∣∣

≤ 1

2

∫ 2π

0

∫ ∞

−∞

∣∣∣∣∣
∞∑

j=1

e−j |s−t | sin j (θ − τ)

∣∣∣∣∣
∣∣F(t, τ )

∣∣dt dτ

≤ C0

2

∫ 2π

0

∫ ∞

−∞

∣∣∣∣Im
(

1

ez − 1

)∣∣∣∣e−μ0|t | dt dτ.

These estimates yield∣∣∣∣Φ̃s(s, θ) − (ϕ̃0)s(s)

2

∣∣∣∣ + ∣∣Φ̃θ (s, θ)
∣∣

≤ C0

∫ 2π

0

∫ ∞

−∞

∣∣∣∣ 1

ez − 1

∣∣∣∣e−μ0|t | dt dτ

= C0

∫ 2π

0

∫ ∞

−∞
e−μ0|t |

{e2|s−t | − 2e|s−t | cos(θ − τ) + 1}1/2
dt dτ

≤ C0

∫ 2π

0

∫ ∞

−∞
e−μ|s−t |

(e2|t | − 2e|t | cos τ + 1)1/2
dt dτ

≤ C0e
−μ|s|

∫ 2π

0

∫ ∞

−∞
eμ|t |

(e2|t | − 2e|t | cos τ + 1)1/2
dt dτ,

where 0 < μ < min{μ0,1}. The last integral of the above inequality is finite, and
consequently (32) is verified. �
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A Priori Estimates and Comparison Principle
for Some Nonlinear Elliptic Equations

Anna Mercaldo

Abstract We present a priori estimates and comparison principle for second order
quasilinear elliptic operators in divergence form with a first order term. We deduce
existence and uniqueness results for weak solutions or “solution obtained as limit of
approximations” to Dirichlet problems related to these types of operators when data
belong to suitable Lorentz spaces. Moreover it is also shown how the summability
of these solutions increases when the summability of the datum increases.

Keywords A priori estimates · Existence · Comparison principle · Uniqueness ·
Nonlinear elliptic operators

1 Introduction

Let us consider the homogeneous Dirichlet problem{−div
(
a(x,u,∇u)

) = H(x,∇u) + f in Ω

u = 0 on ∂Ω,
(1)

where Ω is a bounded open subset of RN , N ≥ 2. We assume that

a : Ω × R × RN → RN

and

H : Ω × RN → R

are Carathéodory functions which satisfy the ellipticity condition

a(x, s, ξ) · ξ ≥ α|ξ |p, α > 0, (2)

the monotonicity condition(
a(x, s, ξ) − a(x, s, η)

) · (ξ − η) > 0, ξ �= η, (3)
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and the growth conditions∣∣a(x, s, ξ)
∣∣ ≤ a0|ξ |p−1 + a1|s|p−1 + a2, a0, a1, a2 > 0, (4)∣∣H(x, ξ)

∣∣ ≤ h|ξ |q, h > 0, (5)

with 1 < p < +∞, p − 1 < q < p for almost every x ∈ RN , for every s ∈ R, for
every ξ, η ∈ RN . Finally we assume that f belongs to suitable Lorentz spaces.

The purpose of the present note is to announce some recent results dealing with
existence, uniqueness and regularity for solutions to problem (1). The notion of
solution to which we refer depends on the summability of the datum. We use the
classical weak solution when the datum f is an element of W−1,p′

(Ω), the dual
space of W

1,p

0 (Ω), while, if f is not in such a space, a different notion of solution
has to be adopted. Various equivalent notion of solutions are available in literature,
i.e. renormalized solution [24, 27], entropy solution [6] or “solution obtained as
limit of approximations” ([15], see also [16]). We will refer to “solution obtained as
limit of approximations”, whose definition is based on a procedure of passage to the
limit which we recall in Sect. 2.

Existence results for solution to problem (1) are well-known in literature (see
e.g. [18, 20, 21]). Their proofs are based on a priori estimates for solutions and its
gradients which are the first step of a standard approach, whose main idea consists in
a passage to the limit in a sequence of approximated problems having regular data.
By using the a priori estimates, one can prove that weak solutions to such problems
converge in a suitable sense to a function which is the solution to problem (1).
A priori estimates for weak solutions or renormalized solutions to (1) are proved
in [18] and in [21]; in these papers the solutions belong to a class of functions
which satisfy further summability conditions. In Sect. 2 we present some sharp a
priori estimates for weak solution or “solution obtained as limit of approximations”
proved in [5] when the datum f belongs to sharp Lorentz spaces. The optimality
of our results are shown in [5] by examples concerning the radial case. The proofs
of a priori estimates are based on the choice of a suitable test function, built on the
level sets of the solution to (1), and classical symmetrization methods introduced
by Talenti and Maz’ya (see, for instance, [29] and [26]). Further sharp estimates are
also proved in [25].

A few words on the bounds p − 1 < q < p on the growth of the function H

are in order. The existence of weak solutions to problem (1) when q = p − 1 is
well-known; it is a consequence of the theory of monotone operators (see, for ex-
ample, [23]) at least when h is small enough. When h is large this framework is not
applicable, since in general the elliptic operator is not coercive. Nevertheless a pri-
ori estimates, and therefore existence results, for weak solutions have been proved
in various papers [14, 17, 29] and the existence of a “solution obtained as limit of
approximations” or a renormalized solution is obtained, for instance, in [2] and [9].

The study of the existence in the limit case q = p has been faced by various
authors, who proved a priori estimates for bounded weak solutions or unbounded
weak solutions satisfying further regularity conditions. Here we just recall [19] and
references therein.
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For what concerns the regularity of solutions to (1), in Sect. 2 we show an ex-
ample of our results proved in [11]. Starting from a pointwise estimate of the re-
arrangement of the gradient of a solution, we study how the summability of the
gradient of a solution increases when the summability of the datum f , belonging to
Lorentz spaces, increases. This type of study is faced also in [21] and in [12] when
the datum f is in Lebesgue spaces. The previous pointwise estimate is obtained by
adapting the classical symmetrization methods; an analogous result is proved in [3].

As far as the uniqueness concerns we consider elliptic operators which satisfy
some further conditions. Firstly we assume that the function a does not depend on
u, that is we consider Dirichlet problems of the type:{−div

(
a(x,∇u)

) = H(x,∇u) + f in Ω

u = 0 on ∂Ω.
(6)

We change the monotonicity condition (3) in the following “strong monotonicity”
condition (

a(x, ξ) − a(x, η)
) · (ξ − η) ≥ β

(
ε + |ξ | + |η|)p−2|ξ − η|2, (7)

for some β > 0, with ε nonnegative and strictly positive if p > 2. Moreover we
assume the following locally Lipschitz condition on H

∣∣H(x, ξ) − H(x,η)
∣∣ ≤ γ

(
η + |ξ | + |η|)q−1|ξ − η|, (8)

where γ > 0, η is nonnegative and strictly positive if 1 < p < 2.
When the growth condition on H is satisfied with q = p − 1, uniqueness results

for weak solutions have been proved in [4, 7, 10], while uniqueness of a renor-
malized solution or “solution obtained as limit of approximations” are proved, for
example, in [2, 8] and [28]. In some cases these results are consequence of the con-
tinuity with respect to the data, as in the papers [2, 7], in some other cases they
are obtained by proving a comparison principle, as in [4, 28]. In Sect. 3 we present
comparison principles proved in [11] for a weak solution or a “solution obtained
as limit of approximations” to problem (6) when p − 1 < q < p. Actually we as-
sume q ≤ p

N
+ p − 1 since classical examples show that uniqueness for weak solu-

tions does not hold when q >
p
N

+ p − 1. These results complete the study started
in [4] in the case where q = p − 1 and the datum f is an element of the dual space
W−1,p′

(Ω). Our results improve the comparison principle proved in [28] for renor-
malized solutions.

2 A Priori Estimates

When dealing with the problem of existence of solutions to problem (1) some nec-
essary conditions are required on the data. In [1] and [22] explicit criteria for the
existence are given by involving geometric capacitary terms for the Laplacian oper-
ator, i.e. p = 2. When the datum f belongs to some Lebesgue space, such condition
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means that f ∈ Lm(Ω), m ≥ N(q−1)
q

and that its norm is sufficiently small. For ar-

bitrary p the sharp condition in Lebesgue spaces is f ∈ Lm(Ω), m ≥ N(q−p+1)
q

.
In [5] existence results are proven when the datum f belongs to the Lorentz space
L(

N(q−p+1)
q

,1). This is the optimal space when one refers to “intermediate” spaces
between Lebesgue spaces.

We recall that a function f belongs to the Lorentz space L(m,k) if it is a mea-
surable functions on Ω such that the quantity

‖f ‖m,k =
(∫ |Ω|

0

[
f ∗(s)s

1
m
]k ds

s

) 1
k

is finite. Here f ∗ denotes the decreasing rearrangement of f .
The Lorentz space L(m,∞), m > 1, coincides with the Marcinkiewicz space,

that is the set of all measurable functions on Ω such that the quantity

‖f ‖m,∞ = sup
s∈(0,|Ω|)

f ∗(s)
s

1
m

is finite.
These spaces are refinements of Lebesgue spaces in the sense that L(m,m) =

Lm(Ω) for any m > 1. Moreover fixed the first index m, they become larger as the
second index increases, i.e.

L(m,k1) ↪→ L(m,k2) when m > 0, k1 ≤ k2

while, if Ω is bounded, we have

L(m1, k1) ↪→ L(m2, k2) when m1 > m2, k1, k2 > 0.

In order to discuss the existence of solutions, we have to distinguish three ranges
for the values of q in the growth condition on the function H , i.e.

p − 1 + p

N
≤ q < p,

N(p − 1)

N − 1
≤ q < p − 1 + p

N
,

p − 1 ≤ q <
N(p − 1)

N − 1
.

Moreover we assume p < N even if the case p ≥ N is also studied in [5].
When p − 1 + p

N
≤ q < p, we assume that f belongs to the Lorentz space

L(
N(q−p+1)

q
,1). Observe that the critical value of summability of f , N(q−p+1)

q
,

is greater then (p∗)′ = Np
N(p−1)+p

. This means that data belonging to this Lorentz

space are in turn elements of W−1,p′
(Ω), the dual space of W

1,p

0 (Ω). This leads to

consider the standard notion of weak solution. A function u ∈ W
1,p

0 (Ω) is a weak
solution to problem (1) if∫

Ω

a(x,u,∇u) · ∇ϕ dx =
∫

Ω

H(x,∇u)ϕ dx +
∫

Ω

f ϕ dx, (9)

for every ϕ ∈ W
1,p

0 (Ω) ∩ L∞(Ω).
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Our first result gives a priori estimates for bounded weak solutions to problem
(1) with regular data. This is the fundamental step of a limit procedure which allows
to prove the existence of a weak solution to (1) and which we briefly recall below.
The details of the proof of a priori estimates stated in Theorem 1 below are given
in [5].

Theorem 1 Assume (2)–(5) with

p − 1 + p

N
≤ q < p.

Let u ∈ W
1,p

0 (Ω) ∩ L∞(Ω) be a weak solution to problem (1) with f ∈ C∞. If the

norm of f in L(
N(q−p+1)

q
,1) is small enough, then

‖∇u‖Lp ≤ C,

‖u‖t∗,p ≤ C,

for every t < N(q − p + 1), where C is a positive constant which depends only on
p, q , N , |Ω| and on the norm of the datum f .

As consequence of these a priori estimates, in a standard way, we obtain the
following existence result for weak solutions to problem (1). We just give a sketch
of its proof (see [5, 21]).

Theorem 2 Assume (2)–(5) with

p − 1 + p

N
≤ q < p.

If the norm of f in L(
N(q−p+1)

q
,1) is small enough, then at least a weak solution u

exists such that u ∈ L(t∗,p), for every t < N(q − p + 1).

Proof Let (fn)n be a sequence of C∞-functions which converges strongly to f

in L(
N(q−p+1)

q
,1). We can assume that the L(

N(q−p+1)
q

,1) norm of fn is small

enough. Let un ∈ W
1,p

0 (Ω)∩L∞(Ω) be a weak solution to the approximated prob-
lem {−div

(
a(x,un,∇un)

) = Tn

(
H(x,∇un)

) + fn in Ω,

un = 0 on ∂Ω
(10)

i.e. ∫
Ω

a(x,un,∇un) · ∇φ dx =
∫

Ω

Tn

(
H(x,∇un)

)
φ dx +

∫
Ω

fnφ dx (11)

for every φ ∈ W
1,p

0 (Ω).
Here Tn denotes the usual truncation at level n > 0, i.e. defined, for a given n > 0,

as

Tn(s) =
{

s if |s| ≤ n

n sign s if |s| > n.
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The existence of the approximated solutions un is assured by classical results on
monotone operators (see [23]). By Theorem 1 we deduce that un are bounded in
W

1,p

0 (Ω). Therefore there exists a subsequence, which we denote (un)n, such that

un → u weakly in W
1,p

0 (Ω), strongly in Lp(Ω), a.e. in Ω. (12)

Moreover |∇un|q is bounded in L
p
q (Ω) and therefore, by assumption (5),

Tn(H(x,∇un)) is bounded in L1(Ω). This implies that the right-hand side of ap-
proximated problem (10) is bounded in L1(Ω), that is∥∥Tn

(
H(x,∇un)

) + fn

∥∥
L1 ≤ C. (13)

The assumptions (2)–(3), conditions (12) and (13) allow to apply the compactness
result proved in [13], which states that, up to a subsequence,

∇un → ∇u a.e. in Ω. (14)

We deduce that (a(x,un,∇un)) converges to (a(x,u,∇u)) a.e. in Ω and
Tn(H(x,∇un)) converges to H(x,∇u) a.e. in Ω . By Vitali theorem we can pass to
the limit at left-hand side of (11) and in the first integral to the right-hand side. This
proves that u is a weak solution to (1). �

The definition of weak solution does not fit the case when p−1 < q < p−1+ p
N

.

In this range we assume that the datum f is in L(
N(q−p+1)

q
,1) and the bounds

on q imply that N(q−p+1)
q

< (p∗)′. Therefore f in general is not an element of

W−1,p′
(Ω). This leads to consider the more general framework of “solution ob-

tained as limit of approximations”.
We recall that a measurable function u : Ω → R, finite almost everywhere in Ω

is a “solution obtained as limit of approximations” to (1) with f ∈ L(m,k), m ≥ 1,
k ≥ 0 if

(i) Tk(u), its truncation to the level k, belongs to W
1,p

0 (Ω), for every k > 0;
(ii) a sequence of functions fn ∈ C∞

0 (Ω) exists such that fn → f strongly in
L(m,k);

(iii) the sequence of the weak solutions un ∈ W
1,p

0 (Ω) to the approximated prob-
lem (10) satisfies

un → u a.e. in Ω.

As pointed out a crucial step in the proof of the existence of a “solution obtained
as limit of approximations” to problem (1) consists in proving a priori estimates for
the weak solutions un to the approximated problems (10) with regular data. Such
estimates allows to prove that un and its gradients ∇un converge to a function u and
its gradient ∇u respectively. Then one can prove that u is the “solution obtained as
limit of approximations” to (1). We explicitly remark that the gradient ∇u in general
is not the usual gradient used in Sobolev spaces since u is just a measurable function.
Nevertheless according to Lemma 2.1 in [6], since the truncations of u belong to the
Sobolev space W

1,p

0 (Ω), there exists a measurable function v : Ω → RN such that
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∇Tk(u) = vχ|u|≤k almost everywhere in Ω , for every k > 0. This function v is
the generalized gradient of u, i.e. v = ∇u, which coincides with the distributional
gradient when v ∈ L1(Ω).

The second main result concerns the a priori estimates in the case where q is in
the range N(p−1)

N−1 ≤ q < p − 1 + p
N

. The details of the proofs are given in [5].

Theorem 3 Assume (2)–(5) with

N(p − 1)

N − 1
≤ q < p − 1 + p

N
.

Let u ∈ W
1,p

0 (Ω) ∩ L∞(Ω) be a weak solution to problem (1) with f ∈ C∞. If

q >
N(p−1)

N−1 and the norm of f in L(
N(q−p+1)

q
,1) is small enough, then

‖∇u‖t,p ≤ C,

‖u‖t∗,p ≤ C,

for every t < N(q − p + 1), where C is a positive constant which depends only on
p, q , N , |Ω| and on the norm of the datum f .

If q = N(p−1)
N−1 and the norm of f in L(m,1), with m > 1, is small enough, then

‖∇u‖m∗(p−1),p ≤ C,

where C is a positive constant which depends only on p, q , N , m, |Ω| and on the
norm of the datum f .

As in the previous case, Theorem 3, applied to the approximated solutions to
(10), implies an existence result for “solution obtained as limit of approximations”
to problem (1), whose proof is contained in [5].

Theorem 4 Assume (2)–(5) with

N(p − 1)

N − 1
≤ q < p − 1 + p

N
.

If q >
N(p−1)

N−1 and the norm of f in L(
N(q−p+1)

q
,1) is small enough, or q = N(p−1)

N−1

and the norm of f in L(m,1), with m > 1, is small enough, then a “solution ob-
tained as limit of approximations” to (1) exists.

Our approach allows to face also the last interval of values of q , p − 1 < q <
N(p−1)

N−1 . The a priori estimates, which we prove in [5] and we state below, overlap
with the result obtained in [21].

Theorem 5 Assume (2)–(5) with 1 < p < N and

p − 1 < q <
N(p − 1)

N − 1
.

Let u ∈ W
1,p

0 (Ω) ∩ L∞(Ω) be a weak solution to problem (1) with f ∈ C∞. If the
norm of f in L1(Ω) is small enough, then
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‖∇u‖N(p−1)
N−1 ,∞ ≤ C,

‖u‖N(p−1)
N−p

,∞ ≤ C,

where C is a positive constant which depends only on p, q , N , |Ω| and on the norm
of the datum.

In a standard way this result implies the existence of a “solution obtained as limit
of approximations” to (1) stated in the following theorem (see [5, 21]).

Theorem 6 Assume (2)–(5) with 1 < p < N and

p − 1 < q <
N(p − 1)

N − 1
.

If the norm of f in L1(Ω) is small enough, then a “solution obtained as limit of ap-
proximations” to (1) exists such that u ∈ L(

N(p−1)
N−p

,∞) and |∇u| ∈ L(
N(p−1)

N−1 ,∞).

A few words about the method that we use in [5] in proving previous a priori
estimates are in order. The basic ingredient is the choice of a test function which
is built on the level sets of the solution u. For instance the test function used in the
proof of Theorem 1 is given by

ϕ(x) =
∫ u(x)

0

[
μ(t)

]γ
dt,

where μ(t) = |{x ∈ Ω : |u(x)| ≥ t}|, t ≥ 0 is the distribution function of u and γ is
a suitable constant. This test function, some Sobolev-type inequalities and classical
symmetrization methods are the main tools of the proofs.

As pointed out in the Introduction, in [11] we study how the summability of
gradient of a solution to (1), and therefore the summability of a solution, increases
when we increase the summability of the datum f , assuming that it belongs to
Lorentz spaces. The starting point of this study is the following pointwise estimate
of the decreasing rearrangement of the gradient of a weak solution to approximated
problems (3), whose proof is contained in [11]. A similar result is proved in [3].

Proposition 1 Let u ∈ W
1,p

0 (Ω) ∩ L∞(Ω) be a weak solution to (1) with f ∈
C∞(Ω) under the assumptions (2)–(5). Then for every λ >

N−p
N(p−1)

, we have

(|∇u|∗(s))p ≤ λ + 1

α(Nω
1
N

N )p
′

{
1

sλ+1

∫ s

0
r
λ− p′

N ′
[∫ r

0
ψ(r,σ )f ∗(σ ) dσ

] p
p−1

dr

+ 1

s

∫ |Ω|

s

1

r
p′
N ′

[∫ r

0
ψ(r,σ )f ∗(σ ) dσ

] p
p−1

dr

}
, (15)

where

ψ(r,σ ) = exp

(
h

(Nω
1
N

N )p−q

∫ r

σ

[(−u∗)′(z)]q−p+1

z
N−1
N

(p−q)
dz

)
. (16)
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By using Proposition 1 one can prove the following two results which concern the
regularity of the gradient of a “solution obtained as limit of approximations” to (1)
when q ≥ N(p−1)

N−1 ; they are proved in [11] where all the ranges of q are considered.

Theorem 7 Assume (2)–(5) with

N(p − 1)

N − 1
< q < p − 1 + p

N
.

Let u be a “solution obtained as limit of approximations” to (1) with f ∈
L(

N(q−p+1)
q

,1) having norm small enough. If f ∈ L(m,k) with

max

{
N(q − p + 1)

q
,

N

Np − N + 1

}
< m <

(
p∗)′

, 0 < k ≤ +∞,

then

‖∇u‖m∗(p−1),k(p−1) ≤ C, (17)

where C is a positive constant depending on N , p, q , |Ω|, and the norm of f .

Theorem 8 Assume (2)–(5) with

q = N(p − 1)

N − 1
.

Let u be a “solution obtained as limit of approximations” to (1) with f ∈
L(

N(q−p+1)
q

,1) having norm small enough. If f ∈ Lm(Ω) with

max

{
1,

N

Np − N + 1

}
< m <

(
p∗)′

,

then (17) holds true.

3 Comparison Principle

In this section we present comparison principles which in turn imply uniqueness
of solutions to problem (6) under the assumptions (7) of “strong monotonicity”
condition on a and (8) of locally Lipschitz condition on H . We fix our attention
on the case p ≤ 2, even if in [11] also the case p > 2 is studied.

We assume q ≤ p − 1 + p
N

since a well-known example shows that uniqueness
of a weak solution to (6) does not hold if q > p − 1 + p

N
(see also [28]). So we start

by assuming q = p − 1 + p
N

. For this value of q , we have to assume that the datum

f belongs to the Lorentz space L(
N(q−p+1)

q
,1), i.e. L((p∗)′,1). This means that f

is an element of the dual space W−1,p′
(Ω) and we have to refer to weak solution.

Here for sake of simplicity we assume that the data belong to Lebesgue spaces.
Let us denote

Qu ≡ −div
(
a(x,∇u)

) − H(x,∇u).
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By comparison principle we mean that if u,v are weak solutions to the following
Dirichlet problems respectively

u ∈ W
1,p

0 (Ω), Qu = f in Ω, (18)

v ∈ W
1,p

0 (Ω), Qv = g in Ω, (19)

with f,g ∈ Lm(Ω), m > (p∗)′ and

f ≤ g in D ′(Ω), (20)

then

u ≤ v a.e. in Ω. (21)

Observe that (18), (19) and (20) imply∫
Ω

[
a(x,∇u) − a(x,∇v)

] · ∇ϕ dx +
∫

Ω

[
H(x,∇u) − H(x,∇v)

]
ϕ dx ≤ 0 (22)

for all nonnegative ϕ ∈ W
1,p

0 (Ω) ∩ L∞(Ω).
Our first result is the following (see [11] for the proof).

Theorem 9 Let 2N
N+2 ≤ p ≤ 2. Assume (4), (7) and (8) with

q = p − 1 + p

N
. (23)

If u,v satisfy (18), (19) with f,g ∈ Lm(Ω), m > (p∗)′ which verify (20), then (21)
holds.

Under the same hypotheses of Theorem 9 we can deduce uniqueness for weak
solutions to the Dirichlet problem (6) when f ∈ Lm(Ω), m > (p∗)′.

A comparison principle holds true also for the range

N(p − 1)

N − 1
≤ q < p − 1 + p

N
.

As shown in the previous section, for these bounds on q , we have to refer to “so-
lution obtained as limit of approximations” to (6); we assume again that the data
belong to Lebesgue spaces.

So by comparison principle we mean that if u,v are “solution obtained as limit
of approximations” to the following Dirichlet problems respectively

u ∈ W
1,1
0 (Ω), Qu = f in Ω, (24)

v ∈ W
1,1
0 (Ω), Qv = g in Ω, (25)

with f,g ∈ Lm(Ω), m >
N(q−p+1)

q
and

f ≤ g a.e. in Ω, (26)

then

u ≤ v a.e. in Ω. (27)
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Observe that, since u, v are “solution obtained as limit of approximations” to prob-
lem (6), with f,g respectively, then

(i) Tk(u), Tk(v) ∈ W
1,p

0 (Ω), for every k > 0;
(ii) two sequence of functions fn, gn ∈ C∞

0 (Ω) exist such that fn → f strongly in
Lm(Ω) and gn → g strongly in Lm(Ω);

(iii) the sequence of the weak solutions un, vn ∈ W
1,p

0 (Ω) to the approximated
problems{

Qnun ≡ −div
(
a(x,∇un)

) − Tn

(
H(x,∇un)

) = fn in Ω

un = 0 on ∂Ω,{
Qnvn ≡ −div

(
a(x,∇vn)

) − Tn

(
H(x,∇vn)

) = gn in Ω

vn = 0 on ∂Ω

satisfies

un → u a.e. in Ω and vn → v a.e. in Ω.

Moreover, under the hypotheses of Theorems 7, 8, by assuming m = k, gra-
dients of u,v satisfy a better summability condition, that is |∇u|, |∇v| ∈
Lm∗(p−1)(Ω).

Our comparison result can be stated (see [11] for the proof).

Theorem 10 Let 2N
N+2 ≤ p ≤ 2. Assume (4), (7) and (8) with

N(p − 1)

N − 1
≤ q < p − 1 + p

N
. (28)

If u,v satisfy (24), (25) with f,g ∈ Lm(Ω) which verify (26) with

m > max

{
N(q − p + 1)

q
,
N(2 − p)

p

}
, if q >

N(p − 1)

N − 1
,

m > max

{
1,

N(2 − p)

p

}
, if q = N(p − 1)

N − 1
,

then (27) holds.

As in the previous case under the assumptions of Theorem 10, a uniqueness result
for “solution obtained as limit of approximations” to problem (6) holds.
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Existence and Uniqueness of the n-Dimensional
Helfrich Flow

Takeyuki Nagasawa

Abstract The n-dimensional Helfrich variational problem is, roughly speaking, as
follows: minimize the integral of squared mean curvature among n-dimensional
hypersurfaces with the prescribed area and enclosed volume. In this article the n-
dimensional Helfrich flow is considered. This is the L2-gradient flow associated
with the n-dimensional Helfrich variational problem. The equation of the flow is
described as a projected gradient flow. A local existence result and partial unique-
ness results are presented. In particular the latter improves previous results.

Keywords Helfrich variational problem · Gradient flow · Constraints

1 The Helfrich Variational Problem and Its Gradient Flow

Let Σ ⊂ R
n+1 be a closed and oriented hypersurface. We do not assume that the

immersion Σ ⊂ R
n+1 is an embedding. We discuss the variational problem for the

functional

W(Σ) = n

2

∫
Σ

(H − c0)
2 dS

under the constraints

A(Σ) = A0, V(Σ) = V0.

This is the n-dimensional Helfrich problem. Here, H is the mean curvature, and c0,
A0, V0 are given constants. The functionals A and V are given by

A(Σ) =
∫

Σ

dS,
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and

V(Σ) = − 1

n + 1

∫
Σ

f · ν dS.

The vectors f and ν are the position vector of a point on Σ and the unit normal
vector at that point, respectively. That is, A is the area of Σ , and V is the “signed”
volume. Indeed, if Σ ⊂ R

n+1 is the boundary of a domain Ω ⊂ R
n+1 and if ν is the

inner normal, then V is the volume of the domain enclosed by Σ .
The original Helfrich variational problem is a model of shape transformation the-

ory of a human red blood cell [5]. For this case, n is 2 and c0 is called the sponta-
neous curvature, which is determined by the molecular structure of cell membrane.
That is, Helfrich considered the cell membrane a closed and oriented surface Σ in
R

3, and he proposed that the shape of cell is a minimizer of W under the prescribed
area and enclosed volume.

The one-dimensional case, that is, the corresponding problem for closed curves,
was considered by Watanabe [15, 16] as a spectral optimization problem of a plane
domain. Let Ω be a bounded plane domain, and let Σ be its boundary. The func-
tion G(x,y, t) is the Green function for the heat equation on Ω × (0, T ) under the
Dirichlet boundary condition. The asymptotic expansion∫

Ω

G(x,x, t) dx = 1

4πt

(
a0 + a1t

1
2 + a2t + a3t

3
2 + · · ·) as t → +0

is well-known as the trace formula. Here,

a0 = V(Σ), a1 = −
√

π

2
A(Σ), a2 = 1

3

∫
Σ

κ ds, a3 =
√

π

64

∫
Σ

κ2 ds.

Here, κ(= H) is the curvature of the curve Σ , and s is the arc-length parameter. a2 is
determined by the topology of Ω . Hence, the one-dimensional Helfrich problem is
equivalent to the following problem: For given a0 and a1, find the Ω among domains
with fixed topology (i.e., fixed a2) that minimizes a3, that is, 32√

π
W with c0 = 0.

According to [3], a shape transformation of a closed loop of plastic tape between
two parallel flat plates is governed by the one-dimensional Helfrich variational prob-
lem (with c0 = 0).

Remark 1 Without loss of generality, we may assume that c0 = 0 for the one-
dimensional case. Indeed, the functional is

1

2

∫
Σ

κ2 ds − c0

∫
Σ

κ ds + 1

2
c2

0

∫
Σ

ds.

If we consider our variational problem under the constraints of A = ∫
Σ

ds and V
among curves with fixed rotation number

∫
Σ

κ ds, then we can replace the func-
tional with the first integral 1

2

∫
Σ

κ2 ds only.

By the method of Lagrange multipliers, the Helfrich variational problem is de-
scribed by

δW(Σ) + λ1δA(Σ) + λ2δV(Σ) = 0.
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Here, λj s are Lagrange multipliers, and δ is the first variation. Performing calcula-
tions similar to [4], we obtain

δW(Σ) = ΔgH + (H − c0)

{
n2

2
H(H + c0) − R

}
,

δA(Σ) = −nH, δV = −1.

(1)

Here, Δg is the Laplace-Beltrami operator with respect to the metric induced by
Σ ⊂ R

n+1, and R is the scalar curvature. Using these, the above equation becomes

ΔgH + (H − c0)

{
n2

2
H(H + c0) − R

}
− λ1nH − λ2 = 0. (2)

Regarding Σ as the image f (Σ0) of a fixed n-dimensional manifold Σ0, we reduce
(2) to a quasilinear elliptic equation of the forth order.

The two-dimensional Helfrich problem has a long history, and there are several
known facts. It is easy to see that spheres are critical points. In 1977, Jenkins [6]
numerically found bifurcating solutions from spheres. Subsequently, Peterson [13]
and Ou-Yang-Helfrich [12] formally investigated their stability/instability. Their ar-
guments were justified mathematically by Takagi and the author in [9]. Au-Wan
[2] considered critical points far from spheres but with rotational symmetry. Criti-
cal points without rotational symmetry were constructed by Takagi and the author
in [10].

In this article, we approach our problem by the method of steepest descent, that
is, the L2-gradient flow associated with the problem (the Helfrich flow).

The equation of the Helfrich flow is

V (t) = −δW
(
Σ(t)

) − λ1δA
(
Σ(t)

) − λ2δV
(
Σ(t)

)
. (3)

The function V = ∂tf · ν is the normal deformation velocity of the hypersurface
family Σ(t). The multipliers are unknown functions of t .

Let us recall some previous results for the low-dimensional Helfrich flow, which
was studied in [7] for n = 2 and in [8] for n = 1.

In [7], the multipliers λj are given as “known” constants. That is, given
{λ1, λ2,Σ0} as the data, solutions of (3) were constructed in anticipation of the
convergence of solutions to critical points as t → ∞. However, for this choice of
λj , solutions do not satisfy d

dt
A(Σ(t)) ≡ 0, d

dt
V (Σ(t)) ≡ 0, and we cannot expect

global existence. Indeed, there exist solutions blowing up in finite/infinite time. The
problem is shifted to the investigation of triples {λ1, λ2,Σ0} so that the solution
can extend globally in time. In [7], the existence of such triples was proved near
spheres. Furthermore, such triples form a finite-dimensional center manifold. The
class of initial surfaces is the little Hölder space h2+α for some α ∈ (0,1). Here, the
little Hölder space is defined as follows. For an open set U , the space hβ(U) is the
closure of BUC∞(U) in BUCβ(U). The space hβ = hβ(Σ0) is defined by means of
an atlas for Σ0 as a submanifold in R

n+1.
In [8], the gradient flow {Σε(t)} associated with the functional

W(Σε) + 1

2ε

(
A(Σε) −A0

)2 + 1

2ε

(
V(Σε) − V0

)2
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was constructed. The solution of (3) was obtained as the limit of {Σε(t)} as ε → +0.
This is a global solution, and it satisfies

d

dt
W

(
Σ(t)

) ≡ −∥∥V (t)
∥∥2

L2(Σ(t))
,

d

dt
A

(
Σ(t)

) ≡ 0,
d

dt
V

(
Σ(t)

) ≡ 0. (4)

The class of initial curves is C∞, but the uniqueness was uncertain.
We consider the general n-dimensional case. The Lagrange multipliers are deter-

mined so that d
dt
A(Σ(t)) = d

dt
V(Σ(t)) = 0. In the next section, we see that these

relations determine the linear combination λ1(Σ)δA(Σ) + λ2(Σ)δV(Σ) even if
two constraints are degenerate. The meaning of degeneracy is given there.

Theorem 1 Let P(Σ) be the orthogonal projection from L2(Σ) to the linear sub-
space (spanL2(Σ){δA(Σ), δV(Σ)})⊥. Then, the Helfrich flow equation can be writ-
ten as

V (t) = −P
(
Σ(t)

)
δW

(
Σ(t)

)
for t > 0. (5)

Solutions, if they exist, satisfy (4).

We next obtain the existence and uniqueness of the initial value problem.

Theorem 2 Let G(Σ) be the Gramian of (δA(Σ), δV(Σ)), which is defined in
Sect. 2.

(i) Assume that Σ0 is in the class of h3+α for some α ∈ (0,1), and that G(Σ0) 	= 0.
Then, there exist T > 0 and a unique solution {Σ(t)}0�t<T of (5) satisfying
Σ(0) = Σ0.

(ii) Assume that G(Σ0) = 0. Then, Σ0 has a constant mean curvature. If Σ0 is a
(single/multi-fold) sphere, or if its mean curvature is c0 everywhere, then there
exists a global solution {Σ(t)}t�0 of (5) satisfying Σ(0) = Σ0.

We show Theorem 1 in Sect. 2. In Sect. 3, we provide the proof of Theorem 2.
For the statement Theorem 2 (i), we have already proved it in [11], and therefore we
provide only a sketch of the proof. Instead of Theorem 2 (ii), the following statement
was shown in [11]:

(ii)′ Assume that G(Σ0) = 0. Let H0 and R0 be the mean curvature and the scalar
curvature of Σ0 respectively. If (H̄0 − c0)R̃0 ≡ 0, then there exists a global
solution {Σ(t)}t�0 of (5) satisfying Σ(0) = Σ0.

We show the equivalence between (ii)′ and (ii) in Sect. 3.2. (ii) seems easier to
understand than (ii)′.

The uniqueness is uncertain in case (ii), except for several special cases. We
discuss the uniqueness in Sect. 4. Some open problems are presented in Sect. 5.

In the following sections, for a function φ on Σ , we define φ̄ and φ̃ by

φ̄ = 1

A(Σ)

∫
Σ

φ dS, φ̃ = φ − φ̄.
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2 Proof of Theorem 1

Theorem 1 is a special case of the general theory of projected gradient flows [14].
We denote Σ(t) simply by Σ . ‖ · ‖ and 〈·,·〉 stand for the L2(Σ)-norm and the
L2(Σ)-inner product, respectively. We have

d

dt
A(Σ) = 〈

δA(Σ),V
〉
,

d

dt
V(Σ) = 〈

δV (Σ),V
〉
.

From these and (3), it follows that(
〈δA(Σ), δA(Σ)〉 〈δV(Σ), δA(Σ)〉
〈δA(Σ), δV(Σ)〉 〈δV(Σ), δV(Σ)〉

)(
λ1
λ2

)
= −

( 〈δA(Σ), δW(Σ)〉
〈δV(Σ), δW(Σ)〉

)
. (6)

Denote the Gramian of the left-hand side by G(Σ), that is,

G(Σ) = det

(
〈δA(Σ), δA(Σ)〉 〈δV(Σ), δA(Σ)〉
〈δA(Σ), δV(Σ)〉 〈δV(Σ), δV(Σ)〉

)
.

We say that the constraints A(Σ) = A0 and V(Σ) = V0 are degenerate when
G(Σ) = 0.

For the non-degenerate case, the multipliers are uniquely determined by the rela-
tion (6) from Σ . Hence, we can write

λj = λj (Σ).

When the constraints are degenerate, the multipliers are not uniquely determined,
but we can show that λ1δA(Σ) + λ2δV(Σ) is uniquely determined.

Set

H̃ = H − 1

A(Σ)

∫
Σ

H dS, H∗ =
{

H̃

‖H̃‖ if H̃ 	≡ 0,

0 if H̃ ≡ 0,

1∗ = 1

‖1‖ .

Note that 〈H∗,1∗〉 = 0. Using (1), we have

spanL2(Σ)

{
δA(Σ), δV(Σ)

} = spanL2(Σ){H,1} = spanL2(Σ){H∗,1∗}.
Hence, (3) becomes

V = −δW(Σ) − λ1δA(Σ) − λ2δV(Σ) = −δW(Σ) − μ11∗ − μ2H∗ (7)

for some μj . From d
dt
A(Σ) = d

dt
V(Σ) = 0, it follows that

〈1∗,V 〉 = 〈H∗,V 〉 = 0.

Taking the L2(Σ)-inner product (7) and 1∗, H∗, we obtain

0 = 〈1∗,V 〉 = −〈
1∗, δW(Σ)

〉 − μ1,

0 = 〈H∗,V 〉 = −〈
H∗, δW(Σ)

〉 − μ2‖H∗‖2.

Regardless of whether H∗ ≡ 0, it holds that

−μ11∗ − μ2H∗ = 〈
1∗, δW(Σ)

〉
1∗ + 〈

H∗, δW(Σ)
〉
H∗.

From this equation, together with (7), we obtain (5).
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It holds for solutions of (5) that

d

dt
W(Σ) = 〈

δW(Σ),V
〉 = 〈

δW(Σ),−P(Σ)δW(Σ)
〉

= −∥∥P(Σ)δW(Σ)
∥∥2 = −‖V ‖2.

Since V ∈ (spanL2(Σ){δA(Σ), δV(Σ)})⊥, we have

d

dt
A(Σ) = 〈

δA(Σ),V
〉 = 0,

d

dt
V(Σ) = 〈

δV(Σ),V
〉 = 0.

3 Proof of Theorem 2

3.1 Sketch of the Proof of Theorem 2 (i)

The local existence for the case G(Σ0) 	= 0 is shown in a manner similar to that
of [7]. If the Helfrich flow with Σ(0) = Σ0 exists, and if Σ is close to Σ0 in a
C2-sense for small t > 0, then G(Σ) 	= 0. From (6), it follows that

(
λ1(Σ)

λ2(Σ)

)
= − 1

G(Σ)

(
〈δV(Σ), δV(Σ) −〈δV(Σ), δA(Σ)

−〈δA(Σ), δV(Σ) 〈δA(Σ), δA(Σ)

)

×
( 〈δA(Σ), δW(Σ)

〈δV(Σ), δW(Σ)

)
. (8)

From (1), we have

〈
δA(Σ), δA(Σ)

〉 = n2
∫

Σ

H 2 dS,
〈
δA(Σ), δV(Σ)

〉 = n

∫
Σ

H dS,

〈
δV(Σ), δV(Σ)

〉 =
∫

Σ

dS,

〈
δA(Σ), δW(Σ)

〉 = n

∫
Σ

(
|∇gH |2 − 1

2
n2H 4 + H 2R − c0HR + 1

2
n2c2

0H
2
)

dS,

〈
δV(Σ), δW(Σ)

〉 =
∫

Σ

(
−1

2
n2H 3 + HR − c0R + 1

2
n2c2

0H

)
dS,

G(Σ) =
∫

Σ

n2H 2 dS

∫
Σ

dS −
(∫

Σ

nH dS

)2

= n2
∫

Σ

dS

∫
Σ

H̃ 2 dS. (9)

Inserting these into (8), we have the explicit expression of λj (Σ)s. Thus, we obtain
the following proposition.

Proposition 1 If G(Σ) 	= 0, the Lagrange multipliers λ1(Σ) and λ2(Σ) in (3) have
explicit expressions that depend analytically on



Existence and Uniqueness of the n-Dimensional Helfrich Flow 243

∫
Σ

|∇gH |2 dS,

∫
Σ

Hp dS (p = 0,1,2,3,4),

∫
Σ

HqR dS (q = 0,1,2).

To prove Theorem 2 (i), we regard Σ as the perturbation of Σ0 in the normal
direction with signed distance �. This is possible for a short time-interval. Let⋃m

�=1 U� be an open covering of Σ0. We denote the unit normal vector fields of
Σ0 by ν0. The mapping X� : U� × (−a, a) � (s, r) → s + rν0(s) ∈ R

n+1 is a C∞-
diffeomorphism from U� × (−a, a) to R� = Im(X�), provided that a > 0 is suffi-
ciently small. Denote the inverse mapping X−1

� by (S�,Λ�), where S�(X�(s, r)) =
s ∈ U� and Λ�(X�(s, r)) = r ∈ (−a, a).

When Σ(t) is sufficiently close to Σ0 for small t > 0, we can represent it as a
graph of a function on Σ0 as

Σ�(t) = Σ(t) =
m⋃

�=1

Im
(
X�

(·, �(·, t)) : U� → R
n+1,

[
s �→ X�

(
s, �(s, t)

)])
.

Conversely, for a given function � : Σ0 × [0, T ) → (−a, a) we define the mapping
Φ�,� from R� × [0, T ) to R by

Φ�,�(x, t) = Λ�(x) − �
(
S�(x), t

)
.

Then, (Φ�,�(·, t))−1(0) gives the surface Σ�(t).
Let L� = L�(s, t) be the Euclidean norm of ∇xΦ�,�(x, t) at (x, t) = (X�(s,

�(s, t)), t):

L� = ∥∥∇xΦ�,�

(
X�

(
s, �(s, t)

)
, t

)∥∥.

The velocity in the direction of normal vector field of Σ = {Σ�(t) | t ∈ [0, T )} at
(x, t) = (X�(s, �(s, t)), t) is given by

V (s, t) = −∂tΦ�,�(X�(s, �(s, t)), t)

L�

= ∂t�(s, t)

L�

.

We can express the Laplace-Beltrami operator, the mean curvature, the scalar
curvature, and the Lagrange multipliers in terms of the function � and its derivatives,
denoted by Δ� , H(�), R(�), and λj (�) respectively. Then, Eq. (5) is represented as

∂t� = L�

(
−Δ�H(�) − 1

2
n2H 3(�) + H(�)R(�) − c0R(�) + 1

2
n2c2

0H(�)

+ λ1(�)nH(�) + λ2(�)

)
. (10)

We can find the expression of not only Δ� , H(�) but also the Gaussian curvature
K(�) in [7] for the case n = 2. In our case, the expression of Δ� and H(�) is the
same as in [7], and we can obtain those of R(�) and λj (�) in a similar way. In
particular, λj (�) can be written in terms of � and its derivatives up to the third
order. Combining Proposition 1, we can see that the right-hand side of (10) is linear
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with respect to the fourth-order derivative of �, but not linear with respect to lower
derivatives. The principal term −L�Δ�H(�) is the same as the equation dealt with
in [7, (2.1)]. We fix 0 < α < β < 1. Then, for β0 ∈ (α,β) and a > 0, we set

U = {
� ∈ h3+β0(Σ0)

∣∣ ‖�‖C2(Σ0)
< a

}
.

For two Banach spaces E0 and E1 satisfying E1 ↪→ E0, the set H(E1,E0) is the
class of A ∈ L(E1,E0) such that −A, considered an unbounded operator in E0,
generates a strongly continuous analytic semigroup on E0.

Proposition 2 There exist

Q ∈ C∞(
U ,H

(
h4+α(Σ0), h

α(Σ0)
))

, F ∈ C∞(
U , hβ0(Σ0)

)
such that Eq. (10) is in the form

�t + Q(�)� + F(�) = 0.

Applying [1, Theorem 12.1] with Xβ = U , E1 = h4+α(Σ0), E0 = hα(Σ0), and
Eγ = hβ0(Σ0), we obtain assertion (i) in Theorem 2.

Remark 2 The equation dealt with in [7] is a similar fourth-order equation, but is
linear with respect to the third-order derivative of �. Therefore it was solvable for
initial data in the class h2+α . Since our equation contains the third-order derivative
of � nonlinearly, we need more regularity of Σ0 than does [7].

3.2 Proof of Theorem 2 (ii)

In this subsection we prove (ii) in Theorem 2. The aim is two-fold. The first is to
show the equivalence between (ii) and (ii)′. Because (ii)′ has already been shown
in [7], we obtain the proof of (ii). The second is to give the direct proof of (ii).

Assume G(Σ0) = 0. From (9) it follows that Σ0 has a constant mean curvature.

Proposition 3 Assume that a closed and oriented hypersurface has a constant mean
curvature. Then, it has a constant scalar curvature, if and only if it is a (single/multi-
fold) sphere.

To prove Proposition 3, we state and prove the following lemma. Let κi (i =
1, . . . , n) be the principal curvatures.

Lemma 1 For every closed and oriented hypersurface Σ , it holds that∑
i

(κi − H)2 = n(n − 1)(H̃ + 2H̄ )H̃ − R̃

− H̄

A(Σ)

∫
Σ

R̃f · ν dS + R̄

A(Σ)

∫
Σ

H̃f · ν dS.
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Proof First, we show that∫
Σ

Rf · ν dS = −n(n − 1)

∫
Σ

H dS,

∫
Σ

Hf · ν dS = −A(Σ). (11)

Though these can be shown by direct calculation, it is clever to use the following
argument. Let Σε be the hypersurface defined by (1 + ε)f , and let Hε and dSε be
its mean curvature and the volume element, respectively. From the scaling argument
it follows that∫

Σε

Hε dSε = (1 + ε)n−1
∫

Σ

H dS, A(Σε) = (1 + ε)nA(Σ).

Since f · ν is the normal variation generated by f �→ (1 + ε)f , and since

δ

(∫
Σ

H dS

)
= −R

n
, δA(Σ) = −nH

(see the argument in [4]), we obtain
∫

Σ

Rf · ν dS = −nδ

(∫
Σ

H dS

)
[f · ν]

= −n
d

dε

∫
Σε

Hε dSε

∣∣∣∣
ε=0

= −n(n − 1)

∫
Σ

H dS,

∫
Σ

Hf · ν dS = −1

n
δA(Σ)[f · ν] = −1

n

d

dε
A(Σε)

∣∣∣∣
ε=0

= −A(Σ).

By (11) and the definition
∫
Σ

f · ν dS = −(n + 1)V(Σ), we have
∫

Σ

R̃f · ν dS =
∫

Σ

(R − R̄)f · ν dS

= −n(n − 1)

∫
Σ

H dS + (n + 1)R̄V(Σ)

= −n(n − 1)H̄A(Σ) + (n + 1)R̄V(Σ),

and

A(Σ) − (n + 1)H̄V(Σ) = −
∫

Σ

(H − H̄ )f · ν dS = −
∫

Σ

H̃f · ν dS.

Therefore, it holds that

H̄

∫
Σ

R̃f · ν dS = −n(n − 1)H̄ 2A(Σ) + (n + 1)H̄ R̄V(Σ)

= −n(n − 1)H̄ 2A(Σ) + R̄

(
A(Σ) +

∫
Σ

H̃f · ν dS

)

= {−n(n − 1)H̄ 2 + R̄
}
A(Σ) + R̄

∫
Σ

H̃f · ν dS

= {−n(n − 1)H 2 + R + n(n − 1)
(
H 2 − H̄ 2) − R̃

}
A(Σ)

+ R̄

∫
Σ

H̃f · ν dS
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= {−n(n − 1)H 2 + R + n(n − 1)(H̃ + 2H̄ )H̃ − R̃
}
A(Σ)

+ R̄

∫
Σ

H̃f · ν dS.

Since

n(n − 1)H 2 − R = (nH)2 − nH 2 − R =
(∑

i

κi

)2

− nH 2 − 2
∑
i<j

κiκj

=
∑

i

κ2
i − nH 2 =

∑
i

(κi − H)2,

we obtain the assertion. �

Proof of Proposition 3 If H̃ = 0 and if R̃ = 0, then the hypersurface is totally um-
bilic by Lemma 1. Such a closed hypersurface is a (single/multi-fold) sphere. �

The equivalence between the assertion of Theorem 2 (ii) with (ii)′ is clear by
Proposition 3.

Next we give the direct proof of Theorem 2 (ii).

Proof of Theorem 2 (ii) Assume that Σ0 is a (single/multi-fold) sphere or that H ≡
c0. Because the mean curvature is constant, we have P(Σ0)(δW(Σ0)) = ˜δW(Σ0)

and

δW(Σ0) = (H̄0 − c0)

{
n2

2
H̄0(H̄0 + c0) − R̄0 − R̃0

}
.

Hence, we obtain

P(Σ0)
(
δW(Σ0)

) = −(H̄0 − c0)R̃0.

When Σ0 is a sphere, it holds that R̃0 ≡ 0. Thus, P(Σ0)(δW(Σ0)) ≡ 0 when Σ0

is a sphere or H0 ≡ c0. Hence, Σ0 is a stationary solution of the Helfrich flow, and
therefore Σ(t) ≡ Σ0 is a global Helfrich flow with Σ(0) = Σ0. �

As a consequence of Proposition 3, we obtain the following fact concerning the
stationary Helfrich problem.

Theorem 3 Assume that Σ is a solution of the stationary Helfrich problem
P(Σ)(δW(Σ)) = 0 with constant mean curvature. Then either Σ is a (single/
multi)-fold sphere or H ≡ c0.

Proof By the assumption, Σ satisfies

0 = P(Σ)
(
δW(Σ)

) = (H̄ − c0)R̃.

If H = H̄ 	= c0, then R̃ ≡ 0. Consequently, Σ is a sphere by Proposition 3. �
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4 On the Uniqueness for the Degenerate Case

We discuss the uniqueness for case (ii) in Theorem 2. Assume that Σ0 is a
(single/multi)-fold sphere or that the mean curvature is c0 everywhere. Then,
Σ(t) ≡ Σ0 is a solution of the Helfrich flow, that is, a stationary solution. We look
for cases in which this solution is unique with Σ(0) = Σ0. The uniqueness is de-
rived from G(t) ≡ 0 and (H̄ (t) − c0)R̃(t) = 0. Indeed, G(t) = 0 implies that the
mean curvature is constant, and that

V (t) = −P
(
Σ(t)

)(
δW

(
Σ(t)

))

= −δW
(
Σ(t)

) + 1

A(Σ(t))

∫
Σ

δW
(
Σ(t)

)
dS

= (
H̄ (t) − c0

)
R̃(t) = 0.

We have three cases in which the uniqueness holds.

Theorem 4 Assume that G(Σ0) = 0. Then, {Σ(t) ≡ Σ0} is the unique global solu-
tion of the Helfrich flow with Σ(0) = Σ0 provided one of the following conditions
holds.

(1) n = 1.
(2) Σ0 is a single-fold sphere.
(3) H0 ≡ c0.

Proof (1) When n = 1, the integral
∫
Σ

H dS is a constant multiple of the rotation
number. Therefore, it does not depend on t . From (9), it holds that

G
(
Σ(t)

) = A0

∫
Σ

H̃ 2 dS = A0

∫
Σ

(H − H̄ )2 dS = A0

(∫
Σ

H 2 dS −A0H̄
2
)

.

We have

2W(Σ) =
∫

Σ

H 2dS − 2c0A0H̄ + c2
0A0

by the definition of W . Consequently, we obtain

d

dt
G

(
Σ(t)

) = A0
d

dt

∫
Σ

H 2 dS = 2A0
d

dt
W

(
Σ(t)

) = −2A0
∥∥V (t)

∥∥2 � 0.

Combining this with G(Σ(t)) � 0 (see (9)), it holds that G(Σ(t)) ≡ 0 provided
that G(Σ0) = 0. Using the above relation again, we have V (t) ≡ 0, that is, Σ(t) is
stationary.

(2) Let Σ0 be a single-fold sphere. For a short time-interval, the immersion
Σ(t) ⊂ R

n+1 is an embedding. If follows from the isoperimetric inequality and
constraints A(Σ(t)) ≡ A0, V(Σ(t)) ≡ V that Σ(t) is congruent with Σ0. Conse-
quently, G(t) = 0 and R̃(t) = 0 on the interval. Repeating the argument, we have
Σ(t) ≡ Σ0 on [0,∞).

(3) Let H0 ≡ c0. Since W(Σ0) = 0, Σ0 is a global minimizer. Because W(Σ(t))

is not increasing, the mean curvature of Σ(t) is c0 everywhere. Consequently,
G(t) = 0 and (H̄ (t) − c0)R̃(t) = 0 hold. �
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5 Open Problems

The Helfrich flow can be constructed, at least locally, provided that the Gramian
is positive. When the Gramian vanishes, we face difficulties. Indeed, the following
points are unclear.

Problem 1 The solvability and uniqueness when G(Σ0) = 0 but (H̄0 − c0)R̃0 	= 0.
The Wente torus is an example of such a Σ0.

Problem 2 The uniqueness in case (ii) of Theorem 2: we have only a partial answer
(Theorem 4).

Problem 3 Assume G(Σ0) > 0. Then we have constructed the Helfrich flow with
G(Σ(t)) > 0 locally. We want to extend this flow. It is not clear that the Gramian
G(Σ(t)) maintains the positivity as long as flow exists.

For Problem 1, we have the following fact.

Lemma 2 Let the initial hypersurface Σ0 satisfy G(Σ0) = 0 but (H̄0 − c0)R̃0 	= 0.
Suppose that the (local) Helfrich flow exists with Σ(0) = Σ0, and that it is smooth
up to t = 0. Then G(Σ(t)) > 0 for small t > 0.

Proof Because of (9), it suffices to show that H̃ (t) 	≡ 0. If H̃ (t) ≡ 0, then
A(Σ(t)) = (n + 1)H̄ (t)V(Σ(t)) (see the proof of Lemma 1). Since H̃0 ≡ 0, we
have A(Σ0) = (n+ 1)H̄0V(Σ0). Since both A(Σ(t)) and V(Σ(t)) are independent
of t , we have H̄ (t) = H̄0. On the other hand, because of V (0) = (H̄0 − c0)R̃0 	= 0,
δ
∫
Σ

H dS = − 1
n
R, and

∫
Σ

R̃0dS = 0, we have

d

dt
H̄ (t) dt

∣∣∣∣
t=0

= A(Σ0)
d

dt

∫
Σ(t)

H(t) dS

∣∣∣∣
t=0

= −A(Σ0)

n

∫
Σ0

R0V (0) dS

= −A(Σ0)

n

∫
Σ0

(R̄0 + R̃0)(H̄0 − c0)R̃0 dS 	= 0

= −A(Σ0)

n

∫
Σ0

(H̄0 − c0)R̃
2
0 dS 	= 0.

Hence, H̄ (t) 	= H̄0 for small t > 0. �

Consequently, assuming smoothness, we may consider

V = −δW(Σ) − λ1δA(Σ) − λ2V(Σ),

where

λ1 = 〈δW(Σ), H̃ 〉
n‖H̃‖2

L2(Σ)

, λ2 = 〈δW(Σ),1〉
A(Σ)

− λ1nH̄ .
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This is the same equation as found in case (i) in Theorem 1. G(Σ0) = 0 implies that
H̃ → 0 as t → +0. Hence, both the numerator and the denominator of λ1 also tend
to 0. Therefore, the boundedness of the Lagrange multiplier λj is unclear. Hence, to
construct the flow, we must investigate the precise behavior of λj .

For Problem 3, we assume that there exists T∗ ∈ (0,∞) such that G(Σ(t)) > 0
for t < T∗ and that G(Σ(t)) tends to 0 as t ↑ T∗. Then the boundedness of
λj near t = T∗ is unclear. Therefore, the situation is similar to Problem 1: we
must study the behavior of λj as t ↑ T∗. Furthermore, even if such T∗ exists,
the flow is extendable beyond T∗ provided that Problem 1 is solved affirma-
tively.

We have assumed the smoothness up to t = 0 or t = T∗ in the above argu-
ment. Hence we must investigate the regularity or the singular behavior of Helfrich
flow.

Acknowledgements The author thanks referees for various useful comments.
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Ground States for Elliptic Equations in RRR
2

with Exponential Critical Growth

Bernhard Ruf and Federica Sani

Abstract In this paper, we obtain a mountain pass characterization of ground state
solutions for some class of elliptic equations in R

2 with nonlinearities in the critical
(exponential) growth range.

Keywords Ground state solutions · Elliptic equations in R
2 · Exponential critical

growth · Variational methods

1 Introduction

This paper is concerned with the existence of solutions of a nonlinear scalar field
equation of the form

−Δu = g(u) in R
2, u ∈ H 1(

R
2), (1)

and in particular we will study the following problem

−Δu + u = f (u) in R
2, u ∈ H 1(

R
2), (2)

that is, problem (1) with g(s) := f (s) − s.
The study of these kind of problems is motivated by applications in many areas

of mathematical physics. In particular, solutions of (2) provide stationary states for
the nonlinear Klein-Gordon equation and for the nonlinear Schrödinger equation.

Problem (1) has been extensively studied starting from the fundamental papers
due to Berestycki and Lions [4] and to Berestycki, Gallouët and Kavian [5]. We re-
call that these papers are both concerned with subcritical nonlinearities, in particular
in [4] the authors treated nonlinearities with subcritical polynomial growth, while in
[5] the authors treated nonlinearities with subcritical exponential growth. From now
on, we will focus our attention on the case when the nonlinear term is of exponential
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type, since our aim is to study problem (2) with a nonlinearity f exhibiting a critical
exponential growth.

The maximal growth which can be treated variationally in the Sobolev space
H 1(R2) is given by the Trudinger-Moser inequality:

Theorem 1 [10, Theorem 1.1] There exists a constant C > 0 such that

sup
u∈H 1(R2),‖u‖

H1 ≤1

∫

R2

(
e4πu2 − 1

)
dx ≤ C (3)

where ‖u‖2
H 1 := ‖∇u‖2

2 + ‖u‖2
2 is the standard Sobolev norm. This inequality is

sharp: if we replace the exponent 4π with any α > 4π the supremum is infinite.

In view of this inequality we say that a nonlinearity f has critical growth if there
exists α0 > 0 such that

lim|s|→+∞
|f (s)|
eαs2 =

{
0 for α > α0,

+∞ for α < α0.

Our aim is to obtain a mountain pass characterization of ground state solutions
of problem (2). The natural functional corresponding to a variational approach to
problem (2) is

I (u) := 1

2

∫

R2

(|∇u|2 + u2)dx −
∫

R2
F(u)dx

= 1

2

∫

R2
|∇u|2 dx −

∫

R2
G(u)dx, u ∈ H 1(

R
2),

where F(s) := ∫ s

0 f (t) dt and G(s) := ∫ s

0 g(t) dt . We will say that I has a mountain
pass geometry, if the following conditions hold:

(I0) I (0) = 0;
(I1) there exist ρ,a > 0 such that I (u) ≥ a > 0 for any u ∈ H 1(R2) with

‖u‖H 1 = ρ;
(I2) there exists u0 ∈ H 1(R2) such that ‖u0‖H 1 > ρ and I (u0) < 0.

We will always denote by c ∈ R the mountain pass value

c := inf
γ∈Γ

sup
t∈[0,1]

I
(
γ (t)

)
, Γ := {

γ ∈ C
([0,1],H 1(

R
2)) ∣∣ γ (0) = 0, I

(
γ (1)

)
< 0

}
.

We recall also that a solution u of problem (2) is a ground state if I (u) = m with

m := inf
{
I (u)

∣
∣ u ∈ H 1(

R
2) \ {0} is a solution of (2)

}
.

In [8], Jeanjean and Tanaka obtain a mountain pass characterization of ground
state solutions for the more general nonlinear scalar field equation (1) in the case
when the nonlinearity g (not necessarily of the form f (s) − s) has a subcritical
exponential growth.

Theorem 2 [8] Assume

(g0) g : R →R is continuous and odd;
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(g1) lims→0
g(s)
s

= −ν < 0;

(g2) for any α > 0 there exists Cα > 0 such that |g(s)| ≤ Cαeαs2
for all s ≥ 0;

(g3) there exists s0 > 0 such that G(s0) > 0.

Then the functional I (u) := 1
2

∫
R2 |∇u|2 dx − ∫

R2 G(u)dx belongs to
C 1(H 1(R2),R) and has a mountain pass geometry. Moreover the mountain pass
value c is a critical value and 0 < c = m.

Recently Alves, Montenegro and Souto [3] improved the arguments in [8], as-
suming g(s) = f (s) − s and considering nonlinearities with critical exponential
growth.

Theorem 3 [3] Assume that

(f0) f :R → R is continuous and has critical exponential growth with α0 = 4π ;
(f1) lims→0

f (s)
s

= 0;
(f2) 0 < 2F(s) ≤ f (s)s for any s ∈R \ {0};
(fη) there exists η > 0 and q ∈ (2,+∞) such that f (s) ≥ ηsq−1 for all s ≥ 0.

If (fη) holds with

η >

(
q − 2

q

) q−2
q

C
q
2
q (4)

where Cq > 0 is the best constant of the Sobolev embedding H 1(R2) ↪→ Lq(R2),
namely

Cq‖u‖2
q ≤ ‖u‖2

H1
∀u ∈ H 1(

R
2).

Then the mountain pass value c is a critical value and gives the ground state level,
namely 0 < c = m.

To obtain our results, we will follow some ideas introduced in [3].

2 Main Results

Our main result is concerned with the particular case when f (s) = λse4πs2
where

0 < λ < 1.

Theorem 4 Let 0 < λ < 1 and let

f (s) := λse4πs2 ∀s ∈ R. (5)

Then I ∈ C 1(H 1(R2),R) has a mountain pass geometry, the mountain pass value
c is a critical value and gives the ground state level, namely 0 < c = m.

Moreover, replacing assumption (fη) of Theorem 3 with the following more nat-
ural assumption
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(f3) lim|s|→+∞ sf (s)

e4πs2 ≥ β0 > 0,

we obtain the same result as in [3] (see Theorem 3 above).

Theorem 5 Assume (f0), (f1), (f2) and (f3). Then I ∈ C 1(H 1(R2),R) has a
mountain pass geometry, the mountain pass value c is a critical value and 0 <

c = m.

Comparing Theorem 5 with the result obtained by Alves, Montenegro and Souto
(see Theorem 3 above), we see that their hypothesis (fη) about the behavior of f

near zero is replaced by an assumption, i.e. (f3), at infinity.
We recall that assumption (f3) for bounded domains was introduced in [1] (see

also [6]) to obtain an existence result for elliptic equations with nonlinearities in the
critical exponential growth range in bounded domains of R2. In a subsequent paper,
[7], (f3) was taken into account to prove an existence result for analogous equations
in the whole space R

2.
To prove Theorems 4 and 5 we will follow the methods of [3] which improve the

ideas introduced in [8]. In the proof of Theorem 2 a key argument is the existence of
a solution of problem (1) given in [5]. In [5] it was shown that under the assumptions
(g0), (g1), (g2) and (g3) the nonlinear scalar field equation (1) possesses a nontrivial
ground state solution by means of the constrained minimization method

inf

{
1

2

∫

R2
|∇u|2 dx

∣∣∣∣ u ∈ H 1(
R

2) \ {0},
∫

R2
G(u)dx = 0

}
.

The main difficulty, as highlighted in [3], for the proof of Theorem 3 is indeed to
show that the infimum

A := inf

{
1

2

∫

R2
|∇u|2 dx

∣∣∣∣ u ∈ H 1(
R

2) \ {0},
∫

R2
G(u)dx = 0

}

is achieved, provided that (f0), (f1), (f2) and (fη) with η > 0 as in (4) hold. There-
fore we point out that, following [3], as a by-product of the proofs of Theorems 4
and 5 we have

Proposition 1 Assume either f is of the form (5) with 0 < λ < 1 or assume (f0),
(f1), (f2) and (f3). Then A is attained and the minimizer is, under a suitable change
of scale, a solution of problem (2). In particular m ≤ A.

This paper is organized as follows. In Sect. 3 we show that the functional I has
a mountain pass geometry and in Sect. 4 we introduce some preliminary results. In
Sect. 5 we obtain a precise estimate for the mountain pass level c that will enable us
to prove, in Sect. 6, Proposition 1. Finally in Sect. 7 we prove the main theorems,
Theorems 4 and 5, and the following

Proposition 2 Assume either f is of the form (5) with 0 < λ < 1 or assume (f0),
(f1), (f2) and (f3). Then the minimizer u ∈ H 1(R2) of A is a ground state solution
of problem (2), that is m = A.
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3 Mountain Pass Geometry

If f is as in (5) with 0 < λ < 1 then, for fixed q > 2 we have the existence of two
constants c1, c2 > 0 such that

∣∣f (s)
∣∣ ≤ c1|s| + c2|s|q−1(e4πs2 − 1

) ∀s ∈R, (6)

moreover, fixed q > 2 we have that for any ε > 0 there exists a constant C(q, ε) > 0
such that

F(s) ≤
(

λ

2
+ ε

)
s2 + C(q, ε)|s|q(

e4πs2 − 1
) ∀s ∈R. (7)

Note that (7) implies that F(u) ∈ L1(R2) for any u ∈ H 1(R2) and thus the func-
tional I : H 1(R2) → R is well defined. Furthermore, from (6) and using standard
arguments (see [4, Theorem A.VI]), it follows that I ∈ C 1(H 1(R2),R).

Similarly in the case when (f0) and (f1) hold, fixed q > 2, for any α > 4π and
any ε > 0 we have the existence of a constant C(q,α, ε) > 0 such that

∣∣f (s)
∣∣ ≤ ε|s| + C(q,α, ε)|s|q−1(eαs2 − 1

) ∀s ∈R,

and if in addition (f2) holds then

F(s) ≤ ε

2
s2 + C(q,α, ε)|s|q(

eαs2 − 1
) ∀s ∈ R. (8)

Therefore also in the case when (f0), (f1) and (f2) hold we have that the functional
I is well defined and of class C 1 on H 1(R2).

Obviously I (0) = 0, namely (I0) holds. Now we prove that I satisfies also (I1).

Lemma 1 Assume either f is of the form (5) with 0 < λ < 1 or assume (f0), (f1)

and (f2). Then there exist ρ,a > 0 such that I (u) ≥ a > 0 for any u ∈ H 1(R2) with
‖u‖H 1 = ρ.

Proof We begin considering the case when f is of the form (5) with 0 < λ < 1.
Fixed q > 2, for any u ∈ H 1(R2) we have

∫

R2
|u|q(

e4πu2 − 1
)
dx ≤ ‖u‖q

2q

(∫

R2

(
e4πu2 − 1

)2
dx

) 1
2

≤ C1‖u‖q

H 1

(∫

R2

(
e8πu2 − 1

)
dx

) 1
2

where C1 > 0 is a constant independent of u and we used the fact that the embed-
ding H 1(R2) ↪→ L2q(R2) is continuous. Moreover, recalling the Trudinger-Moser
inequality (3), we have the existence of a constant C2 > 0 such that

∫

R2

(
e8πu2 − 1

)
dx =

∫

R2

(
e

8π‖u‖2
H1 ( u

‖u‖
H1

)2

− 1
)
dx ≤ C2
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for any u ∈ H 1(R2) with 8π‖u‖2
H 1 ≤ 4π . Therefore applying (7), we get for any

ε > 0
∫

R2
F(u)dx ≤

(
λ

2
+ ε

)
‖u‖2

H 1 + C(q, ε)‖u‖q

H 1 ∀u ∈ H 1(
R

2), ‖u‖H 1 ≤ 1√
2
.

Let 0 < ρ < 1√
2

. Fixed q > 2, for any ε > 0

I (u) ≥ 1

2
(1 − λ − 2ε)ρ2 − C(q, ε)ρq ∀u ∈ H 1(

R
2), ‖u‖H 1 = ρ,

and choosing ε > 0 so that 1 − λ − 2ε > 0 and ρ sufficiently small we have that

I (u) ≥ a := 1

2
(1 − λ − 2ε)ρ2 − C(q, ε)ρq > 0.

Using (8) and arguing as before, it easy to prove that I satisfies (I1) also in the
case when (f0), (f1) and (f2) hold. �

We end this section with the proof of (I2).

Lemma 2 Assume either f is of the form (5) with 0 < λ < 1 or assume (f0) and
(f2). Then there exists u0 ∈ H 1(R2) such that ‖u0‖H 1 > ρ and I (u0) < 0.

Proof We begin with the case when f is of the form (5). We fix u ∈ H 1(R2). Using
the definition of F and the power series expansion of the exponential function, we
get

I (tu) ≤ 1

2
t2‖u‖H 1 − λ

2
t2‖u‖2

2 − λπt4‖u‖4
4 ∀t ≥ 0,

from which we deduce that I (tu) → −∞ as t → +∞. In the case when (f0) and
(f2) hold, in particular for any M > 0 there exists CM > 0 such that

F(s) ≥ M|s|2 − CM ∀s ∈ R.

Therefore, fixed u ∈ C ∞
0 (R2), for any t ≥ 0 we can estimate

I (tu) ≤ 1

2
t2‖u‖H 1 − Mt2‖u‖2

2 + CM | suppu|
and choosing M sufficiently large we can conclude that I (tu) → −∞ as
t → +∞. �

4 Preliminary Results

Let H 1
rad(R

2) be the space of spherically symmetric functions belonging to H 1(R2),

H 1
rad

(
R

2) := {
u ∈ H 1(

R
2) ∣∣ u(x) = u

(|x|) a.e. in R
2}.
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Lemma 3 Assume that f is of the form (5) with 0 < λ < 1. Let {un}n ⊂ H 1
rad(R

2)

be a sequence satisfying

sup
n

‖∇un‖2
2 = ρ < 1 and sup

n
‖un‖2

2 = M < +∞. (9)

Then un ⇀ u ∈ H 1
rad(R

2) in H 1(R2) and
∫

R2
F(un) dx − λ

2
‖un‖2

2
n→+∞−→

∫

R2
F(u)dx − λ

2
‖u‖2

2.

Before proceeding with the proof of this lemma, we point out that the Trudinger-
Moser inequality (3) holds also if we replace the standard Sobolev norm with the
modified norm

‖u‖2
H 1,τ

:= ‖∇u‖2
2 + τ‖u‖2

2 ∀u ∈ H 1(
R

2)

where τ > 0. In fact in the proof of (3) given in [10] (see also [2]) the value τ = 1,
appearing in ‖ · ‖H 1 = ‖ · ‖H 1,1 as a multiplicative constant for the L2-norm, does
not play any role and can be replaced by any τ > 0. Therefore in [10] the author
proved indeed that for any fixed τ > 0

sup
u∈H 1(R2),‖u‖

H1,τ
≤1

∫

R2

(
e4πu2 − 1

)
dx < +∞. (10)

This will enable us to prove Lemma 3.

Proof of Lemma 3 Let {un}n ⊂ H 1
rad(R

2) be a sequence satisfying (9) and un ⇀ u ∈
H 1

rad(R
2) in H 1(R2). We have to show that

∫

R2
P(un) dx

n→+∞−→
∫

R2
P(u)dx,

where

P(s) := F(s) − λ

2
s2 = λ

[
1

8π

(
e4πs2 − 1

) − 1

2
s2

]
.

To this aim, the idea is to apply the compactness lemma of Strauss (see Theorem A.I
in [4]).

First, we notice that there exists α0 > 4π such that

sup
n

∫

R2

(
eα0u

2
n − 1

)
dx < +∞. (11)

In fact, since ρ < 1, there exists σ > 0 such that ρ < 1 − σ < 1. Choosing 0 < τ <
1−(σ+ρ)

M
, we have that ‖un‖2

H 1,τ
< 1 − σ for any n ≥ 1. Therefore applying (10),

we can conclude that

sup
n

∫

R2

(
eαu2

n − 1
)
dx < +∞ for any 0 < α ≤ 4π

1 − σ

and, in particular, this last inequality holds for 4π < α ≤ 4π
1−σ

.
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It is easy to see that

lim
s→0

P(s)

eα0s
2 − 1

= 0

and, since α0 > 4π , we have also that

lim|s|→+∞
P(s)

eα0s
2 − 1

= 0.

Moreover, recalling that the embedding H 1
rad(R

2) ↪→ Lp(R2) is compact for any
p ∈ (2,+∞), we have that un → u a.e. in R

2 and this together with the continuity
assumption on f leads us to deduce that P(un) → P(u) a.e. in R

2. Finally, we can
notice that un(x) → 0 as |x| → +∞ uniformly with respect to n, as a consequence
of the following radial lemma:

∣∣v(x)
∣∣ ≤ 1√

2π

1√|x| ‖v‖H 1 a.e. in R
2, (12)

which holds for any v ∈ H 1
rad(R

2).
Then, applying the compactness lemma of Strauss, we can conclude that P(un)

converges to P(u) in L1(R2) as n → +∞. �

We recall that in [3] the authors proved the following result.

Lemma 4 Assume (f0) and (f1). Let {un}n ⊂ H 1
rad(R

2) be a sequence satisfying
conditions (9) of Lemma 3. Then un ⇀ u ∈ H 1

rad(R
2) in H 1(R2) and

∫

R2
F(un) dx →

∫

R2
F(u)dx.

We can notice that the proof of this lemma can be achieved arguing as in the
proof of Lemma 3 but letting P(s) := F(s).

We now prove that the infimum A is strictly positive, but before we point out that
whenever we deal with a minimizing sequence for A, that is a sequence {un}n ⊂
H 1(R2) \ {0} such that

∫

R2
G(un)dx = 0 ∀n ≥ 1 and

1

2

∫

R2
|∇un|2 dx

n→+∞−→ A;

without loss of generality we may assume that {un}n ⊂ H 1
rad(R

2) \ {0} and that
‖un‖2 = 1. In fact if {un}n ⊂ H 1(R2) \ {0} is a minimizing sequence for A then the
sequence {u∗

n}n ⊂ H 1(R2) \ {0}, where u∗
n is the spherically symmetric decreasing

rearrangement of un, is a minimizing sequence too. Furthermore letting

vn(x) := un

(
x‖u‖2

)
for a.e. x ∈ R

2

for any n ≥ 1, we have that

1

2

∫

R2
|∇vn|2 = 1

2

∫

R2
|∇un|2,

∫

R2
G(vn)dx = 1

‖un‖2
2

∫

R2
G(un)dx = 0

and ‖vn‖2 = 1.
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Lemma 5 Assume either f is of the form (5) with 0 < λ < 1, or assume (f0)

and (f1). Then A > 0.

Proof In the case that we assume (f0) and (f1), since Lemma 4 holds, we can argue
as in the proof of [3], Lemma 5.3 to conclude that A > 0. Therefore we only consider
the case when f (s) := λse4πs2

with 0 < λ < 1. Obviously A ≥ 0 and we argue by
contradiction assuming that A = 0. Then there exists {un}n ⊂ H 1

rad(R
2) \ {0} with

‖un‖2 = 1 ∀n ≥ 1 and
∫

R2
G(un)dx = 0 ∀n ≥ 1,

1

2

∫

R2
|∇un|2 dx

n→+∞−→ 0.

Let u ∈ H 1
rad(R

2) be the weak limit of {un}n in H 1(R2), then from Lemma 3 it
follows that

∫

R2
F(un) dx − λ

2
=

∫

R2
F(un) dx − λ

2
‖un‖2

2
n→+∞−→

∫

R2
F(u)dx − λ

2
‖u‖2

2.

Since

0 =
∫

R2
G(un)dx =

∫

R2
F(un) dx − 1

2
‖un‖2

2 =
∫

R2
F(un)dx − 1

2
,

i.e.
∫

R2
F(un) dx = 1

2
,

(13)

we have that
∫

R2
F(u)dx − λ

2
‖u‖2

2 = 1

2
(1 − λ) > 0

from which it follows that u 
= 0. On the other hand, the weak convergence un ⇀ u

in H 1(R2) implies that

0 = lim inf
n→+∞

1

2

∫

R2
|∇un|2 dx ≥ 1

2

∫

R2
|∇u|2 dx ≥ 0,

that is u ≡ 0, which leads to a contradiction. �

We introduce the set P of non-trivial functions satisfying the Pohozaev identity

P :=
{
u ∈ H 1(

R
2) \ {0}

∣∣∣∣

∫

R2
G(u)dx = 0

}

and we can notice that

A = inf
u∈P

1

2

∫

R2
|∇u|2 dx.

Since A > 0, arguing as in the proof of [8], Lemma 4.1 we have the following result.

Lemma 6 Assume either f is of the form (5) with 0 < λ < 1, or assume (f0)

and (f1). Then

γ
([0,1]) ∩ P 
= 0, γ ∈ Γ.
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This lemma leads to the following relation between the infimum A and the moun-
tain pass level c.

Lemma 7 Assume either f is of the form (5) with 0 < λ < 1, or assume (f0)

and (f1). Then the infimum A satisfies the inequality A ≤ c.

Proof Let γ ∈ Γ and let t0 ∈ (0,1] be such that γ (t0) ∈ P , the existence of such a
t0 is guaranteed by Lemma 6. Since γ (t0) ∈ P , we have

I
(
γ (t0)

) = 1

2

∫

R2
|∇u|2 dx

and thus

max
t∈[0,1]

I
(
γ (t)

) ≥ I
(
γ (t0)

) = 1

2

∫

R2
|∇u|2 dx ≥ A. (14)

From the arbitrary choice of γ ∈ Γ , inequality (14) holds for any γ ∈ Γ and hence
c ≥ A. �

5 Estimate of the Mountain Pass Level c

In order to get an upper bound for the mountain pass level c we will show the
existence of u ∈ H 1(R2) such that

max
t≥0

I (tu) <
1

2
. (15)

This gives indeed more precise information about the mountain pass level c, in fact
from (15) it is easy to deduce the existence of γ ∈ Γ such that

c ≤ max
t∈[0,1]

I
(
γ (t)

)
<

1

2
. (16)

First, we consider the case when f is as in (5) with 0 < λ < 1. To obtain the
existence of u ∈ H 1(R2) which satisfies the inequality (15), the fact that

lim|s|→+∞
sf (s)

e4πs2 = +∞ (17)

plays an important role. In particular we can notice from (17) it follows that for fixed

β0 >
1

π
(18)

there exists s = s(β0) > 0 such that

sf (s) ≥ β0e
4πs2 ∀|s| ≥ s. (19)
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We consider the modified Moser sequence introduced in [6]:

ωn(x) := 1√
2π

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(logn)
1
2 0 ≤ |x| ≤ 1

n
,

log 1
|x|

(logn)
1
2

1
n

≤ |x| ≤ 1,

0 |x| ≥ 1.

We have ωn ∈ H 1
0 (B1) ⊂ H 1(R2),‖∇ωn‖2 = 1 and ‖ωn‖2

2 = O(1/ logn). Then we
define

ωn := ωn

‖ωn‖H 1
.

Lemma 8 Assume f is of the form (5) with 0 < λ < 1. Then there exists n ≥ 1 such
that

max
t≥0

I (tωn) <
1

2
.

Proof We argue by contradiction assuming that for any n ≥ 1 we have
maxt≥0 I (tωn) ≥ 1

2 . For any n ≥ 1, let tn > 0 be such that I (tnωn) = maxt≥0 I (tωn)

≥ 1/2, then we can estimate

1

2
≤ I (tnωn) = 1

2
t2
n‖ωn‖2

H 1 −
∫

R2
F(tnωn)dx ≤ 1

2
t2
n

and thus t2
n ≥ 1, ∀n ≥ 1. At t = tn we have

0 = d

dt
I (tωn)

∣∣∣∣
t=tn

= tn −
∫

R2
f (tnωn)ωn dx,

which implies that

t2
n =

∫

R2
f (tnωn)tnωn dx. (20)

We claim that {tn}n ⊂ R is bounded. In fact, since

tnωn = tn

‖ωn‖H 1

1√
2π

√
logn → +∞ in B 1

n
,

it follows from (19) that at least for n ≥ 1 sufficiently large

t2
n ≥

∫

B 1
n

f (tnωn)tnωn dx ≥ β0

∫

B 1
n

e4π(tnωn)2
dx = π

n2
β0e

2 t2n
‖ωn‖2

H1
logn

. (21)

Consequently

1 ≥ πβ0e
2 t2n

‖ωn‖2
H1

logn−2 log tn−2 logn

for n ≥ 1 sufficiently large, and thus {tn}n must be bounded.
We claim that t2

n → 1 as n → +∞. Since t2
n ≥ 1 ∀n ≥ 1, we argue by contradic-

tion assuming that limn→+∞ t2
n > 1. Recalling (21), for n ≥ 1 sufficiently large we
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have

t2
n ≥ πβ0e

2 logn(
t2n

‖ωn‖2
H1

−1)

and letting n → +∞ we get a contradiction with the boundedness of the sequence
{tn}n.

In order to estimate (20) more precisely, we define the sets An := {x ∈ B1 |
tnωn(x) ≥ s} and Cn := B1 \ An where s > 0 is given in (19). With (20) and (19)
we can estimate for any n ≥ 1

t2
n ≥

∫

B1

f (tnωn)tnωn dx

≥ β0

∫

B1

e4πt2
nω2

n dx +
∫

Cn

f (tnωn)tnωn dx − β0

∫

Cn

e4πt2
nω2

n dx. (22)

Since ωn → 0 a.e. in B1, from the definition of Cn we obtain that the characteristic
functions χCn → 1 a.e. in B1, and the Lebesgue dominated convergence theorem
implies that

∫

Cn

f (tnωn)tnωn dx → 0,

∫

Cn

e4πt2
nω2

n dx → π as n → +∞.

If we prove that

lim
n→+∞

∫

B1

e4πt2
nω2

n dx ≥ 2π (23)

then by (22) 1 = limn→+∞ t2
n ≥ πβ0 which is in contradiction with (18). To end the

proof it remains only to show that inequality (23) holds. Since t2
n ≥ 1, we have

∫

B1

e4πt2
nω2

n dx ≥
∫

B1\B 1
n

e4πω2
n dx = 2π

∫ 1

1
n

e

2
‖ωn‖2

H1

1
logn

log2( 1
s
)

s ds

and if we make the change of variable

τ = log 1
s

‖ωn‖H 1 logn

then we obtain the following estimate
∫

B1\B 1
n

e4πt2
nω2

n dx ≥ 2π‖ωn‖H 1 logn

∫ 1
‖ωn‖

H1

0
e2 logn(τ2− τ |ωn‖

H1 ) dτ.

Now it suffices to notice that

τ 2 − τ‖ωn‖H 1

≥
⎧
⎨

⎩

−‖τωn‖H 1, 0 ≤ τ ≤ 1
2‖ωn‖

H1
,

( 2
‖ωn‖

H1
− ‖ωn‖H 1)(τ − 1

‖ωn‖
H1

) + 1
‖ωn‖2

H1
− 1, 1

2‖ωn‖
H1

≤ τ ≤ 1
‖ωn‖

H1

to conclude that (23) holds. �
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Next, we consider the case when (f2) and (f3) hold. In this case, as a conse-
quence of (f3), we have that for any ε > 0 there exists sε > 0 such that sf (s) ≥
(β0 −ε)e4πs2 ∀|s| ≥ sε . Let r > 0 be such that β0 > 1/(r2π), we consider the Moser
sequence introduced in [9]:

Mn(x) := 1√
2π

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

(logn)
1
2 0 ≤ |x| ≤ r

n
,

log r
|x|

(logn)
1
2

r
n

≤ |x| ≤ r,

0 |x| ≥ r.

Arguing as before (see also [7, Lemma 4.4]) we have the following result.

Lemma 9 Assume (f2) and (f3). Then there exists n ∈N such that

max
t≥0

I (tMn) <
1

2
where Mn := Mn

‖Mn‖H 1

.

6 The Infimum A Is Attained

In this section we will prove Proposition 1. We can notice that in either case, when
f is of the form (5) with 0 < λ < 1, or when (f0), (f1), (f2) and (f3) hold, if the
infimum A is attained then the minimizer u ∈ H 1

rad(R
2)\{0} is a solution of problem

(2), under a suitable change of scale. In fact, if u ∈ H 1
rad(R

2) \ {0} is such that

1

2

∫

R2
|∇u|2 dx = A and

∫

R2
G(u)dx = 0

then there exists a Lagrange multiplier θ ∈R, namely
∫

R2
∇u · ∇v dx = θ

∫

R2
g(u)v dx ∀v ∈ H 1(

R
2).

Claim The Lagrange multiplier θ is positive.

Proof of the claim First, we can notice that the case θ = 0 does not occur, since by
assumption u 
= 0. We infer that θ > 0. In fact, suppose by contradiction that θ < 0.
Then arguing as in [4], we can find w ∈ H 1(R2) satisfying

∫

R2
G(u + εw)dx > 0 and

∥∥∇(u + εw)
∥∥2

2 < ‖∇u‖2
2

for some ε > 0 sufficiently small. Moreover, we may assume that u + εw 
= 0. Now
we define h ∈ C ([0,1],R) as

h(t) :=
∫

R2
G

(
t[u + εw])dx.

By construction h(0) = 0 and h(1) > 0.
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Assume that f is of the form (5) with 0 < λ < 1. Then from (7) it follows that
∣∣∣∣

∫

R2
F

(
t[u + εw])dx

∣∣∣∣ ≤
(

λ

2
+ ε

)
t2‖u + εw‖2

2

+ C(q, ε)tq
∫

R2
|u + εw|q(

e4πt2(u+εw)2 − 1
)
dx

≤
(

λ

2
+ ε

)
t2‖u + εw‖2

2

+ C(q, ε)tq‖u + εw‖q

2q

(∫

R2

(
e8πt2(u+εw)2 − 1

)
dx

) 1
2

.

Since 0 ≤ t2‖u + εw‖2
H 1 → 0 as t → 0, there exists t0 ∈ (0,1) such that for 0 <

t < t0 we have
∣∣∣∣

∫

R2
F

(
t[u + εw])dx

∣∣∣∣ ≤
(

λ

2
+ ε

)
t2‖u + εw‖2

2 + C̃(q, ε)tq‖u + εw‖q

2q,

as a consequence of the Trudinger-Moser inequality (3). Thus, for 0 < t < t0

h(t) ≤
(

λ

2
+ ε − 1

2

)
t2‖u + εw‖2

2 + C̃(q, ε)tq‖u + εw‖q

2q

and choosing ε > 0 so small that λ
2 + ε − 1

2 < 0, we deduce that h(t) < 0 for suffi-
ciently small t > 0. In the case when (f0), (f1), (f2) and (f3) hold, we can achieve
the same conclusion applying (8).

Hence, in either case, when f is of the form (5) or when (f0), (f1), (f2) and
(f3) hold, we have h(t) < 0 for sufficiently small t > 0. Consequently, there exists
t1 ∈ (0,1) such that h(t1) = 0, which means that t1(u + εw) ∈ H 1(R2) satisfies the
constraint condition

∫

R2
G

(
t1[u + εw])dx = 0

and, since u is a minimizer for A,

1

2
‖∇u‖2

2 ≤ 1

2

∥∥t1∇(u + εw)
∥∥2

2 <
1

2

∥∥∇(u + εw)
∥∥2

2 <
1

2
‖∇u‖2

2.

This is a contradiction and θ must be positive; hence the claim is proved. �

Since θ > 0, we can set

uθ (x) := u

(
x√
θ

)
for a.e. x ∈R

2. (24)

Then uθ is a non-trivial solution of problem (2) and hence m ≤ I (uθ ). Moreover
∫

R2
|∇uθ |2 dx =

∫

R2
|∇u|2 dx = A,

∫

R2
G(uθ ) dx = θ

∫

R2
G(u)dx = 0,

from which we get I (uθ ) = 1
2

∫
R2 |∇uθ |2 dx = A and thus m ≤ A.
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Therefore to prove Proposition 1, it remains to show that the infimum A is
achieved. The proof in the case in which we assume (f0), (f1), (f2) and (f3) can
be easily reduced to the proof of [3, Theorem 1.4]. It suffices to notice that from
Lemma 7 and from inequality (16) it follows that A < 1/2, and thus we are in the
same framework of the proof of [3, Theorem 1.4].

Proof of Proposition 1 in the case f (s) := λse4πs2 ∀s ∈ R with 0 < λ < 1 From
Lemma 7 and from inequality (16), it follows that A < 1/2.

Let {un}n ∈ H 1
rad(R

2) \ {0}, ‖un‖2 = 1, ∀n ≥ 1, be a minimizing sequence for A:
∫

R2
G(un)dx = 0 ∀n ≥ 1 and

1

2

∫

R2
|∇un|2 dx

n→+∞−→ A. (25)

We will prove that the weak limit u ∈ H 1
rad(R

2) of {un}n in H 1(R2) is a minimizer
for A.

Since

lim sup
n→+∞

∫

R2
|∇un|2 dx = 2A < 1,

the assumptions of Lemma 3 are satisfied. Arguing as in (13), we deduce that
∫

R2
F(u)dx − λ

2
‖u‖2

2 = 1

2
(1 − λ) > 0 (26)

which in particular implies that u 
= 0.
From the weak convergence un ⇀ u in H 1(R2), we get

A = lim inf
n→+∞

1

2

∫

R2
|∇un|2 ≥ 1

2

∫

R2
|∇u|2.

Let

h(t) :=
∫

R2
G(tu)dx =

∫

R2
F(tu) dx − t2

2
‖u‖2

2 ∀t > 0;

to conclude the proof it suffices to prove that h(1) = 0. Since un ⇀ u in H 1(R2),
we have ‖u‖2

2 ≤ lim infn→+∞ ‖un‖2
2 = 1 and this together with (26) gives

h(1) =
∫

R2
F(u)dx − 1

2
‖u‖2

2 =
∫

R2
F(u)dx − λ

2
‖u‖2

2 + 1

2
(λ − 1)‖u‖2

2

= 1

2
(1 − λ) + 1

2
(λ − 1)‖u‖2

2 = 1

2
(1 − λ)

(
1 − ‖u‖2

2

) ≥ 0.

We argue by contradiction assuming that h(1) 
= 0, that is h(1) > 0. Using the def-
inition of F and the power series expansion of the exponential function, for any
t ∈ (0,1) we have

∫

R2
F(tu) dx ≤ λ

2
t2‖u‖2

2 + t4 λ

8π

+∞∑

j=2

(4π)j

j !
∫

R2
u2j dx

≤ λ

2
t2‖u‖2

2 + t4 λ

8π

∫

R2

(
e4πu2 − 1

)
dx.
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Hence for any t ∈ (0,1)

h(t) ≤ 1

2
(λ − 1)t2‖u‖2

2 + t4 λ

8π

∫

R2

(
e4πu2 − 1

)
dx,

from which we deduce that h(t) < 0 for t > 0 sufficiently small. But, by assumption,
h(1) > 0 and thus there exists t0 ∈ (0,1) such that h(t0) = 0. Consequently, recalling
the definition of h, we have

A ≤ 1

2

∫

R2

∣∣∇(t0u)
∣∣2

dx = 1

2
t2
0

∫

R2
|∇u|2 dx ≤ t2

0 A < A

which is a contradiction. �

7 Proofs of Theorems 4 and 5

In order to prove Theorems 4 and 5 we can notice that, both in the case when f is
of the form (5) with 0 < λ < 1 and in the case when (f0), (f1), (f2) and (f3) hold,
from Proposition 1 we have m ≤ A. Moreover, Lemma 7 tells us that A ≤ c and
hence m ≤ c. It remains only to show that

m ≥ c (27)

to conclude that the mountain pass level c gives the ground state level.
In [8] the authors proved the following result.

Theorem 6 [8, Lemma 2.1] Assume (g0), (g1), (g2) and (g3) as in Theorem 2. Then
for any solution u of (1) there exists a path γ ∈ Γ such that u ∈ γ ([0,1]) and

max
t∈[0,1]

I
(
γ (t)

) = I (u).

It is easy to see that the proof of this theorem works also under our assumptions
and this leads to (27).

Indeed, we can notice that in this way we proved that m = A = c. Hence if
u ∈ H 1(R2) is a minimizer for A and we define uθ as in (24) then uθ is a ground
state solution of problem (2). This gives the proof of Proposition 2.

Acknowledgements The authors wish to thank the anonymous referees for their useful remarks
and suggestions.
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Stationary Level Surfaces and Liouville-Type
Theorems Characterizing Hyperplanes

Shigeru Sakaguchi

Abstract We consider an entire graph S : xN+1 = f (x), x ∈ R
N in R

N+1 of a
continuous real function f over RN with N ≥ 1. Let Ω be an unbounded domain
in R

N+1 with boundary ∂Ω = S. Consider nonlinear diffusion equations of the
form ∂tU = Δφ(U) containing the heat equation ∂tU = ΔU . Let U = U(X, t) =
U(x,xN+1, t) be the solution of either the initial-boundary value problem over Ω

where the initial value equals zero and the boundary value equals 1, or the Cauchy
problem where the initial datum is the characteristic function of the set RN+1 \ Ω .
The problem we consider is to characterize S in such a way that there exists a sta-
tionary level surface of U in Ω .

We introduce a new class A of entire graphs S and, by using the sliding method
due to Berestycki, Caffarelli, and Nirenberg, we show that S ∈ A must be a hyper-
plane if there exists a stationary level surface of U in Ω . This is an improvement
of the previous result (Magnanini and Sakaguchi in J. Differ. Equ. 252:236–257,
2012, Theorem 2.3 and Remark 2.4). Next, we consider the heat equation in par-
ticular and we introduce the class B of entire graphs S of functions f such that
{|f (x) − f (y)| : |x − y| ≤ 1} is bounded. With the help of the theory of viscos-
ity solutions, we show that S ∈ B must be a hyperplane if there exists a stationary
isothermic surface of U in Ω . This is a considerable improvement of the previous
result (Magnanini and Sakaguchi in J. Differ. Equ. 248:1112–1119, 2010, Theo-
rem 1.1, case (ii)).

Related to the problem, we consider a class W of Weingarten hypersurfaces in
R

N+1 with N ≥ 1. Then we show that, if S belongs to W in the viscosity sense and S

satisfies some natural geometric condition, then S ∈ B must be a hyperplane. This
is also a considerable improvement of the previous result (Sakaguchi in Discrete
Contin. Dyn. Syst., Ser. S 4:887–895, 2011, Theorem 1.1).

Keywords Nonlinear diffusion · Heat equation · Initial-boundary value problem ·
Cauchy problem · Liouville-type theorems · Hyperplanes · Stationary level
surfaces · Stationary isothermic surfaces · Sliding method
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1 Introduction

For f ∈ C(RN) where N ≥ 1, let Ω be the domain in R
N+1 given by

Ω = {
X = (x, xN+1) ∈ R

N+1 : xN+1 > f (x)
}
. (1)

Throughout this paper we write X = (x, xN+1) ∈R
N+1 for x = (x1, . . . , xN) ∈ R

N .
Then we notice that ∂Ω = ∂(RN+1 \ Ω). Let φ : R →R satisfy

φ ∈ C2(R), φ(0) = 0, and 0 < δ1 ≤ φ′(s) ≤ δ2 for s ∈R, (2)

where δ1, δ2 are positive constants. Consider the unique bounded solution U =
U(X, t) of either the initial-boundary value problem:

∂tU = Δφ(U) in Ω × (0,+∞), (3)

U = 1 on ∂Ω × (0,+∞), (4)

U = 0 on Ω × {0}, (5)

where Δ = ∑N+1
j=1

∂2

∂x2
j

, or the Cauchy problem:

∂tU = Δφ(U) in R
N+1 × (0,+∞) and U = χΩc on R

N+1 × {0}; (6)

here χΩc denotes the characteristic function of the set Ωc = R
N+1 \ Ω . Note that

the uniqueness of the solution of either problem (3)–(5) or problem (6) follows
from the comparison principle (see [8, Theorem A.1, p. 253]). We consider the
solution U ∈ C2,1(Ω × (0,+∞)) ∩ L∞(Ω × (0,+∞)) ∩ C(Ω × (0,+∞)) such
that U(·, t) → 0 in L1

loc(Ω) as t → 0+ for problem (3)–(5). For problem (6), we
consider the solution U ∈ C2,1(RN+1 × (0,+∞)) ∩ L∞(RN+1 × (0,+∞)) such
that U(·, t) → χΩc(·) in L1

loc(R
N+1) as t → 0+.

By the strong comparison principle, we know that

0 < U < 1 and
∂U

∂xN+1
< 0 either in Ω × (0,+∞) or in R

N+1 × (0,+∞).

(7)

The profile of U as t → 0+ is controlled by the function Φ defined by

Φ(s) =
∫ s

1

φ′(ξ)

ξ
dξ for s > 0. (8)

In fact, in [8, Theorem 2.1 and Remark 2.2, p. 239] (see also [6, Theorem 1.1 and
Theorem 4.1, p. 940 and p. 947]) it is shown that, if U is the solution of either
problem (3)–(5) or problem (6), then

−4tΦ
(
U(X, t)

) → d(X)2 as t → 0+ uniformly on every compact subset of Ω.

(9)

Here, d = d(X) is the distance function:

d(X) = dist(X, ∂Ω) for X = (x, xN+1) ∈ Ω. (10)

Formula (9) is regarded as a nonlinear version of one obtained by Varadhan [12].
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A hypersurface Γ in Ω is said to be a stationary level surface of U (stationary
isothermic surface of U when φ(s) ≡ s) if at each time t the solution U remains
constant on Γ (a constant depending on t). Hence it follows from (9) that there
exists R > 0 such that

d(X) = R for every X ∈ Γ, (11)

provided Γ is a stationary level surface of U . The following theorem characterizes
the boundary ∂Ω in such a way that U has a stationary level surface Γ in Ω .

Theorem 1 Let U be the solution of either problem (3)–(5) or problem (6). Assume
that there exists a basis {y1, y2, . . . , yN } ⊂ R

N such that for every j = 1, . . . ,N the
function f (x + yj ) − f (x) has either a maximum or a minimum in R

N . Suppose
that U has a stationary level surface Γ in Ω . Then f is affine and ∂Ω must be a
hyperplane.

Remark 1 In order to prove Theorem 1, we shall also use the sliding method due
to Berestycki, Caffarelli, and Nirenberg [2]. In [8, Theorem 2.3 and Remark 2.4,
p. 240], instead of the assumption on f , it is assumed that for each y ∈ R

N there
exists h(y) ∈R such that

lim|x|→∞
[
f (x + y) − f (x)

] = h(y), (12)

which implies the assumption on f in Theorem 1. The condition (12) is a mod-
ified version of [2, (7.2), p. 1108], in which h(y) is supposed identically zero.
When N = 1, f (x) = ax + b + sinx (a, b ∈ R) satisfies the assumption on f

in Theorem 1, but it does not satisfy (12) provided y
2π

is not an integer. Another
f (x) = ax + b + sinx tan−1 x (a, b ∈ R) does not satisfy the assumption, but it is
Lipschitz continuous on R.

Let us consider the case where φ(s) ≡ s, that is, that of the heat equation, in
particular. The following theorem characterizes the boundary ∂Ω in such a way that
the caloric function U has a stationary isothermic surface in Ω .

Theorem 2 Let φ(s) ≡ s and let U be the solution of either problem (3)–(5) or
problem (6). Assume that U has a stationary isothermic surface Γ in Ω . Then f is
affine and ∂Ω must be a hyperplane, if either N ≤ 2 or {|f (x)−f (y)| : |x −y| ≤ 1}
is bounded.

Remark 2 When f is Lipschitz continuous in R
N and Ω satisfies the uniform exte-

rior sphere condition, this theorem was proved in [7, Theorem 1.1(ii), p. 1113]. By
combining [9, Lemma 3.1] with [11, Theorem 1.1, p. 887], we see that the assump-
tion that Ω satisfies the uniform exterior sphere condition is not needed. Also, the
Lipschitz continuity of f can be replaced by the uniform continuity of f , because
of Professor Hitoshi Ishii’s suggestion. Namely, by essentially the same proof as
in [11], it can be shown that [11, Theorem 1.1, p. 887] holds even if the Lipschitz
continuity is replaced by the uniform continuity. Here, the advantage of Theorem 2
is that we do not need to assume any uniform continuity of f .
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Let F = F(s) be a C1 symmetric and concave function on the positive cone Λ

given by

Λ =
{
s = (s1, . . . , sN ) ∈R

N : min
1≤j≤N

sj > 0
}
,

where N ≥ 1. Assume that F satisfies

Fsj

(
= ∂F

∂sj

)
> 0 for all j = 1, . . . ,N in Λ. (13)

Define G = G(s) by

G(s) = F(1/s1, . . . ,1/sN) for s ∈ Λ. (14)

Assume that G is convex in Λ. Such a class of functions F is dealt with in [1, 11].
Related to Theorems 1 and 2, for f ∈ C(RN) we consider the domain Ω given

by (1). Consider the entire graph ∂Ω = {(x, f (x)) ∈R
N+1 : x ∈ R

N } in R
N+1 of f .

Let κ1(x), . . . , κN(x) be the principal curvatures of ∂Ω with respect to the upward
unit normal vector to ∂Ω at (x, f (x)) for x ∈ R

N . As mentioned in [11, pp. 888–
889], for two real constants R > 0 and c, f ∈ C(RN) is said to satisfy

F(1 − Rκ1, . . . ,1 − RκN) = c in R
N (15)

in the viscosity sense (or to be a viscosity solution of (15)), if it is both a viscosity
subsolution and supersolution of (15). Here, f ∈ C(RN) is said to be a viscosity
subsolution (respectively supersolution) of (15), if for any open set W ⊂ R

N , any
ϕ ∈ C2(W) and any point x0 ∈ W satisfying

f (x0) = ϕ(x0), 1 − R max
1≤j≤N

κ
ϕ
j (x0) > 0, and

f ≤ ϕ (respectively f ≥ ϕ) in W,

we have

F
(
1 − Rκ

ϕ
1 (x0), . . . ,1 − Rκ

ϕ
N(x0)

) ≤ c (respectively ≥ c),

where κ
ϕ
1 (x0), . . . , κ

ϕ
N(x0) denote the principal curvatures of the graph of ϕ with

respect to the upward normal vector to the graph at (x0, ϕ(x0)). We introduce a
function g ∈ C(RN) defined by

g(x) = sup
|x−y|≤R

{
f (y) +

√
R2 − |x − y|2} for every x ∈ R

N. (16)

Then we have
{(

x,g(x)
) ∈ R

N+1 : x ∈R
N

} = {
X ∈ R

N+1 : d(X) = R
}

(= Γ ). (17)

Moreover, let us introduce a function f ∗ ∈ C(RN) defined by

f ∗(x) = inf|x−y|≤R

{
g(y) −

√
R2 − |x − y|2} for every x ∈ R

N. (18)

Then, by setting

D = {
X = (x, xN+1) ∈R

N+1 : xN+1 > g(x)
}
, (19)
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we notice the following:
{(

x,f ∗(x)
) ∈ R

N+1 : x ∈ R
N

} = {
X ∈R

N+1 : dist(X,D) = R
}
, (20)

f (x) ≤ f ∗(x) for every x ∈R
N. (21)

The third theorem gives a Liouville-type theorem for some Weingarten hypersur-
faces in the viscosity sense.

Theorem 3 Suppose that there exist two real constants R > 0 and c such that f ∈
C(RN) satisfies (15) in the viscosity sense, and moreover suppose that the equality
holds in (21), that is,

f (x) = f ∗(x) for every x ∈ R
N, (22)

where f ∗ = f ∗(x) is defined by (18). Then, c = F(1, . . . ,1) and f is an affine
function, that is, ∂Ω must be a hyperplane, provided {|f (x) − f (y)| : |x − y| ≤ 1}
is bounded.

Remark 3 The case where F(s) = (
∏N

j=1 sj )
1/N or F(s) = ∑N

j=1 log sj is related
to Theorem 2. The assumption (22), that is,

f (x) = inf|x−y|≤R

{
g(y) −

√
R2 − |x − y|2} for every x ∈R

N, (23)

implies that

max
1≤j≤N

κj ≤ 1

R
in R

N (24)

holds in the viscosity sense, because (22) yields that for every point X ∈ ∂Ω there
exists an open ball BR(Y ) with radius R and centered at Y ∈ Γ satisfying

X ∈ ∂BR(Y ) and BR(Y ) ⊂ Ω. (25)

Inequality (24) is one of main assumptions of [11, Theorem 1.1, p. 887]. Namely,
boundedness of {|f (x) − f (y)| : |x − y| ≤ 1} is much weaker than Lipschitz con-
tinuity of f , but (22) is stronger than (24). Also, (22) is satisfied by every classical
C2 solution f of (15) having the strict inequality in (24), because of the implicit
function theorem.

The present paper is organized as follows. In Sect. 2, we prove Theorem 1 by
using the sliding method due to Berestycki, Caffarelli, and Nirenberg [2]. In Sect. 3,
we prove Theorem 2 with the aid of the theory of viscosity solutions. We follow
the proof of [11, Theorem 1.1, p. 887] basically, but we here need a key lemma
(see Lemma 4) which gives new gradient estimates for f and g, because we do not
assume any uniform continuity of f . Section 4 is devoted to a proof of Theorem 3,
where gradient estimates for f and g are replaced by Lipschitz constant estimates
for f and g (see Lemma 7). In Sect. 5, we give a Bernstein-type theorem for some
C2 Weingarten hypersurfaces (see Theorem 4) as a remark on Theorem 3.
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2 Proof of Theorem 1

Since Γ is a stationary level surface of U , it follows from (9), (7) and the implicit
function theorem that there exist a number R > 0 and a function g ∈ C2(RN) such
that both (16) and (17) hold.

Conversely, let ν(y) denote the upward unit normal vector to Γ at (y, g(y)) ∈ Γ .
The facts that g is smooth, ∂Ω is a graph, and (y, g(y)) − Rν(y) ∈ ∂Ω for every
y ∈ R

N , imply that (22), (18), and (20) hold, namely, both (23) and (20) where f ∗
is replaced by f hold. Hence, we have in particular

∂Ω = {(
x,f (x)

) ∈ R
N+1 : x ∈R

N
} = {

X ∈ R
N+1 : dist(X,D) = R

}
, (26)

where D is given by (19). Thus, it follows from (26) that for every X ∈ ∂Ω there
exists Y ∈ Γ satisfying

X ∈ ∂BR(Y ) and BR(Y ) ⊂ Ω. (27)

Choose j arbitrarily. By the assumption of Theorem 1, the function f (x + yj ) −
f (x) has either a maximum or a minimum in R

N . Since the proof below is similar,
say f (x + yj ) − f (x) has a maximum M in R

N . Then there exists x0 ∈ R
N such

that

f
(
x + yj

) − f (x) ≤ M = f
(
x0 + yj

) − f (x0) for every x ∈ R
N. (28)

Let us use the sliding method due to Berestycki, Caffarelli, and Nirenberg [2]. We
set

Ωyj ,M = {
(x, xN+1) ∈R

N+1 : (x + yj , xN+1 + M
) ∈ Ω

}
.

Then we have

f
(
x + yj

) − M ≤ f (x) for every x ∈ R
N,

Ωyj ,M ⊃ Ω and
(
x0, f (x0)

) ∈ ∂Ω ∩ ∂Ωyj ,M.

Suppose that Ωyj ,M � Ω . Then, by the strong comparison principle we have

U
(
x + yj , xN+1 + M, t

)
< U(X, t)

for every (X, t) = (x, xN+1, t) ∈ Ω × (0,+∞). (29)

On the other hand, since (x0, f (x0)) ∈ ∂Ω ∩ ∂Ωyj ,M and Ωyj ,M ⊃ Ω , it follows
from (27) that there exists Y0 = (y0, g(y0)) ∈ Γ satisfying

(
x0, f (x0)

) ∈ ∂BR(Y0) and BR(Y0) ⊂ Ω ⊂ Ωyj ,M.

Hence, since Γ = {X ∈R
N+1 : d(X) = R} and Γ is a stationary level surface of U ,

we have

U
(
y0 + yj , g(y0) + M, t

) = U(Y0, t) for every t > 0,

which contradicts (29). Thus, we get Ωyj ,M = Ω , that is,

f
(
x + yj

) − M = f (x) for every x ∈ R
N.
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Therefore we conclude that there exist a1, . . . , aN ∈ R satisfying

f
(
x + yj

) = f (x) + aj for every x ∈ R
N and for j = 1, . . . ,N, (30)

since j is chosen arbitrarily. Since f is continuous on R
N and {y1, y2, . . . , yN } is

a basis of RN , we can solve (30) as a system of functional equations and conclude
that f (x) is determined by its values on E = {∑N

j=1 βjy
j ∈ R

N : 0 ≤ βj < 1, j =
1, . . . ,N}. Indeed, if x = ∑N

j=1(rj + βj )y
j for r = (r1, . . . , rN ) ∈ Z

N and β =
(β1, . . . , βN) ∈ [0,1)N , then f (x) = f (

∑N
j=1 βjy

j ) + ∑N
j=1 rj aj . Moreover, this

property of f implies that for every y ∈R
N the function f (x +y)−f (x) has either

a maximum or a minimum on R
N . Thus, by employing the sliding method again,

we get

f (x + y) − f (x) = f (z + y) − f (z) for every x, y, z ∈R
N. (31)

Since f is continuous on R
N , we solve (31) as a system of functional equations and

conclude that f is affine. This completes the proof of Theorem 1.

3 Proof of Theorem 2

Note that U is real analytic in x, since U satisfies the heat equation. Since Γ is
a stationary isothermic surface of U , it follows from (7) and the implicit function
theorem that Γ is the graph of a real analytic function g = g(x) for x ∈ R

N . Let us
first quote an important lemma from [9, Lemma 3.1]. We can use this lemma, since
∂Ω = ∂(RN+1 \ Ω), Γ is already real analytic and Γ = ∂D where D is given by
(19). The interior cone condition of D in the lemma with respect to Γ is of course
satisfied, but in [9] it is used only to show that Γ is smooth.

Lemma 1 [9] The following assertions hold:

(1) there exists a number R > 0 such that d(X) = R for every X ∈ Γ ;
(2) Γ is a real analytic hypersurface;
(3) ∂Ω is also a real analytic hypersurface, such that the mapping ∂Ω 


(x, f (x)) �→ Y(x,f (x)) ≡ (x, f (x)) + Rν(x) ∈ Γ , where ν(x) is the upward
unit normal vector to ∂Ω at (x, f (x)) ∈ ∂Ω , is a diffeomorphism; in particular,
∂Ω and Γ are parallel hypersurfaces at distance R;

(4) it holds that

max
1≤j≤N

κj (x) <
1

R
for every x ∈R

N, (32)

where κ1(x), . . . , κN(x) are the principal curvatures of ∂Ω at (x, f (x)) ∈ ∂Ω

with respect to the upward unit normal vector to ∂Ω ;
(5) there exists a number c > 0 such that

N∏

j=1

(
1 − Rκj (x)

) = c for every x ∈R
N. (33)
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Note that in Lemma 1 (1) follows from (9) and (2) follows simply from the
implicit function theorem. When N = 1, (5) of Lemma 1 implies the conclusion of
Theorem 2, since the curvature of the curve ∂Ω is constant. Let N ≥ 2. With the
aid of Lemma 1, applying [11, Lemmas 4.2 and 4.3, p. 891 and p. 892] to F(s) =
(
∏N

j=1 sj )
1/N yields the following lemma.

Lemma 2 c = 1 and H∂Ω ≤ 0 ≤ HΓ in R
N , where H∂Ω (resp. HΓ ) denotes the

mean curvature of ∂Ω (resp. Γ ) with respect to the upward unit normal vector to
∂Ω (resp. Γ ).

When N = 2, by setting

Γ ∗ =
{
X ∈ Ω : d(X) = R

2

}
, (34)

the fact that c = 1 implies that Γ ∗ is an entire minimal graph over R2. Therefore,
by Bernstein’s theorem for the minimal surface equation, Γ ∗ must be a hyperplane
as in [7]. (See [4, 5] for Bernstein’s theorem, and for more general setting see also
Theorem 4 in Sect. 5 in the present paper.) Thus it remains to consider the case
where N ≥ 3 and {|f (x) − f (y)| : |x − y| ≤ 1} is bounded.

On the other hand, (3) of Lemma 1 gives us the following geometric property.

Lemma 3 The following two assertions hold:

(i) for every Y ∈ Γ there exists X ∈ ∂Ω such that Y ∈ ∂BR(X) and BR(X) ⊂
R

N+1 \ D;
(ii) for every X ∈ ∂Ω there exists Y ∈ Γ such that X ∈ ∂BR(Y ) and BR(Y ) ⊂ Ω .

Moreover f and g have the relationship, (16) and (23). Indeed, (16) follows from
(1) of Lemma 1, and (23) follows from (1) of Lemma 1 and (ii) of Lemma 3. Since
{|f (x) − f (y)| : |x − y| ≤ 1} is bounded, we see that {|g(x) − g(y)| : |x − y| ≤ 1}
is also bounded. By Lemma 2 we have

M (f ) ≤ 0 ≤ M (g) ≡ div

( ∇g
√

1 + |∇g|2
)

in R
N. (35)

Let Bn = {x ∈ R
N : |x| < n} for n ∈ N. Then, by [4, Theorem 16.9, pp. 407–408],

for each n ∈ N, there exist two functions fn, gn ∈ C2(Bn) ∩ C(Bn) solving

M (fn) = M (gn) = 0 in Bn,

fn = f and gn = g on ∂Bn.

Hence it follows from the comparison principle that for each n ∈ N there exists
zn ∈ ∂Bn such that

fn+1 ≤ fn ≤ f < g ≤ gn ≤ gn+1 and gn − fn ≤ g(zn) − f (zn) in Bn. (36)
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Since {|f (x) − f (y)| : |x − y| ≤ 1} is bounded, it follows from (16) that g − f

is bounded in R
N and hence with the aid of (36) there exists a constant C∗ > 0

satisfying

g − C∗ ≤ fn ≤ f and g ≤ gn ≤ f + C∗ in Bn for every n ∈ N. (37)

Thus, since both {|f (x) − f (y)| : |x − y| ≤ 1} and {|g(x) − g(y)| : |x − y| ≤ 1} are
bounded, by using the interior estimates for the minimal surface equation (see [4,
Corollary 16.7, p. 407]) with the aid of (37) and the monotonicity with n in (36),
we proceed as in [11, pp. 893–894] to see that there exist two functions f∞, g∞ ∈
C∞(RN) satisfying

M (f∞) = M (g∞) = 0 in R
N,

|∇f∞| and |∇g∞| are bounded on R
N,

fn → f∞ and gn → g∞ as n → ∞ uniformly on every compact set in R
N.

Then it follows from Moser’s theorem [10, Corollary, p. 591] that both f∞ and g∞
are affine and hence the graph of f∞ is parallel to that of g∞ because f∞ ≤ g∞
in R

N . Thus there exists η ∈R
N satisfying

f∞(x) = η · x + f∞(0) and g∞(x) = η · x + g∞(0) for every x ∈ R
N. (38)

Moreover we have

f∞ ≤ f < g ≤ g∞ in R
N, (39)

f (zn) − f∞(zn) and g∞(zn) − g(zn) → 0 as n → ∞. (40)

Indeed, (39) follows from (36). Observe that for each n ∈ N

gn(0) − fn(0) ≤ g(zn) − f (zn) ≤ gn+1(zn) − fn+1(zn)

≤ g(zn+1) − f (zn+1) ≤ g∞(zn+1) − f∞(zn+1) = g∞(0) − f∞(0).

Hence letting n → ∞ yields that g(zn)−f (zn) → g∞(0)−f∞(0) as n → ∞. Thus
as n → ∞

(
f (zn) − f∞(zn)

) + (
g∞(zn) − g(zn)

)

= (
g∞(0) − f∞(0)

) − (
g(zn) − f (zn)

) → 0,

which gives (40).
It suffices to show that f ≡ f∞ and g ≡ g∞. Lemma 3 yields the following key

lemma.

Lemma 4 (Gradient estimates) There exist three constants ε0 > 0, δ0 > 0, and
C0 > 0 such that

(1) if z ∈R
N and (0 ≤)g∞(z) − g(z) ≤ ε0, then sup|y−z|≤δ0

|∇g(y)| ≤ C0;
(2) if z ∈R

N and (0 ≤)f (z) − f∞(z) ≤ ε0, then sup|x−z|≤δ0
|∇f (x)| ≤ C0.
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Proof (i) of Lemma 3 yields (1) and (ii) of Lemma 3 yields (2), respectively. Let
us show (1). Recall that g∞ is affine and ∇g∞ ≡ η. Denote by H the hyperplane
given by the graph of g∞. Then (−η,1)√

1+|η|2 is the upward unit normal vector to H . By

(i) of Lemma 3, for every Y = (y, g(y)) ∈ Γ there exists X = (x, f (x)) ∈ ∂Ω such
that the ball BR(X) touching Γ from below at Y ∈ Γ must be below H . Hence,

if Y is sufficiently close to H , then
Y − X

R
is sufficiently close to

(−η,1)
√

1 + |η|2 .

(41)

Namely, for every μ > 0 there exists λ > 0 such that, if (0 ≤)g∞(y) − g(y) ≤ λ,
then

∣∣∣∣
y − x

R
− −η

√
1 + |η|2

∣∣∣∣

2

+
(

g(y) − f (x)

R
− 1

√
1 + |η|2

)2

< μ2. (42)

Of course, at the touching point Y , ∇g(y) equals the gradient of f (x) +√
R2 − |y − x|2 with respect to y, that is,

∇g(y) = − y − x
√

R2 − |y − x|2 . (43)

On the other hand, if a point (z, g(z)) ∈ Γ is sufficiently close to H , then by
(41) there exists a uniform neighborhood Nz of z in R

N such that every point
Y = (y, g(y)) ∈ Γ with y ∈ Nz is sufficiently close to H . Namely, for every λ > 0
there exist ε > 0 and δ > 0 such that, if (0 ≤)g∞(z)−g(z) ≤ ε and |y − z| < δ, then
(0 ≤)g∞(y) − g(y) ≤ λ. Thus, combining this fact with (42) and (43) yields (1).
(2) is similar. �

The last lemma is

Lemma 5 The following two assertions hold:

(i) g∞(x + zn)−g(x + zn) → 0 as n → ∞ uniformly on every compact set in R
N ;

(ii) f (x +zn)−f∞(x +zn) → 0 as n → ∞ uniformly on every compact set in R
N .

This lemma implies the conclusion of Theorem 2. Indeed, in view of (39) and
Lemma 3, Lemma 5 yields that the graphs of g∞ and f∞ are parallel hyperplanes
at distance R. This means that f ≡ f∞ and g ≡ g∞. Thus it remains to prove
Lemma 5.

Proof of Lemma 5 Since (ii) is similar to (i), let us show (i). Set

Gn(x) = g(x + zn) − g(zn) for x ∈ R
N and n ∈N.

Then Gn(0) = 0 for every n ∈ N. Since by (40) g∞(zn) − g(zn) → 0 as n → ∞,
it follows from (1) of Lemma 4 that there exists N0 ∈ N such that {Gn : n ≥ N0} is
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equicontinuous and bounded on Bδ0(0) (⊂ R
N ). The Arzelà-Ascoli theorem gives

us that there exist a subsequence {Gn′ } and a function G∞ ∈ C(Bδ0(0)) such that

Gn′ → G∞ as n → ∞ uniformly on Bδ0(0). (44)

Notice that G∞(0) = 0. Since M (Gn) ≥ 0 in R
N by (35), we have that

M (G∞) ≥ 0 in Bδ0(0) in the viscosity sense. Observe that

Gn′(x) = g(x + zn′) − g(zn′) ≤ g∞(x + zn′) − g(zn′)

= {
g∞(x + zn′) − g∞(zn′)

} + {
g∞(zn′) − g(zn′)

}

= η · x + {
g∞(zn′) − g(zn′)

}
.

Hence, by (40) and (44), letting n′ → ∞ yields

G∞(x) ≤ η · x in Bδ0(0). (45)

Therefore, since M (η · x) = 0 ≤ M (G∞) in Bδ0(0) in the viscosity sense and
η · 0 = 0 = G∞(0), by the strong comparison principle of Giga and Ohnuma [3,
Theorem 3.1, p. 173] we see that

G∞(x) ≡ η · x in Bδ0(0).

Thus G∞ is uniquely determined independently of the choice of the subsequence
and therefore from (44) we conclude that

Gn(x) → η · x as n → ∞ uniformly on Bδ0(0). (46)

Then, since

g∞(x + zn) − g(x + zn) = {
g∞(x + zn) − g∞(zn)

} − Gn(x) + {
g∞(zn) − g(zn)

}

= η · x − Gn(x) + {
g∞(zn) − g(zn)

}
,

we get from (40) and (46)

g∞(x + zn) − g(x + zn) → 0 as n → ∞ uniformly on Bδ0(0). (47)

Moreover, by using (1) of Lemma 4 again for any point z ∈ ∂Bδ0(0) and repeating
the same argument as above, we see that (47) holds even if Bδ0(0) is replaced by
B 3

2 δ0
(0). Thus, repeating this argument as many times as one wants yields conclu-

sion (i). �

Remark 4 For the proof of Theorem 3, we give a remark for the case where N = 1.
Even when N = 1, all Lemmas 2–5 hold true. Indeed, when N = 1, M (g) = g′′(1+
(g′)2)−

3
2 in (35). Hence the graphs of fn and gn are line segments and without using

Moser’s theorem we can get two affine functions f∞ and g∞ in (38).

4 Proof of Theorem 3

We follow the proof of Theorem 2. By [11, Lemmas 4.2 and 4.3, p. 891 and p. 892],
we have instead of Lemma 2.
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Lemma 6 c = F(1, . . . ,1) and H∂Ω ≤ 0 ≤ HΓ in R
N in the viscosity sense, where

H∂Ω (resp. HΓ ) denotes the mean curvature of ∂Ω (resp. Γ ) with respect to the
upward unit normal vector to ∂Ω (resp. Γ ).

Also, in view of (16) and (23) coming from (22), we see that Lemma 3 also
holds. Then proceeding as in the proof of Theorem 2 yields two affine functions f∞
and g∞ satisfying (38), (39), and (40). Hence, it suffices to show that f ≡ f∞ and
g ≡ g∞. Lemma 3 yields the following key lemma instead of Lemma 4.

Lemma 7 (Lipschitz constant estimates) There exist three constants ε0 > 0, δ0 > 0,
and C0 > 0 such that

(1) if z ∈R
N and (0 ≤)g∞(z) − g(z) ≤ ε0, then supx,y∈Bδ0 (z), x �=y

|g(x)−g(y)|
|x−y| ≤ C0;

(2) if z ∈ R
N and (0 ≤)f (z)−f∞(z) ≤ ε0, then supx,y∈Bδ0 (z), x �=y

|f (x)−f (y)|
|x−y| ≤ C0.

Proof We adjust the proof of Lemma 4 to this situation. (i) of Lemma 3 yields
(1) and (ii) of Lemma 3 yields (2), respectively. Let us show (1). Recall that g∞
is affine and ∇g∞ ≡ η. Denote by H the hyperplane given by the graph of g∞.
Then (−η,1)√

1+|η|2 is the upward unit normal vector to H . By (i) of Lemma 3, for

every Y = (y, g(y)) ∈ Γ there exists X = (x, f (x)) ∈ ∂Ω such that the ball BR(X)

touching Γ from below at Y ∈ Γ must be below H . Hence,

if Y is sufficiently close to H , then
Y − X

R
is sufficiently close to

(−η,1)
√

1 + |η|2 .

(48)

Namely, for every μ > 0 there exists λ > 0 such that, if (0 ≤)g∞(y) − g(y) ≤ λ,
then

∣∣∣∣
y − x

R
− −η

√
1 + |η|2

∣∣∣∣

2

+
(

g(y) − f (x)

R
− 1

√
1 + |η|2

)2

< μ2. (49)

On the other hand, if a point (z, g(z)) ∈ Γ is sufficiently close to H , then by
(48) there exists a uniform neighborhood Nz of z in R

N such that every point Y =
(y, g(y)) ∈ Γ with y ∈ Nz is sufficiently close to H . Namely, for every λ > 0
there exist ε > 0 and δ > 0 such that, if (0 ≤)g∞(z) − g(z) ≤ ε and |y − z| < δ,
then (0 ≤)g∞(y) − g(y) ≤ λ.

Moreover, in view of (48), by choosing π
2 > θ > 0 sufficiently small and intro-

ducing a cone V defined by

V = {
Ξ = (ξ, ξN+1) ∈R

N+1 : ξN+1 > |Ξ | cos θ
}
,

we see that, if Y ∈ Γ is sufficiently close to H , then V + Y = {Ξ + Y : Ξ ∈ V } ⊂
D, where V + Y is a cone with vertex Y . Here D is given by (19). Indeed, if
V + Y �⊂ D, then there exists another point Ỹ (�= Y) ∈ Γ ∩ (V + Y). However, in
view of (48), a ball BR(X̃) touching Γ from below at Ỹ might contain Y since θ > 0
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is small. This is a contradiction. Namely, if Y = (y, g(y)) ∈ Γ with y ∈ Nz, then,
with the aid of (i) of Lemma 3, we must have

V + Y ⊂ D, BR(X) ⊂ R
N+1 \ D, and Y ∈ ∂(V + Y) ∩ ∂BR(X).

This gives (1). (2) is similar. �

Hence, by using Lemma 7 instead of Lemma 4, we can proceed as in the proof of
Theorem 2 to see that Lemma 5 also holds. Therefore, (39), Lemma 3 and Lemma 5
yield the conclusion of Theorem 3.

5 Concluding Remarks

When N = 2, we have a Bernstein-type theorem for some C2 Weingarten hypersur-
faces related to Theorem 3.

Theorem 4 Suppose that there exist two real constants R > 0 and c such that
f ∈ C2(R2) satisfies

F(1 − Rκ1,1 − Rκ2) = c and max
1≤j≤2

κj (x) <
1

R
in R

2. (50)

Then, c = F(1,1) and f is an affine function, that is, ∂Ω must be a hyperplane.

Proof Here we have Lemma 6. We consider Γ ∗ defined by (34) as in Sect. 3. Then
∂Ω , Γ ∗, and Γ are parallel hypersurfaces. Denote by κ∗

1 (Z), κ∗
2 (Z) the principal

curvatures of Γ ∗ with respect to the upward unit normal vector ν∗(Z) to Γ ∗ at
Z ∈ Γ ∗, and denote by κ̂1(Y ), κ̂2(Y ) the principal curvatures of Γ with respect to
the upward unit normal vector at Y = Z + R

2 ν∗(Z) ∈ Γ . Also, here for the principal
curvatures of ∂Ω we use the notation κ1(X), κ2(X) instead of κ1(x), κ2(x) with
(x, f (x)) = X = Z − R

2 ν∗(Z) ∈ ∂Ω . These principal curvatures have the following
relationship:

κj (X) = κ∗
j (Z)

1 + R
2 κ∗

j (Z)
and κ̂j (Y ) = κ∗

j (Z)

1 − R
2 κ∗

j (Z)
for each j = 1,2.

Since max
1≤j≤2

κj (X) <
1

R
and 1 − Rκj (X) = 1

1 + Rκ̂j (Y )
, we see that

− 2

R
< κ∗

j (Z) <
2

R
for each j = 1,2. (51)

On the other hand, by Lemma 6, we have

2∑

j=1

κ∗
j (Z)

1 + R
2 κ∗

j (Z)
≤ 0 ≤

2∑

j=1

κ∗
j (Z)

1 − R
2 κ∗

j (Z)
.
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This gives

κ∗
1 + κ∗

2 + Rκ∗
1 κ∗

2 ≤ 0 ≤ κ∗
1 + κ∗

2 − Rκ∗
1 κ∗

2 ,

and hence

κ∗
1 κ∗

2 ≤ 0 and Rκ∗
1 κ∗

2 ≤ κ∗
1 + κ∗

2 ≤ −Rκ∗
1 κ∗

2 .

Then, with the aid of (51), we conclude that
(
κ∗

1

)2 + (
κ∗

2

)2 ≤ 2 · (−3)κ∗
1 κ∗

2 .

Hence the Gauss map of Γ ∗ is (−3,0)-quasiconformal on R
2 (see [4, (16.88),

p. 424]) and hence by [4, Corollary 16.19, p. 429] Γ ∗ must be a hyperplane. �
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Nonexistence of Multi-bubble Solutions
for a Higher Order Mean Field Equation
on Convex Domains

Futoshi Takahashi

Abstract In this note, we are concerned with the blowing-up behavior of solutions
to the 2p-th order mean field equation under the Navier boundary condition:{

(−Δ)pu = ρ
V (x)eu∫

Ω V (x)eu dx
in Ω,

(−Δ)ju = 0 on ∂Ω, (j = 0,1, . . . , p − 1),

where Ω is a smooth bounded domain in R
2p for p ∈ N. By using a new Pohozaev

type identity for the Green function of (−Δ)p under the Navier boundary condi-
tion, we show that the set of blow up points for any blowing-up solution sequence
must be a singleton on convex domains, under some assumptions on the weight
function V .

Keywords Blowing-up solution · Higher order mean field equation · Green’s
function

1 Introduction

Recently, many authors have been interested in the study of nonlinear elliptic par-
tial differential equations involving higher order differential operators, because of
its connection to the conformal geometry. One of the most important conformally
invariant differential operators on a four-dimensional Riemannian manifold (M,g)

is a Paneitz operator, defined as

Pg = Δ2
g − δg

(
2

3
Sg − 2Ricg

)
d

where Δg denotes the Laplace-Beltrami operator with respect to g, δg the co-
differential, d the exterior differential, Sg and Ricg denote the scalar and Ricci
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curvature of the metric g. By this symbol, the equation of prescribing Q-curvature
on (M,g) is described as

Pgu + 2Qg = 2Q̄gue
4u

where Qg is the Q-curvature of the original metric g, Q̄gu is the Q-curvature of
the new metric gu = e4ug. For the recent development of finding conformal metrics
with prescribed Q-curvature on compact 4-manifolds and the bubbling behavior of
non-compact solution sequences, see, for instance, [7, 9, 15]. If (M,g) is R4 with its
standard Euclidean metric, the Paneitz operator Pg is nothing but Δ2 = ΔΔ where

Δ = ∑4
i=1

∂2

∂x2
i

is the Laplacian in R
4, and the equation of prescribing Q-curvature

becomes of the form

Δ2u = ρ
V (x)e4u∫

Ω
V (x)e4u dx

.

See [8, 10, 12] and the references therein.
In this paper, we consider a generalization of it, namely, we are concerned with

the following 2p-th order mean field equation (p ∈ N){
(−Δ)pu = ρ

V (x)eu∫
Ω V (x)eu dx

in Ω,

(−Δ)ju = 0 on ∂Ω, (j = 0,1, . . . , p − 1),

(1)

where Ω is a smooth bounded domain in R
2p , ρ is a positive parameter and

V ∈ C2,β(Ω), (0 < β < 1) is a positive function. Let us define the variational func-
tional Iρ : X →R,

Iρ(u) = 1

2

∫
Ω

∣∣(−Δ)
p
2 u

∣∣2
dx − ρ log

∫
Ω

V (x)eu dx

where

X = Hp(Ω) ∩
{
u

∣∣∣∣ (−Δ)ju ∈ H 1
0 (Ω), j = 0,1, . . . ,

[
p − 1

2

]}
,

and

(−Δ)
p
2 u =

{∇(−Δ)k−1u, (p = 2k − 1),

(−Δ)ku, (p = 2k),

for k ∈ N. Then (1) is the Euler-Lagrange equation of Iρ .
In the following, let α0(p) denote the best constant for the Adams version

Trudinger-Moser inequality [1]: there exists C(Ω) < +∞ such that for any α ≤
α0(p) and u ∈ C∞

0 (Ω) with ∥∥(−Δ)
p
2 u

∥∥
L2(Ω)

≤ 1,

there holds ∫
Ω

eαu2
dx ≤ C(Ω).
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The same holds for u ∈ X by standard density argument. It is known that α0(p) =
(4π)pp!. Note also that 2α0(p) = 2pΛ, where

Λ = (2p − 1)!∣∣S2p
∣∣ =

∫
S2p

Qg
S2p

dVg
S2p

is the total Q-curvature of the standard sphere (S2p, gS2p ). In the sequel, G =
G(x,y) will denote the Green function of (−Δ)p under the Navier boundary con-
dition: {

(−Δ)pG(·, y) = δy in Ω ⊂ R
2p,

G(·, y) = (−Δ)jG(·, y) = 0 on ∂Ω, (j = 1, . . . , p − 1).

We decompose G as G(x,y) = Γ (x, y)−H(x,y), where Γ (x, y) is the fundamen-
tal solution of (−Δ)p on R

2p , defined as

Γ (x, y) = Cp log
1

|x − y| , Cp = 1

{2p−1(p − 1)!}2|S2p−1| ,

and H = H(x,y) ∈ C∞(Ω × Ω) is called the regular part of the Green function.
Finally, let R(y) = H(y,y) denote the Robin function associated with the Green
function of (−Δ)p under the Navier boundary condition.

On the asymptotic behavior of blowing-up solutions to (1), C.-S. Lin and
J.-C. Wei proved, among others, the following result; see [13, 14, 18].

Proposition 1 Assume V ∈ C2,β(Ω), infΩ V > 0. Let uρn be a solution sequence
to (1) with ρ = ρn > 0 such that ‖uρn‖L∞(Ω) → ∞ while ρn = O(1) as n → ∞.
Then there exists a subsequence (again denoted by ρn) and a set of m-points S =
{a1, . . . , am} ⊂ Ω (blow up set) such that

ρn → 2α0(p)m, (mass quantization)

uρn → 2α0(p)

m∑
j=1

G(·, aj ) in C
2p

loc(Ω \ S ),

ρn

V (x)euρn∫
Ω

V (x)euρn dx
⇀ 2α0(p)

m∑
i=1

δai
in the sense of measures

as n → ∞. Finally, each blow up point ai ∈ S must satisfy

1

2
∇R(ai) −

m∑
j=1,j 
=i

∇xG(ai, aj ) − 1

2α0(p)
∇ logV (ai) = 0, (2)

for i = 1, . . . ,m. (Characterization of blow up points.)

The main difficulty in the proof is to show that the blow up set S consists of only
interior points of Ω . In [13, 14], the authors used the local version of the method of
moving planes to overcome this difficulty. After showing that S ⊂ Ω , the rest of
claims can be proved by the argument in [18]. As for the asymptotic study for the
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higher order mean field equation under the Dirichlet boundary condition, we refer
the reader to [17] and [16].

Concerning the actual existence of multi-bubble solutions to (1) (m ≥ 2) which
exhibit the asymptotic behavior described in Proposition 1, there are some affirma-
tive results when p = 2.

Proposition 2 [2, 6] Let p = 2 and m ≥ 2 be an integer. Set Ωm = Ω × · · · × Ω

(m times) and Δ = {(ξ1, . . . , ξm) ∈ Ωm | ξi = ξj for some i 
= j}. Define the Hamil-
tonian function

F (ξ1, . . . , ξm) =
m∑

i=1

(
R(ξi) − 1

32π2
logV (ξi)

)
−

∑
i 
=j

1≤i,j≤m

G(ξi, ξj )

on Ωm \ Δ. If F has a nondegenerate critical point (Baraket-Dammak-Ouni-
Pacard [2], V ≡ 1 case), or, a “minimax value in an appropriate subset” (Clapp-
Muñoz-Musso [6]), that is, if (a1, . . . , am) ∈ Ωm \ Δ satisfies

1

2
∇R(ai) −

m∑
j=1,j 
=i

∇xG(ai, aj ) − 1

64π2
∇ logV (ai) = 0

for i = 1,2, . . . ,m and some additional conditions, then there exists a solution se-
quence {uρ} which blows up exactly on S = {a1, . . . , am}.

For the precise meaning that F has a “minimax value in an appropriate subset”,
we refer to [6]. By this proposition, we know that if Ω has the cohomology group
Hd(Ω) 
= 0 for some d ∈ N, or, if Ω is an m-dumbbell shaped domain (roughly,
a simply-connected domain made by m balls those connected to each other by thin
tubes), then there exist m-points blowing up solutions for any m ≥ 2 [6].

In this paper, on the contrary, we prove the nonexistence of multi-bubble solu-
tions to (1) on convex domains, under an additional assumption on the coefficient
function V .

Theorem 1 Assume Ω ⊂ R
2p be a bounded convex domain. Let {ρn} be a sequence

of positive numbers with ρn = O(1) as n → ∞, and let {uρn} be a solution sequence
to (1) for ρ = ρn satisfying ‖uρn‖L∞(Ω) → +∞ as n → ∞. Assume infΩ V > 0 and
R − 1

α0(p)
logV is a strictly convex function on Ω . Then there exists a point a ∈ Ω

such that, for the full sequence, we have

ρn → 2α0(p),

uρn → 2α0(p)G(·, a) in C
2p

loc

(
Ω \ {a}),

ρn

V (x)euρn∫
Ω

V (x)euρn dx
⇀ 2α0(p)δa in the sense of measures

as n → ∞.
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In Theorem 1, we can claim also that a ∈ Ω is the unique minimum point of the
strictly convex function R − 1

α0(p)
logV .

We remark here that, for the 2nd order case, the Robin function of −Δ with the
Dirichlet boundary condition on a bounded convex domain Ω in R

N is strictly con-
vex on Ω . This fact was first proved by Caffarelli and Friedman [4] when N = 2,
and later extended to N ≥ 3 by Cardaliaguet and Tahraoui [5]. By combining this
fact and a kind of Pohozaev type identity for the Green function of −Δ under the
Dirichlet boundary condition, Grossi and Takahashi [11] proved that blowing-up
solutions with multiple blow up points do not exist on convex domains for various
semilinear problems with blowing-up or concentration phenomena. In this paper,
first we extend the above mentioned Pohozaev type identity to the Green function
of (−Δ)p under the Navier boundary condition, see Proposition 3 in Sect. 2. Once
the identity is established, we can follow the argument in [11] without difficulty.
However when p ≥ 2, it is not known whether the Robin function of (−Δ)p under
the Navier boundary condition is convex or not on convex domains in R

2p . There-
fore at this stage, we cannot drop the assumption on V and we do not know whether
Theorem 1 is true or not when V is a constant.

This paper is organized as follows. In Sect. 2, we prove a new Pohozaev type
identity for the Green function, Proposition 3, which is crucial to our argument. For
this identity, we do not need the assumption of the convexity of Ω . In Sect. 3, we
prove Theorem 1 by using the key identity in Sect. 2 and the characterization of
blow up points (2).

2 New Pohozaev Identity for the Green Function

In this section, we prove an integral identity for the Green function of (−Δ)p with
the Navier boundary condition, which is a key for the proof of Theorem 1. The
corresponding identity when p = 1 was former proved in [11].

Proposition 3 Let Ω ⊂ R
N (N ≥ 2p) be a smooth bounded domain. For any

P ∈ R
N and a, b ∈ Ω , a 
= b, it holds

p∑
k=1

∫
∂Ω

(x − P) · ν(x)

(
∂(−Δ)p−kGa

∂νx

)(
∂(−Δ)k−1Gb

∂νx

)
dsx

= (2p − N)G(a, b) + (P − a) · ∇xG(a, b) + (P − b) · ∇xG(b, a),

where Ga(x) = G(x,a), Gb(x) = G(x,b) and ν(x) is the unit outer normal at
x ∈ ∂Ω .

Proof We follow the argument used in [11], which originates from [3]. In order
to introduce the idea clearly, first we show a formal computation. Let us denote
Ga(x) = G(x,a),Gb(x) = G(x,b) and define w(x) = (x − P) · ∇Ga(x). Since
Δj((x − P) · ∇) = 2jΔj + ((x − P) · ∇Δj) for j ∈ {0} ∪N, we have



288 F. Takahashi{
(−Δ)pw(x) = (x − P) · ∇δa(x) + 2pδa(x),

(−Δ)pGb(x) = δb(x),

where δa , δb are the Dirac delta functions supported on a, b respectively. Multiply-
ing Gb(x), w(x) respectively to the above equations, and subtracting, we obtain∫

Ω

{(
(−Δ)pw(x)

)
Gb(x) − (

(−Δ)pGb(x)
)
w(x)

}
dx

=
∫

Ω

{
(x − P) · ∇δa(x)Gb(x) + 2pδa(x)Gb(x) − δb(x)w(x)

}
dx. (3)

By an iterated use of Green’s second formula, we see

LHS of (3) = (−1)p
p∑

k=1

∫
∂Ω

(
∂Δp−kw

∂ν
Δk−1Gb − ∂Δk−1Gb

∂ν
Δp−kw

)
dsx

= (−1)p+1
p∑

k=1

∫
∂Ω

(
(x − P) · ∇Δp−kGa

)(∂Δk−1Gb

∂ν

)
dsx

=
p∑

k=1

∫
∂Ω

(x − P) · ν(x)

(
∂(−Δ)p−kGa

∂νx

)(
∂(−Δ)k−1Gb

∂νx

)
dsx,

here we have used Δk−1Gb = 0 and Δp−kw = (x − P) · ∇Δp−kGa on ∂Ω .
On the other hand,

RHS of (3) = 2pGb(a) − w(b) +
∫

Ω

(x − P) · ∇δa(x)Gb(x) dx

= 2pGb(a) − w(b) +
N∑

i=1

∫
Ω

(xi − Pi)
∂δa

∂xi

Gb(x) dx

= 2pGb(a) − w(b) −
N∑

i=1

∫
Ω

∂

∂xi

{
(xi − Pi)Gb(x)

}
δa(x) dx

= 2pGb(a) − w(b) −
N∑

i=1

∂

∂xi

{
(xi − Pi)Gb(x)

}∣∣∣∣
x=a

= (2p − N)G(a, b) + (P − a) · ∇xG(a, b) + (P − b) · ∇xG(b, a).

Thus we obtain the conclusion.
To make this argument rigorously, we use standard approximations. Define

δa,ρ(x) = 1
|Bρ |χBρ(a)(x) where χBρ(a) is the characteristic function of the ball Bρ(a)

with radius ρ > 0 and center a ∈ Ω . Denote δε
a,ρ(x) = jε ∗ δa,ρ(x) where j (x) ≥ 0,

supp j ⊂ B1(0),
∫
RN j (x) dx = 1 and jε(x) = ε−Nj (x−a

ε
). For a point a ∈ Ω and

for ρ > 0 and ε > 0 sufficiently small such that Bρ+ε(a) ⊂ Ω , δε
a,ρ is well-defined

and a smooth function on Ω . Let uε
a,ρ denote the unique solution of the problem{

(−Δ)puε
a,ρ = δε

a,ρ in Ω,

(−Δ)juε
a,ρ = 0 on ∂Ω (j = 0,1, . . . , p − 1).
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Define δε
b,ρ , uε

b,ρ in the same way. Since δε
a,ρ → δa,ρ as ε → 0 in Lq(Ω) for any

1 ≤ q < ∞, we have uε
a,ρ → ua,ρ in W 2p,q(Ω) as ε → 0, where ua,ρ is the unique

solution of {
(−Δ)pua,ρ = δa,ρ in Ω,

(−Δ)jua,ρ = 0 on ∂Ω (j = 0,1, . . . , p − 1).

Since δa,ρ → δa as ρ → 0, we have

lim
ρ→0

lim
ε→0

uε
a,ρ = G(·, a)

in Ck
loc(Ω \ {a}) for any k ≤ 2p − 1, and the same holds for uε

b,ρ .
Define w(x) = (x − P) · ∇uε

a,ρ(x). A simple calculation shows that w satisfies

(−Δ)pw = (x − P) · ∇xδ
ε
a,ρ + 2pδε

a,ρ. (4)

Multiply uε
b,ρ to (4), w to the equation −Δuε

b,ρ = δε
b,ρ , subtracting, and integrating

on Ω , we have∫
Ω

{(
(−Δ)puε

b,ρ

)
w − (

(−Δ)pw
)
uε

b,ρ

}
dx

=
∫

Ω

[
2pδε

a,ρ(x)uε
b,ρ(x) + (x − P) · ∇xδ

ε
a,ρ(x)uε

b,ρ(x) − δε
b,ρ(x)w(x)

]
dx.

(5)

The LHS of (5) is

(−1)p
p∑

k=1

∫
∂Ω

(
∂Δp−kw

∂ν
Δk−1uε

b,ρ − ∂Δk−1uε
b,ρ

∂ν
Δp−kw

)
dsx

= (−1)p+1
p∑

k=1

∫
∂Ω

(
(x − P) · ∇Δp−kuε

a,ρ

)(∂Δk−1uε
b,ρ

∂ν

)
dsx

=
p∑

k=1

∫
∂Ω

(x − P) · ν(x)

(
∂(−Δ)p−kuε

a,ρ

∂νx

)(
∂(−Δ)k−1uε

b,ρ

∂νx

)
dsx

→
p∑

k=1

∫
∂Ω

(x − P) · ν(x)

(
∂(−Δ)p−kGa

∂νx

)(
∂(−Δ)k−1Gb

∂νx

)
dsx

as ε → 0 and then ρ → 0.
The RHS of (5) is

2p

∫
Ω

δε
a,ρ(x)uε

b,ρ(x) dx

+
∫

Ω

N∑
i=1

(xi − Pi)

(
∂δε

a,ρ

∂xi

(x)

)
uε

b,ρ(x) dx −
∫

Ω

δε
b,ρ(x)w(x)dx.

Now, integrating by parts, we have
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N∑
i=1

∫
Ω

(xi − Pi)

(
∂δε

a,ρ(x)

∂xi

)
uε

b,ρ(x) dx

= −
N∑

i=1

∫
Ω

∂

∂xi

{
(xi − Pi)u

ε
b,ρ(x)

}
δε
a,ρ(x) dx

= −N

∫
Ω

δε
a,ρ(x)uε

b,ρ(x) dx −
∫

Ω

(x − P) · ∇uε
b,ρ(x)δε

a,ρ(x) dx,

thus

RHS of (5)

= (2p − N)

∫
Ω

δε
a,ρ(x)uε

b,ρ(x) dx

−
∫

Ω

(x − P) · ∇uε
b,ρ(x)δε

a,ρ(x) dx −
∫

Ω

(x − P) · ∇uε
a,ρ(x)δε

b,ρ(x) dx

→ (2p − N)G(a, b)

−
∫

Ω

(x − P) · ∇xG(x, b)δa(x) dx −
∫

Ω

(x − P) · ∇xG(x, a)(x)δb(x) dx

= (2p − N)G(a, b) + (P − a) · ∇xG(a, b) + (P − b) · ∇xG(b, a)

as ε → 0 and then ρ → 0. This proves Proposition 3. �

3 Proof of Theorem 1

In this section, we prove Theorem 1 along the same line in [11].

Step 1. We argue by contradiction and assume that there exists an m-points set S =
{a1, . . . , am} ⊂ Ω (m ≥ 2) satisfying (2). Set K(x) = 1

2R(x) − 1
2α0(p)

logV (x).
P ∈ Ω is chosen later. Multiplying P − ai to (2) and summing up, we have

m∑
i=1

(P − ai) · ∇K(ai)

=
m∑

i=1

m∑
j=1,j 
=i

(P − ai) · ∇xG(ai, aj )

=
∑

1≤j<k≤m

{
(P − aj ) · ∇xG(aj , ak) + (P − ak) · ∇xG(ak, aj )

}
. (6)

Step 2. By Proposition 3, we obtain

(P − aj ) · ∇xG(aj , ak) + (P − ak) · ∇xG(ak, aj )

=
p∑

l=1

∫
∂Ω

(x − P) · ν(x)

(
∂(−Δ)p−lG(x, aj )

∂νx

)(
∂(−Δ)l−1G(x,ak)

∂νx

)
dsx.
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By the convexity of Ω , we have (x − P) · ν(x) > 0 on ∂Ω . Also by Hopf lemma,

we obtain
∂(−Δ)p−lG(x,aj )

∂νx
< 0,

∂(−Δ)l−1G(x,ak)
∂νx

< 0 for x ∈ ∂Ω . Thus we see that the
right hand side of (6) is positive, and get

m∑
i=1

(ai − P) · ∇K(ai) < 0. (7)

Step 3. By assumption, K(x) = 1
2R(x) − 1

2α0(p)
logV (x) is strictly convex. Thus,

all level sets of K is strictly star-shaped with respect to its unique minimum point
P ∈ Ω . Choose P as the minimum point. Then

(a − P) · ∇K(a) ≥ 0, ∀a ∈ Ω \ {P }. (8)

In particular,

m∑
i=1

(ai − P) · ∇K(ai) ≥ 0.

Now, (7) and (8) leads to an obvious contradiction. Thus we have m = 1 and the rest
of proof is easily done by Proposition 1.
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